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Abstract

A machine learning model, using the transformer architecture, is used to de-
sign a feedback compensator and prefilter for various simulated plants. The
output of the transformer is a sequence of compensator and prefilter param-
eters. The compensator and prefilter are linear models, preserving the ability
to analyze the system with linear control theory. The input to the network is a
window of recent reference and output samples. The goal of the transformer
is to minimize tracking error at each time step. The plants under considera-
tion range from simple to challenging. The more difficult plants contain
closely spaced, lightly damped, complex conjugate pairs of poles and zeros.
Results are compared to PID controllers tuned for a similar crossover fre-
quency and optimal phase margin. For simple plants, the transformer con-
verges to solutions which overly rely on the prefilter, neglecting the maximi-
zation of negative feedback. For more complex plants, the transformer de-
signs a compensator and prefilter with more desirable qualities. In all cases,
the transformer can start with random model parameters and modify them to
minimize tracking error on the step reference.
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1. Introduction

1.1. Motivations

Automatic control systems, employing negative feedback, continue to be pow-
erful tools across the domain of applied technologies. Mass-scale power systems,
all forms of powered transportation and small electronics rely on the application
of negative feedback. Despite the broad use of this technology, most modern
control designs have remained simple and reliant on technologies like the pro-

portional-integral-derivative (PID) controller. Furthermore, designers simplify
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to proportional-integral control or proportional control. The original tuning
method by Ziegler and Nichols, provided a simple method of achieving zero
steady-state error on the step reference [1]. PID tuning does not require expert
training in control theory to apply, accounting for its popularity. The trade-off
for this ease of application is performance. An expert in control theory may ex-
tract more performance out of a system through the development of a feedback
compensator which maximizes negative feedback over the functional bandwidth
[2]. After the design of a feedback compensator, a prefilter is designed to im-
prove transient response and reduce steady state error. A machine learning (ML)
method is proposed, based on modern architecture, to fill in the gap between the
potential performance one could extract from a system, and the expertise re-

quired to do so.

1.2. Model Goals

The machine learning model is used to minimize tracking error. The model
takes a narrow window of input and output samples and generates parameters
for a compensator and prefilter. Tracking error is the difference between the in-
put and output signals. Using this error, the model will update itself to provide a
compensator and prefilter which reduces the tracking error. Results of this pro-
cess are presented where a transformer model successfully minimizes tracking
error to the step reference. This is shown to be possible with both simple and
challenging plants. Prior work on the utilization of machine learning to improve
tracking error relies on inserting neural networks inside control loops, a process
which complicates the analysis of the system. The proposed method preserves
the ability to analyze the system with linear control theory.

2. Literature Review

Once control engineers began to face plants whose parameters varied over the
course of operation, adaptive control methods were needed. Model reference
adaptive control (MRAC) was an early milestone in adaptive control systems
which used gradient descent to minimize a cost function. This cost function
represented the difference between a system’s actual output y and the desired
model output y [3]. If plant parameters change, MRAC detects a difference
between actual and desired output and adjusts to maintain a desired response.
However, this method still requires skilled control engineers to design the de-
sired model. Virtual reference feedback tuning (VRFT) comes much later in
2000 and provides a direct technique for compensator design. This method uti-
lizes sample input/output data from live testing of a plant to automatically de-
sign a compensator which achieves a desired model [4]. VRFT achieves this by
minimizing the model reference criterion:

[ P(z)C(z0) By .
S (6)- [—) m( )jM( )

2

1+ P(z)C(z;0 W

As such, VRFT requires the designer to construct a desired model. Other
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methods like Iterated feedback tuning (IFT) utilize gradient descent to improve
existing designs [5]. IFT is useful in improving the performance of PID control-
lers tuned with existing algorithms. The method examined in this paper does not
utilize a reference model or start from any known design.

Beyond compensator design, machine learning has directly intersected with
control theory by including neural networks (NN) inside control loops. Includ-
ing a neural network in the feedback loop has the potential to improve perfor-
mance of existing designs and compensate for unknown nonlinearities and plant
parameter variation [6]. The risk in this approach is that NN-based compensa-
tors are black boxes, whose exact details cannot be fully known. Stability of such
controllers can be determined by utilizing Lyapunov stability theory, but the
breadth of linear control theory cannot be applied. The method used in this pa-
per differs by using machine learning outside the loop, to design linear control-

lers that stabilize and deliver high performance.

3. Methodology
3.1. Feedback

Of primary importance is the rational function, where sis the Laplace variable.

T(S)=C(S)P(S)=& (2)

T(s) is known as the loop transmission (or the return ratio) of the feedback
loop. It is further necessary to define two types of bandwidths, the contro/
bandwidth, and the functional bandwidth. The control bandwidth, ,, is where
the magnitude of the loop transmission is equal to 1. This frequency is also
known as the 0 dB crossover frequency. The functional bandwidth is the fre-

quency, @, , where the magnitude of the return ratio is approximately constant

or, T(ja))| = 4,,Vo < w,, for some constant 4. Feedback as a quantity is de-
fined as |F (s)| = |l +T(s)| . Broadly, feedback is defined as being negative, posi-
tive, negligible, and large by the conditions, |F(s)| >1, |F(s)| <1, |T(s)| <1
and |F (s)| > 1, respectively. These conditions quantify the closed loop system’s
effect on disturbances. Phase margin is defined as the difference between the

phase of the loop transmission function at crossover, and —180°.

3.2. Goals of Feedback

In the task of aggressively controlling a single input, single output (SISO) sys-
tem, feedback is used to: stabilize an unstable system and maximize available
negative feedback. If a plant is open-loop unstable, negative feedback must be
applied. The cost for stabilization is an amount of negative feedback that could
have been extracted if the plant was stable [2]. This cost is directly proportional
to the number of unstable open-loop poles and their frequency. After stabiliza-
tion, the designer endeavors to maximize negative feedback to improve system
response time, its resistance to disturbance, and reduced sensitivity to plant pa-

rameter variation. For simple plants, processes like PID can achieve reasonable
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results. However, complex plants with challenging dynamics (lightly damped,
complex-conjugate pairs of poles) require more sophisticated application of
compensation. Methods like PID, while capable of achieving zero steady state
error to the step, leave available performance behind. It is imperative then for
the designer to maximize negative feedback over the functional bandwidth un-
der the constraints presented by the plant [7]. After designing a feedback com-
pensator for maximum negative feedback, a prefilter is designed to improve
transient response and fix steady state error [2]. The complete system is shown
in Figure 1. This paper proposes a machine learning approach to the automatic

generation of both.

Prefilter Compensator Plant Dynamics

—| R O C P

Figure 1. Feedback system with prefilter.

3.3. Transformer Architecture

Progress in complex sequence tasks has been persistent from the development of
the long-short-term memory layer to the auto-regressive Transformer. Driven
primarily by the challenge of natural language [8], Transformers have been ap-
plied to reinforcement learning tasks [9], control tasks [10] and generative mod-
els in the natural sciences [11]. The sequence task in this paper requires the
Transformer to generate a sequence of parameters for a discrete feedback com-
pensator and prefilter by observing a narrow window of reference and output
samples, as in Figure 2. The broad behavior of linear dynamic systems requires
that the machine learning architecture be capable of responding to many different
behaviors over changing time scales. The tendency of the multilayer perceptron
network to suffer from catastrophic forgetting requires that the chosen architec-
ture can represent sparse situations like a system’s transient response and its
lengthy steady state equally. As such, the Transformer is better suited to this task.

b

Transformer

Figure 2. Feedback system with transformer outputting parameters as a func-
tion of reference and output signals.
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3.4. Model Details

The ML architecture used is a decoder-only transformer. The input to the trans-
former is a sequence of vectors with recent reference and output samples. The
input sequence is as long as the sum of the number of poles in the prefilter,
compensator and plant. This sequence length encompasses the samples that will
be required to generate the next output. The higher dimensional embedding
used as an input to the self-attention mechanism is learned along with the model
and consists of a linear layer and a positional encoding layer added together. The
output of the transformer is flattened and passed to a final linear layer which
outputs the frequencies of the compensator and prefilter parameters. The trans-
former outputs a vector of model parameters at every timestep. System parame-
ters come in the form of gains, real pole and zero locations, and the real and im-
aginary parts of complex conjugate pairs. Users select the number of real poles,
zeros, complex conjugate pairs of zeros and poles for both the compensator and
prefilter. The model used has a single transformer layer, an embedding dimen-
sion of 16, a subspace dimension of 64 and eight heads. The sequence of input
and output samples is expanded up to the embedding dimension with a densely
connected linear layer. This higher dimensional sequence then has the mul-
ti-head self-attention equation applied, in parallel with other self-attention

heads. The self-attention equation is,

T
Attention (Q,K,V ) = softmax[?/; ]V . (3)

k
where @, Kand Vare the matrix products between separate weight matrices and
the embedded sequence and dj is the embedding dimension. The output of the
attention mechanism is added to the embedded sequence and normalized. The
normalized sequence is passed through another linear layer, flattened into a
vector and passed through a final linear layer that results in the output dimen-
sion. The output vector is a vector of frequencies. Consider an example output
where the system has a compensator with one real zero and a complex conjugate

pair of poles. The compensator parameters are output as

[Cy.Z,1,R]. (4)

The parameters are arranged into the compensator:
C, (z +Z )
2 42Rz+(R*+17)

)

This process is repeated for a prefilter, then both systems are convolved with
the plant to implement the closed loop transfer function:

RCP
1+CP

(6)

A linear dynamic model computes the output of the system, using the discrete
difference equation. Automatic differentiation is used to compute the gradient of

the output with respect to the compensator parameters. This limitation is why
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accurate plant parameters must be known at training time. Plant parameters do

not need to be known after training.

3.5. Training

The model uses the adaptive momentum (Adam) optimizer for model updates
[12]. Decay and squared decay parameters for Adam are reduced to 0.75 for
both. This reduction is necessary as momentum in parameter updates can easily
send model parameters outside the unit circle, resulting in instability in the
model and training. Adam is still a necessary optimizer for this application as
the output of the feedback system can be close to zero for many time steps, re-
sulting in infinitesimal changes in model parameters with stochastic gradient
descent. A learning rate of 10™* was used.

Training data consists of either a single reference, trained on iteratively or a
plethora of references generated randomly. Randomly generated references sub-
ject the transformer to realistic control inputs and can be selected with specific
applications in mind. For this paper, the step reference is used for training.

Loss is computed as the squared tracking error:

%(r—y)z )

The model is updated at each time step during training. It is possible to train
on the mean-squared error of an entire reference and output sequence, but this

method tends not to converge.

3.6. Model Environment

All results are trained in a model environment free of disturbances and
non-linearities. Any live system includes these challenges. To improve the relia-
bility of a machine learning model in application, the training environment
should match the real environment as closely as possible. As well, machine
learning models, including the proposed method, pose the risk of sending feed-
back systems unstable. The proposed method preserves the ability for the system

stability to be analyzed using linear control theory.

4. Performance on Known Plants
4.1. Comparison to PID

PID is an industry wide standard and makes a good comparison for the pro-
posed method. The PID tuning was done by MATLAB’s PID tuning application
[13]. This application lets the user choose a desired bandwidth and phase mar-
gin. All bandwidths and phase margins were set for best performance. Perfor-
mance is measured by the following criteria:

« Rise time: the time to reach 90% of the system’s final value.

o Settling time: the time after which the system is bounded within +5% of its
final value.

« Overshoot: the ratio of the peak response value to the final value (reported
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as a percent).

o Steady state error: the difference between the step amplitude and the sys-
tem’s final value (reported as a percent).

o Absolute tracking error: the sum of the absolute value of all tracking error
samples.

The transformer outputs a new set of parameters at each time step, the fre-
quency domain plots shown are using the most active sample from the step re-

sponse. Each plant is sampled at 1000 kHz.

4.2. Simple Plants

Consider the plant, P1:

z-0.1

_ (8)
22 -0.7z+-0.1

P1 has a simple lowpass shape and is not difficult for PID to control. The

comparison between PID and transformer performance on the step reference is

shown in Figure 3. The loop transmission of both the transformer output and

PID are shown in Figure 4. Performance data is compared in Table 1.

Table 1. Performance data for P1.

Transformer PID
Rise Time (ms) 4 3
Settling Time (ms) 4 3
Overshoot (%) 0 3
Steady State Error (%) 2 0
Absolute Tracking Error 12.2 3.9

Step Response

T T T

= = =PID
Transformer

Amplitude
o o
(=)} o]

<
~

0.2

I 1 I I I I I 1 1

0
0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.0l6 0.018 0.02

Time (seconds)

Figure 3. Step response of closed loop systems with plant P1.
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Loop Transmission
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20

10—

Magnitude (dB)

180 I

Phase (deg)

=270 [

Transformer|
— — =PID

-360
10!

10° 10° 10*
Frequency (rad/s)

Figure 4. Loop transmission of transformer output and PID with plant P1.

For this plant, the transformer output is a compensator with two real zeros
and four real poles, and a prefilter with one real zero and two real poles. The PID
was set to the same control bandwidth as the transformer output. Due to the
simplicity of this plant, the transformer solves this problem primarily with the
prefilter. This results in a design which has less feedback over the functional
bandwidth than the PID. Due to the simplicity of the design, PID would be a

reasonable choice absent significant bandwidth restrictions.

4.3. Complex Plants

Consider the plant, P2:

2> —1.82% +1.2632-0.1885
24 =247 +2.1752% —0.74952 +0.0555

)

This plant contains closely spaced, lightly damped conjugate pairs of poles
and zeros, which pose a design problem for an engineer. Similar to P1, the
transformer achieves most of its performance with the prefilter and neglects the
maximization of negative feedback. Performance on the step reference is shown
in Figure 5. The loop transmission function of the transformer output and the
PID are shown in Figure 6.

The compensator consisted of two real zeros, five real poles and one complex
conjugate pair of zeros. The prefilter contains three real poles and one complex
conjugate pair of zeros. Performance data is compared in Table 2.

Consider the plant, P3:

22 —0.82+1.006
24 —2.82° +3.5442> —2.3432+-0.6298

(10)
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Table 2. Performance data for P2.

Transformer PID
Rise Time (ms) 17 21
Settling Time (ms) 28 23
Overshoot (%) 15 1
Steady State Error (%) 1 0
Absolute Tracking Error 52 10.3
- ' ' ' S'tep Re'sponse' ' ' '
— — -PDD
Transformer

I
]

o6 H! 1
I

Amplitude

041 1

0 L L 1 I I L L i 1

0 002 0.04 006 008 01 012 0.14 016 018 02
Time (seconds)

Figure 5. Step resonse of closed loop system with plant P2.

Loop Transmission
30 1 T N T S N 1 1 1 T .r T 1]

Magnitude (dB)

-180 - -1

Phase (deg)

=270 =
Transformer|
=== "=PID)
-360 L L L e e : : i | . L L A
10 107 10° 104
Frequency (rad/s)

Figure 6. Loop transmission function of transformer and PID with plant P2.

P3 contains close, very lightly damped conjugate pairs of poles and zeros.
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Magnitude (dB)

180

Phase (deg)
hob
B (=) [}
2 QO O

-720
-900
-1080

These extreme dynamics put significant limitations on control. Selecting a

crossover frequency for the PID controller of over 290 radians/s results in an

unstable system. The PID for this system was given a crossover frequency of 164

radians/s and a phase margin of 56°. Due to the nature of the plant, the trans-

former is forced to attempt a more complete design. The transformer achieves a

good phase margin of 37°, a quick response and fast settling time. The step re-

sponse is shown in Figure 7. The loop transmission function of closed loop sys-

tem is shown in Figure 8. Performance data is compared in Table 3.

1.2

0.8

Amplitude

0.4

0.2

Time (seconds)

Step Response
|osd PID
IAY Transformes
I
- WW%%‘M—% 4
I
|
- i
I
I
L J
I
I
I
I
o i
I
I
1
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

Figure 7. Step response of closed loop system with plant P3.
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Figure 8. Loop transmission function of transformer and PID with plant P3.
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Table 3. Performance data for P3.

Transformer PID
Rise Time (ms) 7 10
Settling Time (ms) 7 23
Overshoot (%) 0 14
Steady State Error (%) 1 0
Absolute Tracking Error 7.2 8.4

5. Conclusions

The transformer is an adequate architecture for the generation of compensator
and prefilter parameters. The compensation schemes developed by the model do
not depend on any prior knowledge and are only refined through experience.
However, the training environment can allow for the transformer to make deci-
sions which do not maximize negative feedback, unless the plant is sufficiently
challenging.

The maximum amount a designer is required to do is select the type of com-
pensator and prefilter desired and adjust training hyperparameters if necessary.
Machine learning continues to develop steadily and has attained greater adop-
tion in the commercial space. As such, ML and control theory may be required

to cooperate more closely.

Future Work

Training the network in the presence of disturbances, nonlinearities and plant
parameter variation may further leverage the complexity of the transformer.
Training in disturbance rich environments may require the transformer to ex-
tract more negative feedback. Under plant parameter variation, the transformer
could be able to respond to a wide range of plants. If plant parameters were only
known in a possible range, training under these conditions could potentially
prepare the transformer for reality.

The concurrent training of the prefilter and compensator may not be efficient
in the maximization of available feedback. Developing a stable manner of devel-
oping the compensator first, then the prefilter may have superior results. This
may help mitigate gradient descent’s proclivity to search for the simplest solu-

tion (gain allocated to the prefilter instead of the compensator).
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