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Abstract 
The aspiration of all wind turbine designers is to attain Betz’s upper limit, 
which represents the highest efficiency in wind energy extraction. Majority of 
working turbines operate slightly below this limit with an exception of a few 
operating in wind tunnels. This study proposes for a comprehensive reevalu-
ation of Betz’s derivation, aiming to establish the gap between a theoretical 
power limit and a practical limit for realization. There are two common ex-
pressions for power coefficient giving the same optimal value of 59%, but they 
generate different power-coefficient curves when plotted against velocity ra-
tios. This paper presents a new method being referred as “Direct Multiplica-
tion Fractional Change” (DMFC) for deriving power-coefficient curves in 
wind energy, and compares its generated curve with established models. Dis-
crepancies in power-coefficient expressions are identified and harmonized. 
Three approaches, namely EVAM, LVM, and DMFCM, were used for the nu-
merical derivation of cp in the study, with their evaluation summarized in a 
table. The study collaborates its findings with a formulated velocity-distance 
curve, commonly presented as a hypothetical velocity profile in some publica-
tions. The results from DMFCM indicate two distinct maxima for the power 
coefficient. On the front side of the disc, a maximum of 0.5 is achievable in 
practice, although it is not the highest theoretically. On the rear side, a theo-
retical maximum of 0.59 is observed, but this value is not attainable in practice. 
These maxima are separated by their positions along the line of flow relative 
to the disc. However, this approximation is limited to a streamlined flow 
model of the rotor disc.  
 

Keywords 
Wind Turbine, Betz’s Limit, Power Coefficient, Kinetic Pressure, Rotor Disc 

 

 

*Theoretical and empirical limits in power coefficient for wind turbines. 

How to cite this paper: Kimiti, R.M., Kari-
uki, F.N., Kamau, J.N. and Soitah, T.N. 
(2024) Theoretical and Empirical Limits: 
Reexamining Betz’s Upper Limit towards a 
Practical Power Coefficients in Wind Tur-
bines World Journal of Engineering and 
Technology, 12, 851-866. 
https://doi.org/10.4236/wjet.2024.124052 
 
Received: August 17, 2024 
Accepted: September 27, 2024 
Published: September 30, 2024 
 
Copyright © 2024 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/wjet
https://doi.org/10.4236/wjet.2024.124052
http://www.scirp.org
https://www.scirp.org/
https://doi.org/10.4236/wjet.2024.124052
http://creativecommons.org/licenses/by/4.0/


R. M. Kimiti et al. 
 

 

DOI: 10.4236/wjet.2024.124052 852 World Journal of Engineering and Technology 
 

1. Introduction 

Since 1926, Betz’s upper limit for wind power factor has never been disputed be-
cause most wind turbines operate between 75% - 85% of the Betz limit [1]. How-
ever, tidal turbines operating in a channel can theoretically attain a power coeffi-
cient several times larger than 16/27 [2] [3], underscoring the potential for further 
refinement in design and operation. One suggested criterion for possibly attaining 
Betz’s upper limit is by using a thin disc with a solidity of 0.5 [4] in a CFD simu-
lation. There are also some inconsistences detected when Betz’s model was reex-
amined and the main assumptions scrutinized [5]. One such inconsistence is the 
wind slowing down to zero velocity behind the rotor and the simple theory is no 
longer applicable. The major question is about how far the affected wind need to 
be slowed down to practically obtain this target [6]. The question further extends 
on whether this limit can be practically obtained or it is an ideal theoretical value 
[7]. There is a notable deviation between the theoretical design value and the ac-
tual value of the power coefficient because aerodynamic theory is still not com-
pletely correct [6]. Identifying the gap between theoretical ideals and practical ap-
plication requires a thorough reexamination of Betz’s derivation and its assump-
tions. This study delves into the complexities of Betz’s limit and power coefficient 
expressions, identifying discrepancies and proposing a new derivation method to 
harmonize theoretical predictions with real-world performance. By scrutinizing 
existing methodologies and incorporating new insights, this research aims to en-
hance our understanding of wind turbine efficiency curves and pave the way for 
practical advancements in power coefficient optimization. 

There are two main schools of thought in the derivation of Betz’s upper limit 
and both are in agreement about the value of 0.59, but they diverge on the extent 
into which to slow down the upstream wind in order to achieve this limit.  

The first school of thought is based on a linear momentum theory. There is a 
conservation of work done in expanding the stream of flow downstream and 
therefore, Bernoulli’s equation for upstream section is equated to that of down-
stream section to obtain pressure difference as shown in (1.1).  

 ( )2 2
1 4

1
2

p u uρ∆ = −  (1.1) 

where, ∆p is pressure difference, ρ  is the density of air, 1u  is the undisturbed 
wind velocity upstream and 2u  is the lowest wind velocity downstream. 

Power extracted is a product of pressure difference, the cross-sectional area and 
velocity as given in Equation (1.2). 

 ( )2 2
1 1 4 2

1
2

P A u u uρ= −  (1.2) 

where, P is the extracted power, 1A  is the upstream cross-sectional area and 2u  
is the instantaneous velocity at the turbine. 

A fractional change in velocity also referred as axial induction factor, a is intro-
duced in the analysis. Axial induction factor a is defined by Equation (1.3). 
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u ua
u
−

=  (1.3) 

where; u1 is the undisturbed wind velocity upstream and u is the instantaneous 
velocity after disturbance. 

The power coefficient PC  using this approach is given by Equation (1.4).  

 ( )24 1PC a a= −  (1.4) 

The actuator factor a has an optimum value of one third hence placing the 
Betz’s limit to be attained when the upstream wind is slowed down to two thirds 
of the undisturbed velocity [7]-[9]. Betz’s upper limit occurs at an axial induction 
factor of 0.33  as shown in Figure 1(a), but at velocity fraction of 0.66  as 
shown in Figure 1(b). 
 

 

Figure 1. (a) Power coefficient against induction factor (b) Power coefficient against veloc-
ity fraction [8]-[10]. 
 

The curve in Figure 1(b) predicts zero power will be extracted when affected 
wind velocity is slowed down to zero. This is in contrast with the realistic expec-
tation that power coefficient should reach 100% if all the kinetic energy of the 
wind is fully harnessed.  

In this study, we designate this method as the Extreme Values Approximation 
Method (EVAM) for identification purposes. The analysis considers the maxi-
mum change in static pressure downstream and the minimum cross-sectional 
area of the flow upstream.  

The second school of thought is also based on conservation of linear momen-
tum but velocity at the disc is the average of the upstream and downstream wind 
speeds as shown in Equation (1.5). 

 ( )2 1 4
1
2

u u u= +  (1.5) 

Another difference is the consideration of the cross-sectional area at the turbine 

2A  which is 1.5 of the upstream area 1A . The variables used to obtain power 
(pressure, area and velocity) in this method are all localized at the disk position 
and, therefore, identified as Localized Values Method (LVM).  

Extracted power in LVM method is given by Equation (1.6). 

 ( )( )2 2
2 1 2 1 2

1
2

P A u u u uρ= − −  (1.6) 
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where, P is the extracted power, 2A  is the cross-sectional area at the turbine, 2u  
is the instantaneous velocity at the turbine and 1u  is the undisturbed wind up-
stream. 

The concept of velocity fraction, b is introduced to solve for power coefficient. 
Equation (1.7) shows velocity fraction representing the reduction in wind speed 
due to the extraction of wind energy.  

 
1

vb
v

=  (1.7) 

where; 1v  is the undisturbed wind velocity upstream and v is the instantaneous 
velocity after disturbance. 

Power coefficient in this LVM approach is given by Equation (1.8).  

 ( )( )21 1 1
2pC b b= + −  (1.8) 

In this LVM approach, the Betz’s upper limit occurs at velocity fraction of 0.33  
as shown in Figure 2. The curve also predicts a power coefficient of 0.5 when wind 
particles are totally slowed to zero velocity.  
 

 

Figure 2. Power coefficient against velocity fraction [11] [12]. 
 

A correct interpretation of this curve indicates that a higher power of 0.59 can 
be extracted at a third of the undisturbed wind compared to 0.5 when wind loses 
its total kinetic energy. This is practically a contradiction. The highest actual 
power coefficient ranges between 0.45 and 0.50 [1]. To add on the controversy, it 
is practically not possible to slow down wind below a factor of 0.5 by use of an 
obstacle hence questioning the possibility of one thirds of the undisturbed velocity 
[8] [13].  

Both EVAM and LVM disagree with hypothetical velocity-distance curve which 
is used to explain velocity profile along the line of flow. Figure 3(a) shows the 
actuator disc model with discrete velocities ( 1u , 2u , 3u  and 4u ) and 
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corresponding kinetic pressures ( 1p , 2p , 3p  and 4p ) of the wind from up-
stream to downstream. The minimum velocity downstream is one third of the 
undisturbed wind and this occurs behind the rotor disc as shown in Figure 3(b). 
 

 

Figure 3. (a) Actuator disc model of a wind turbine, (b) Hypothetical velocity graph [8]. 
 

From the hypothetical velocity graph and considering the distance to be posi-
tive upstream and negative downstream, the Betz’s limit practically occurs behind 
the disc at an instantaneous velocity of negative a third of the upstream wind. This 
is in contrast with EVAM method where the axial induction factor, a has its opti-
mum at positive one third and not at negative one third. Hypothetical velocity-
distance profile is in agreement with the LVM methods where wind velocity is 
slowed down to a factor of 0.66  at the rotor disc. However, there is a further 
decrease in velocity as wind occupy the low-pressure region (almost a vacuum) 
behind the disc. The wind particles past the disc lose their energy to the air mass 
within the low-pressure region. The algebraic resulting velocity should be a third 
of the undisturbed velocity after combining the velocities behind the disc accord-
ing to this hypothetical velocity-distance curve. Wind will eventually recover its 
velocity downstream as shown in Figure 3(b). In this paper, a velocity-distance 
function is formulated to confirm this hypothetical velocity curve. The formulated 
function was used to perform simulations and accurately determine affected dis-
tances both upstream to downstream. The velocity of the wind, angle of attack and 
the radius of the turbine were the factors considered in the simulation.  

2. Numerical Proposal 
2.1. Derivation of Power Coefficient 

The paper introduces a new approach being referred as Direct Multiplication 
Fractional Changes Method (DMFCM) in the derivation of power coefficient. 
Wind energy extraction process involves conversion of the kinetic energy of the 
wind into mechanical energy of the rotor. An actuator disc model is commonly 
used in the derivation of power coefficient and it is a representation of an ideal 
horizontal-axis wind turbine. Power from the wind is a product of force and ve-
locity. Force from wind is the change in kinetic pressure multiplied by the effective 
cross-section area. Therefore, the three variables used in calculation of wind 
power are given by Equation (2.1).  
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 P pAv=  (2.1) 

where; P is the power, p is the kinetic pressure and v is the wind velocity. 
The new approach considers fractional change of each variable that constitute 

wind power. These individual fractional changes are directly multiplied to obtain 
the overall fractional change in power. An assumption in this approach is that a 
flow sensor attached to the turbine blades can accurately measure instantaneous 
velocity. 

A fractional change in power can, therefore, be expressed as direct multiplica-
tion of individual fractional changes (DMFCM) for the variables as shown in 
Equation (2.2). 

 P p A v
P p A v
∆ ∆ ∆ ∆

= ⋅ ⋅  (2.2) 

where: ∆P is change in power, ∆p is change in pressure, ∆A is the change in cross-
sectional area, and ∆v is the change in velocity. 

Kinetic pressure, p at a given velocity is given by Equation (2.3). 

 21
2

p vρ=  (2.3) 

where; ρ  is the density of air and v is the instantaneous velocity. 
Kinetic pressure decreases downstream and it is converted into static pressure. 

Therefore, kinetic pressure at the rotor disc, 2p  is less than upstream kinetic 
pressure 1p  as shown in Figure 3. The fractional change in kinetic pressure at 
the turbine is given by Equation (2.4). 

 
2 2
2 1

2
1

v vp
p v

−∆
=  (2.4) 

where: 2v  is the velocity at the turbine and 1v  is the velocity upstream. 
Slowing down wind causes the flow stream to expand downstream because of 

conversion of kinetic pressure into static pressure. The affected cross-section area 

1A  upstream is two thirds of the rotor disc 2A  [8]. The fractional change in 
cross-sectional area is given as Equation (2.5). 

 2 1

1

1  
2

A AA
A A

−∆
= =  (2.5) 

The fractional change in velocity is given as Equation (2.6). 

 2 1

1

v vv
v v

−∆
=  (2.6) 

Substituting Equations (2.4) - (2.6) into Equation (2.2) gives Equation (2.7). 

 ( )( )
2 2

22 1 2 1
2

11

1 1 1 1
2 2

v v v vP b b
P vv

− −∆
= ⋅ ⋅ = − −  (2.7) 

where: b is a ratio of velocity at the disc, 2v  divided by undisturbed velocity, 1v . 
Figure 4 shows power coefficient curve from Equation (2.7). It is a new curve 

illustrating how power coefficient changes from undisturbed wind upstream, +b 
up to a fully recovered wind downstream, −b behind the disc. 
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Figure 4. Power coefficient against velocity fraction using DMFC method. 
 

The optimum power coefficient in Figure 4 is in agreement with the hypothet-
ical velocity curve where the minimum velocity occurs downstream and is one 
third of the undisturbed wind as shown in Figure 3(b). Considering the distance 
to be positive upstream and negative downstream, the Betz’s limit can practically 
occur behind the disc at an instant velocity of negative a third of the undisturbed 
wind. It is impossible to extract power behind the disc and therefore the Betz’s 
limit is an ideal theoretical value. If the hypothetical velocity curve is correctly 
formulated, it will be possible to predict the distance behind the disc where slow-
ing wind will have its minimum velocity. 

2.2. Formulating the Hypothetical Velocity Curve 

Velocity is a vector quantity with both directions and magnitude. Wind velocity 
reduces downstream changing both in magnitude and direction. Assuming the 
flow is streamlined and there is no rotating wake, wind velocity is modelled as a 
vector quantity that is undergoing geometrical transformation at different posi-
tions in the direction of flow downstream as shown in Figure 5. 
 

 

Figure 5. Wind velocity as a vector geometrical transformation downstream. 
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Some of undisturbed wind 1v  temporarily stops to form an air wedge when it 
is blocked by the rotor disc. The wind direction will be diverted through an angle 
θ  and the magnitude reduced to 2 1 cosv v θ= . Past the edges of the rotor disc, 
the wind vector returns to its original direction (horizontal) further reducing the 
magnitude to 2

3 1 cosv v θ= . There is a low-pressure region behind the disc and 
some wind particles in this region are not in motion. The wind velocity vector past 
the edges will be diverted again to vector 3

4 1 cosv v θ=  to occupy the low-pres-
sure region. The stationary wind particles in the low-pressure region will acquire 
some kinetic energy after combining with the moving wind particles. Conse-
quently, the velocity is reduced further to 4

5 1 cosv v θ= . Velocity vector, 5v  will 
recovering downstream to attain the original magnitude and direction. 

Hypothetical velocity curve is mathematically formulated by combination of 
the vectors 1v , 2v , 3v , and 5v  depending on the position of flow downstream. 
From Figure 5, cosθ  can be expressed in terms of distance, x and radius, r of 
the rotor disc by Equation (2.8). 

 
2 2

cos x
x r

θ =
+

 (2.8) 

Wind velocity remain undisturbed when radius 0r =  or the disc is removed 
and cos 1θ = . An increase in the size of the radius will correspond with an in-
crease in distance x which is the altitude of the air wedge. The maximum size of 
angle 45θ =  and therefore 2 1 10.7 0.66v v v= ≈  . This value is in agreement with 
the two thirds of the undisturbed wind when passing at the rotor disc.  

A number of simulations were done. Equations (2.9) and (2.10) were used to 
simulate ( )3v x  and ( )5v x  respectively. The two vectors represent velocities 
that are horizontal along the direction of flow. 

 ( )
( )

2

3 1 2 2

1.225 ;
1.225

x rv x v x
x r r

 + = −∞ < < +∞
 + + 

 (2.9) 

 ( )
( )

4

5 1 2 2

1.225 ; 0
1.225

x rv x v x
x r r

 + = −∞ < ≤
 + + 

 (2.10) 

where: 1.225r is a constant distance used to shift the cosine curve to the right to 
have velocity ratio as 10.66v  at the rotor disc position. 

Taking the radius 2 mr = , Figure 6 shows a simulation illustrating upstream 
velocity ( )3v x  with the velocity at the rotor disc as 10.66v  and downstream ve-
locity ( )5v x  starting from zero behind the rotor disc. 

Figure 6 shows a special case when the two velocities do not combine. Velocity 
( )3 0v x =  (minimum) at a distance a distance, 1.225 2.45 mx r= − = −  behind 

the rotor disc. This is the position where wind is expected to lose all its energy 
before recovering. The two velocities will equalize around eight meters down-
stream from the disc after which they continue to recover together. The velocity-
distance curve predicts that the two vectors will fully recover at a distance 286 m 
downstream from the rotor disc at a velocity fraction of 1.0000 (4 decimal places). 
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Figure 6. A simulation of ( )3v x  from upstream and ( )5v x  starting from the rear side 

of the rotor disc. 
 

In a case where the two velocities are combined behind the rotor disc, Equations 
(2.9) and (2.10) are added to form Equation (2.11). 

 ( ) ( ) ( )4 3 5 ; 1.225 0v x v x v x r x′ = + − ≤ ≤  (2.11) 

where: ( )4v x′  is resultant velocity behind the rotor disc. 
The resultant continuous velocity-distance curve is show in Figure 7 for a dis-

tance range from the rotor disc ( 0x = ) to 1.225x r= − . 
 

 

Figure 7. Continuous velocity-distance curve after combination of vector velocities. 
 

The minimum velocity of ( )4 10.33v x v′ =   at a distance 1.87 m behind the rotor 
disk. This result is in agreement with the prediction in the DMFC derivation of 
Betz’s upper limit and a confirmation that it occurs at a position behind the rotor 
disk. 

Figure 8 shows a comparison of velocity-distance curves for three different ra-
dii. 

The three curves had their velocity equal to 10.66v  at the rotor disc, but they 
differed at the position where the minimum velocity occurred. The distance for 
the minimum velocity is related to the radius by min 0.93x r= . The main factor 
that affects the distance for the minimum velocity occurring behind is the radius 
of the rotor disc. 
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Figure 8. Comparing velocity-distance curves for three different radii. 

2.3. Relating Efficiency and the Angle of Attack 

An individual wind particle goes past the disc position at different angle of attack. 
From the flow simulation used to derive velocity-distance curve, the angle of at-
tack for particles within the air wedge, ranges 45 90θ< ≤  . However, the bulk 
of particles pass outside the air wedge have their angle of attack 45θ ≅  ⇒
cos 45 0.7 2 3= ≈ . The velocity fraction b in Equation (1.2) can be substituted 
with the cosine of the angle of attack, as demonstrated in Equation (2.12). 

 
1

cosvb
v

θ= =  (2.12) 

where; 1v  is the undisturbed wind velocity upstream, v is the instantaneous ve-
locity after disturbance and θ  is the angle of attack. 

Therefore, it is possible to relate the power coefficient curve given in Figure 4 
with the angle of attack as shown in Figure 9. 
 

 

Figure 9. Power coefficient compared to angle of attack. 
 

The angles shown in the model exclusively represent the velocity fractions of 
wind particles located on the upstream side of the disc. An angle of zero signifies 
that the wind velocity remains undisturbed upstream, resulting in a power coeffi-
cient of zero. In contrast, wind particles that are entirely obstructed within the air 
wedge of the model exhibit an angle of attack of 90˚. These particles must 
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effectively traverse through a right angle to bypass the disc. Interestingly, it is these 
fully deflected particles that contribute to the highest power coefficient, achieving 
a value of 0.5. 

3. Results and Discussion 
3.1. The Range of Instant Velocity and Power Coefficient 

Results from DMFCM show that power coefficient varies as wind slows down 
during energy extraction and also as it regains its energy some distance down-
stream. From the findings, the range for affected velocity is given as; v v v− ≤ ≤ +  
where +v is the undisturbed velocity upstream and −v is the fully recovered veloc-
ity downstream. Figure 4 illustrates the whole spectrum of power coefficient 
within the entire range of the affected velocities. On the positive side (front side 
of the rotor disc), the maximum coefficient is 0.5 and can be obtained from those 
wind particles that are stopped temporally within the air wedge, as shown in Fig-
ure 5. Wind particles flowing past the edges into the rear side of the rotor disk 
have a maximum coefficient of 0.59 at a distance from disc where instantaneous 
wind velocity reduces to its minimum value of a third of the undisturbed velocity. 
This is in agreement with Mahmoud et al., (2023) that the highest actual power 
coefficient ranges between 0.45 and 0.50. 

The power coefficient curve shown in Figure 4 from DMFCM is different from 
the existing curves that are already published using EVAM in Figure 1(b) [8]-[10] 
[13] [14] and those using LVM in Figure 2 [11] [12]. The other two existing curves 
caters for power coefficient in the velocity range 0 v v≤ ≤  which is difficult to 
tell whether wind is slowing down or recovering after an interaction with the rotor 
disc. In comparison with the new curve, the curve derived using LVM in Figure 2 
provides a power coefficient on the rear side of the disc and ignores what is hap-
pening in the front side. Practically, the maximum power coefficient is 0.5 at the 
rotor disc. The implication of this finding is Betz’s limit of 0.59 remains a theoret-
ical value because it can only be realized a distance behind the disc. 

3.2. Corrections in the Derivation of Power Coefficient 

There are many different approaches used in the analysis of Betz’s model and the 
derivation of power coefficient factor. From the reviewed literature, there are two 
common expressions for power coefficient predicting the same optimum value of 
59% but generating different graphs for power-coefficient against velocity. The 
expression for power coefficient used to generate curves in the EVAM method is 
expressed as a product of two factors by Equation (3.1). 

 ( )
2 2

2

1 1 1 1

4 1 4 1 1 1 1 2P
v v v vC a a
v v v v

        = − = − − − = −       
        

 (3.1) 

where; a is the axial induction factor, v is instantaneous velocity, and 1v  is the 
undisturbed velocity. 

To compare PC  in EVAM method with the new approach of fractional change 
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in total power, individual fractional changes in pressure, area, and velocity are 
given in Equation (3.2). 

 
2

4 2 1

1 1 1 1

2 , 1 andv v vp A v a
p v A v v

  −∆ ∆ ∆
= = = = − 
 

 (3.2) 

According to EVAM, cross-sectional area has a changing factor of one, hence 
causing no effect on power coefficient. The first correction required in EVAM 
approach is to change the positive axial induction factor, +a into a negative be-
cause velocity downstream is smaller than the velocity upstream. Therefore, the 
optimum PC  will occur at 0.3a = −  behind the rotor disc and not at 0.3a =  
ahead of the rotor disc. The second correction required is on calculation of the 
change in static pressure. Pressure 4P  at velocity 4v  as shown in Figure 3 is at 
a distance far behind the small effective area 1A . Figure 10 shows variation of 
power coefficient against axial induction factor after the correction in the EVAM 
approach.  
 

 

Figure 10. Power coefficient against axial induction factor after correction. 
 

The curve in Figure 10 predicts a negative power coefficient in the front side of 
the disc which is scientifically not correct. This is because, the cross-sectional area 

1A  used in the derivation is upstream and the static pressure considered is down-
stream (on the negative). The graph shows a positive power generation starts be-
hind the disc downstream which is impractical. Therefore, EVAM approach is not 
appropriate for obtaining a practical power coefficient. 

This finding is collaborated by a suggestion that some solution to the momen-
tum equation in actuator disc theory is incorrect giving results that diverge from 
realistic airflow [15]. Burton et al. (2011) recommended empirical adjustment for 
values of  0.5a >  because the wake velocity approaches zero or becomes negative 
making momentum theory not applicable. A comparable observation was re-
ported by Manwell et al. (2010), indicating that when 0.5a = , the wind velocity 
behind the rotor decreases to zero, rendering the basic theory inapplicable. 

For the purpose of comparison with the new method, the expression for 
power coefficient in the LVM is given as product of factor by Equation (3.3) 
[11]. 
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2 2p
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                 = + − = + − −                           
 (3.3) 

where, v is the instantaneous velocity and 1v  is the undisturbed wind velocity. 
Power coefficient using LVM method has three changing variables when com-

pared with the new approach of fractional change in total power. The equation of 
extracted power in LVM approach is given by Equation (3.4) where the cross-
section area, static pressure and instant velocity are all taken at the location of the 
disc. 

 ( )( )2 2
2 1 2 1 2

1
2

P A v v v vρ∆ = − −  (3.4) 

where; ∆P is the change in power, ρ  density of air, 2A  is the cross-section area 
of the disc, 1v  is the undisturbed wind upstream, and 2v  is the instantaneous 
wind at the disc. 

The changes in static pressure and the instantaneous velocity are both calcu-
lated at the disc. The correction required in this approach is to change ( )1 2v v−  
into ( )2 1v v−  because 2v  is the affected velocity downstream. This will slightly 
modify the PC  given in Equation (3.3) into Equation (3.5). 

 
2

0 0

1 1 1
2p

v vC
v v

     = − −        
 (3.5) 

The power coefficient curve generated by the modified Equation (3.5) is similar 
to the one shown in Figure 4 for new DMFC approach. 

3.3. Comparison of the Evaluated Methods 

Three different approaches were used in the numerical derivation of Cp in this 
paper. For the purpose of identification, they were named EVAM, LVM and 
DMFCM. Table 1 shows a comparison of the evaluated methods.  

 
Table 1. Summary of the three evaluated methods. 

METHOD EVAM LVM DMFCM 

Power 
extracted 

( )2 2
max 1 1 4 2

1
2

P A u u uρ∆ = −  

(Maximum power possible) 

( )2 2
2 2 1 2 2

1
2

P A u u uρ∆ = −  

(Power at the rotor) 

p A vP P
p A v
⋅ ⋅

 ∆ ∆ ∆
∆ =  

 
 

(Power at the rotor) 

Area considered ( )1 upstreamA  ( )2 1
3At the rotor
2

A A=  ( )2 1
3At the rotor
2

A A=  

Pressure 
difference 

( )2 2
1 4

1
2

p u uρ∆ = −  

(Increasing static pressure)  

( )2 2
1 2

1
2

p u uρ∆ = −  

(Increasing static pressure) 

( )2 2
2 1

1
2

p u uρ∆ = −  

(Decreasing kinetic pressure) 

Velocity 
considered 

( )2 1 1U U a= − ; 1

1

u ua
u
−

=  ( )2 1 4
1
2

U U U= +  ( )2 1U U U∆ = −  
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Continued 

Power 
coefficient 

( )24 1PC a a= −  
2

1 1

1 2P
v vC
v v
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= −  
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( )( )21 1 1
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2

1 1

1 1 1
2p
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      = − −           
 

Betz’s limit 
(Velocity fraction) 

0.59 

( 1
3

a =  and 1
2
3

v v= ) 

0.59 

( 2
3

b =  and 1
1
3

v v= ) 

0.59 

( 2
3

b = −  and 1
1
3

v v= − ) 

Coefficient 
curves 

   

3.4. Formulated Velocity-Distance Curve 

The formulated velocity-distance function and the simulations results shown in 
Figure 8 indicates the position of Betz’s limit is downstream for three different 
radii. This confirms hypothetical velocity-distance curve given in Figure 3(b). 
This formulated velocity-distance curve is not a single continuous function. It 
consists of three step functions. The first step function ( )3v x  is given in Equa-
tion (2.9) for 0 x≤ ≤ +∞  and it has no turning point. The second step function 

( ) ( ) ( )4 3 5v x v x v x′ = +  is given in Equation (2.11) for 122 0r x− ≤ ≤  and has a 
turning point at   0.33x =− . The third step function ( )5v x  is given in Equation 
(2.10) for 122x r−∞ ≤ ≤ −  and it has no turning point.  

From the results, the rotor disc affects the flow both upstream and downstream. 
The distance affected can be predicted using this formulated velocity-distance 
curve. When a rotor radius 1 mr =  was used, the distance affected upstream (in 
front) and downstream was approximately 140 m and 143 m, respectively. When 
a rotor radius 2 mr =  was used, the distance affected upstream (in front) and 
downstream was approximately 281 m and 286 m, respectively. For every one me-
ter of the radius, a distance of approximately 142 m is affected both downstream 
and upstream. 

4. Conclusions 

The purpose of this paper was to examine theoretical and empirical limits in wind 
technology through analytical evaluation. The finding from DMFC approach 
shows that Cp varies from undisturbed upstream velocity, +v to a fully recovered 
velocity, −v downstream. This finding is different from the ones published in the 
reviewed papers which shows Cp variation from zero to v  without mentioning 
whether wind is slowing down or recovering it velocity. The finding reveals that 
the maximum Cp on the front side is 0.5 which is the not the highest theoretically 
but can be achieved in practice. The finding further shows that the maximum Cp 
on the rear side is 0.59 which is the highest theoretically and cannot be achieved 
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in practice. 
From DMFC results, the axial induction factor used in the EVAM approach 

should have a negative value with the maximum Cp occurring at 0.3a = −  and 
not what is widely published at 0.3a = . The practical interpretation of 0.3a = −  
places the Betz’s limit at a position behind the rotor disc and, therefore, in agree-
ment with the derived velocity-distance profile. 

Power coefficient Cp is compared against velocity fraction which demands the 
use of a flow sensors at the turbine to determine instantaneous velocity hence the 
velocity ratio. This study provides a connection between the angle of attack θ  
and the power coefficient Cp. This relationship will assist turbine designers to ob-
tain power coefficient where flow sensors are not fixed to determine instantaneous 
velocity.  

DMFCM power coefficient curve generated results across the full spectrum of 
affected wind speeds, from +v to −v. In contrast, the methods identified as EVAM 
and LVM yielded results that cover only half of this range, from zero to v , rep-
resenting the findings behind the disc when compared to DMFCM. In the EVAM 
approach, the maximum static pressure was negative (downstream) while the 
minimum area was positive (upstream), resulting in a negative Cp upstream. Pos-
itive Cp values only appear behind the rotor disc, which is impractical, indicating 
the inadequacy of the EVAM approach.  

This finding, of inadequacy of the EVAM approach, is in agreement with other 
several studies, including Mansberger (2015), Burton et al. (2011), and Manwell 
et al. (2010), indicating that for 0.5a > , the momentum theory becomes inappli-
cable as it predicts unrealistic airflow, requiring empirical adjustments. One pos-
sible empirical adjustment required in the EVAM is the use of decreasing kinetic 
pressure of wind instead of increasing static pressure. 

Results from the formulated velocity-distance curve analytically confirms the 
lowest minimum velocity occurring behind the disc. At the disc, the wind loses a 
third of its velocity due to the diversion of direction of flow. Another third of the 
velocity is lost as wind occupy the low-pressure region behind the disc. The other 
third remains unexploited; hence, the minimum velocity is 10.33v .  

Rotor disc affects the flow both upstream and downstream. The formulated ve-
locity-distance curve can accurately predict these distances. The findings indicate 
that for each meter increase in rotor radius, there is an approximate additional 
distance of 142 m affected both upstream and downstream. The radius of the rotor 
also plays a crucial role in determining the position at which Betz’s limit will occur 
downstream. These findings highlight the significant role of rotor size in deter-
mining the spatial extent of flow changes, offering valuable insights for optimizing 
wind turbine design and placement strategies in a wind farm. However, this ap-
proximation is limited to a rotor disc that closely represents a turbine with a so-
lidity of 0.5.  
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