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Abstract 
We develop an analysis of optimal formulas for subnational tax revenue sharing for two cases of 
interest: when local public goods (lpg’s) show spillovers and are inter-regional perfect and im-
perfect substitutes. Our analysis could be relevant to understand the determinants of feasible 
competing alternatives for the design of tax revenue sharing systems. Our study shows that: 1) In-
ter-regional spillovers should be taken into account in the design of formulas for subnational 
revenue sharing when lpg’s are perfect inter-regional substitutes but should not be taken into ac-
count to supply lpg’s that are imperfect substitutes; 2) The distribution of preferences for lpg’s 
and population should be considered in formulas for revenue sharing when subnational govern-
ments provide both lpg’s that are perfect and imperfect substitutes; 3) For local public goods that 
are imperfect substitutes, the share of tax revenue is first increasing and then decreasing with in-
creases in the population of the district; 4) For perfect substitute-lpg’s, the share of tax revenue in 
the district is increasing and concave with the district’s population; 5) The distribution of income 
should not be considered in the design of formulas for lpg’s that are perfect and imperfect substi-
tutes. Other empirically relevant comparative analyses are considered in the paper. 
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1. Introduction 
Tax revenue sharing seeks to distribute revenue for central and subnational governments from a given tax base. 
Some of the advantages of tax revenue sharing recognized in the literature include: 1) Tax harmonization be-
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tween the central and subnational governments to reduce inefficiency costs from tax competition; 2) Rao [1] ar-
gues that tax revenue sharing leads to welfare gains by ensuring greater subnational fiscal autonomy (by ensur-
ing subnational governments a source of revenue), and 3) Revenue sharing is a tool to deal with vertical fiscal 
imbalances. 

Tax revenue sharing is commonly implemented in many developed and developing countries through the use 
of formulas for the allocation of tax revenue between the central and subnational governments. Rao [1] classifies 
revenue-sharing systems in two types: in the first type, the central and sub-national governments share a tax base 
and different levels of governments can determine tax rates. In the second type, one level of government could 
collect tax revenue that is shared among different levels of governments1. In spite of the empirical relevance of 
this policy, there is little formal research on the optimal design of formulas for subnational revenue sharing2. 
Such analysis is worthwhile because knowing the properties of different forms of subnational revenue sharing 
systems would help us to identify potential advantages and shortcomings of feasible policy options. In this paper 
we seek to contribute to fill this gap in the literature and we analyze the optimal design of subnational tax reve-
nue sharing. To do so, we study a model with a benevolent social planner in which subnational governments 
provide local public goods with inter-regional spillovers. The central government selects the nationwide tax rate 
on income to determine the optimal size of tax revenue and its shares to be allocated to subnational governments. 

The main distinction of our analysis with respect the literature is that we consider the optimal design of for-
mulas for subnational revenue sharing when local governments provide public goods with spillovers in two cas-
es of interest: when local public goods are perfect and imperfect inter-regional substitutes3,4. The main findings 
of our paper are the following: 1) Inter-regional spillovers should be taken into account in the design of formulas 
for revenue sharing when lpg’s are perfect inter-regional substitutes but should not be taken into account for 
imperfect substitutes; 2) The inter-regional distribution of preferences for lpg’s and population should be consi-
dered in formulas for revenue sharing when subnational governments provide lpg’s that are both perfect and 
imperfect substitutes; 3) For local public goods that are imperfect substitutes, an increase in the population of 
the district leads to an ambiguous outcome in the share of tax revenue in the district: for sufficiently high (low) 
initial values of the share of tax revenue, an increase in the district’s population leads to a fall (increase) in the 
share of tax revenue allocated to the district; 4) For perfect substitute-lpg’s, the share of tax revenue in the dis-
trict is increasing and concave with the district’s population; 5) The distribution of income should not be consi-
dered in the design of formulas for lpg’s that are perfect and imperfect substitutes. Finally, we develop other 
comparative analysis on the optimal shares to be allocated among subnational governments. 

The structure of the paper is as follows: in Section 2, we develop optimal formulas for tax revenue sharing for 
an economy with local public goods that are imperfect inter-regional substitutes. Section 3 contains the analysis 
for an economy with perfect substitutes. Section 4 concludes. 

2. Optimal Tax Revenue Sharing for Local Public Goods that Are Imperfect  
Inter-Regional Substitutes 

Consider an economy with individuals living in districts i  and –i . In our economy, the central government is 
responsible for collecting tax revenue and allocating (through the use of formulas) the shares of tax revenue for 
all districts. For simplicity of the analysis, we assume that local governments use the resources allocated to them 
by the central government to provide local public goods. In district , ,i i∀  there is a representative individual 

 

 

1It is common that, under this type of revenue sharing, the central government is responsible for collecting tax revenue but subnational gov-
ernments are in charge of the spending choices and (or) the administration of public programs. 
2There is a large literature on the optimal design and effects of intergovernmental transfers, see (among many others) [2]-[5], and more re-
cently [6]. There has been also interest on revenue assignments, see [7]. However, to the best of our knowledge, there has been little interest 
on developing a formal theory of the optimal design of formulas for subnational revenue sharing. 
3Spillovers of local public goods lead to some degree of inter-regional substitutability among lpg’s produced in different regions. Moreover, 
in real life, the mobility of households and firms makes lpg’s more substitutable. Hence, it is relevant to conduct an analysis of the distinc-
tion between lpg’s that are perfect inter-regional substitutes (which is the limiting case) and imperfect substitutes in the design of formulas 
for subnational tax revenue sharing. However, for simplicity of the analysis, in this paper we ignore inter-regional mobility. We leave such 
analysis for future research. 
4In Section 2, we provide a formal distinction between local public goods that are perfect and imperfect inter-regional substitutes. A real life 
example of a perfect substitute-local public good with inter-regional spillovers could be productive local infrastructure (such as local bridges  
roads etc.). To see this, consider a firm (similar examples can be found for the case of households) that sells products in all districts (regions)  
If a bridge in some district has a constant marginal rate of technical substitution with respect a bridge provided in some other district then 
these local public goods show spillovers and are considered as perfect inter-regional substitutes. For the case of imperfect substitutes, the 
marginal rate of technical substitution is not constant. 
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with an endowment ie  and his indirect preferences are given by ( ), ,i i i ig g eν −  where ,i ig g −  are local public 
goods supplied by districts i  and –i . Direct preferences are given by ( ) ( )ln lni i i i i i i ig k g xµ γ θ α− −= + +  
where , ,i i iγ θ α ++∈  are positive constants related with the individual’s intensity of preferences over local 
public goods ,i ig g −  and the private good ix 5. The parameter [ )0,1ik − ∈  measures the extent of spillovers, 
if 0ik − =  there is no spillovers and if ik −  were equal to one then the local public good would be a pure na-
tional public good. The budget constraint of the individual is given by ( )1i ix e t= −  where t  is a proportion-
al income tax implemented by the central government. In this economy, there is inter-regional heterogeneity of 
preferences, that is , ,i i i i i iγ γ θ θ α α− −≠ ≠ ≠  and without loss of generality we assume i ie e−> . 

We consider a benevolent social planner ruling the central government that seeks to maximize the nation’s so- 
cial welfare ( ) ( )( )Ψ , , , 1 ,i i i i i iN B e N B eν ξ ν ξ− − −= + −  where ,i iN N −  are the populations of districts i  and 
–i . The problem of policy design for the central government is to maximize Ψ  by choosing the size of the pro- 
portional income tax t  the budget B, and the formula for sharing revenue in districts i  and –i , ( ), 1ξ ξ−  
to finance local public goods ,i ig g − . The budget constraint of the central government is { }i i i iB N e N e t− −= +  
where B  is the central government’s budget. The distribution of tax revenue in the economy is determined by 
formulas for revenue sharing such that the budget constraints of subnational governments are given by ig Bξ=  
and ( )1ig Bξ− = −  where [ ]0,1ξ ∈  is the share of the budget allocated to finance the local public good of 
district i . For simplicity of the analysis, districts i  and i−  only supply, respectively, ig  and ig − . In this 
section, we analyze the case of local public goods that are imperfect substitutes, which are defined by a finite 
elasticity of substitution, while for the case of local public goods that are perfect substitutes (analyzed in Section 
3) the elasticity of substitution is infinite6. Formally, the problem of tax revenue sharing for the central govern-
ment when local public goods are imperfect substitutes is: 

{ } ( ) ( )( ), Ψ , , , 1 ,i i i i i i
BMax N B e N B eξ ν ξ ν ξ− − −= + −                        (1) 

( ) ( ) ( )( ). : , , ln ln 1 1 ,i i i i i i i
i i i i

Bs t B e B k B e i i
N e N e

ν ξ γ ξ θ ξ α−
− −

  = + − + − ∀ −  +  
         (2) 

where ( ), ,i iB eν ξ  is the indirect utility function of the representative individual of district i  on feasible local 
public goods (a similar expression is given for ( )( ), 1 ,i iB eν ξ− −− ). 

Proposition 1. The optimal budget *B  and formulas for distribution of tax revenue ( )* *, 1ξ ξ−  for local 
public goods that are imperfect inter-regional substitutes of districts i  and i−  are given by: 

( ) ( )*
i i i i i i

i i i i
e e

N N
B

s s

γ θ γ θ

α α

− − −

− −

+ + +
=

+
                             (3) 

With ( ) ( )0,1 : 1,i i i i i i i i i i
e e e es s N e N e N e s s− − −∈ = + ∧ + =  and 

( ) ( )
*

i i i i

i i i i i i

N N
N N

γ θξ
γ θ γ θ

− −

− − −

+
=

+ + +
                             (4) 

( ) ( ) ( )
*1

i i i i

i i i i i i

N N
N N

γ θξ
γ θ γ θ

− −

− − −

+
− =

+ + +
                           (5) 

Proof 

 

 

5Our choice of the utility function is for simplicity of the analysis. Moreover, this type of utility function is common in the literature see [8] 
and [9], among many others. 
6To distinguish local public goods that are perfect vs imperfect inter-regional substitutes, we use the elasticity of substitution  

( )
( )

d ln d

d ln di i

i i i

i

g g

g g g

MRS g
σ

−

−

−

= . To see that our preference relation for ig  and ig −  characterizes local public goods that are imperfect inter-re- 

gional substitutes, note that the elasticity of substitution between ig  and ig −  is positive but finite since ( )
( )

d ln d

d ln di i

i i i

i

g g

g g g

MRS g
σ

−

−

−

=  where  

( ) ( )
d 0

d ln d lnd 1 1, 0 0, 0
d d d

i i

i i

i

i ii i i
g g i i

i i i i i i ig g

MRS g gg g gMRS g g
g g g g g g g

µ

σ
−

−

− −
− −

− − −−
=

= − = = ∧ = ⇒ = > ∀ > > . In the case of perfect inter-regio- 

nal substitutes, the elasticity of substitution is infinite (see Section 3).
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The first order conditions for the government’s problem are: 

*
* * * *

Ψ 0 0
i i i i i i i i i i

i i
i i i i

N e N eN N B
B B B B B N e N e

γ θ γ θ α α− − − − −
−

− −

     ∂ +
= + + + − = ∀ >     ∂ +     

            (6) 

( ) ( )
*

* ** *

Ψ 0 0
1 1

i i i i
i iN Nγ θ θ γ ξ

ξ ξ ξξ ξ

− −
−

   ∂    = − + − = ∀ >   ∂ − −      
                   (7) 

Rearrange terms to obtain conditions (3), (4) and (5). 
Proposition 2. The optimal budget *B  and formulas for distribution of tax revenue ( )* *, 1ξ ξ−  satisfy the 

following properties: 
2.1) The implied distribution of local public goods, ( )* * * * * *, 1i ig B g Bξ ξ−= = −  is Pareto efficient. 
2.2) *ξ  is a constant: [ ]* 0,1ξ ∈ . 
2.3) The share of tax revenue allocated in district *,i ξ , also satisfies the following: 

a) * 0iNξ >
∂ ∂

<
 as 

( )
*

i

i i

γξ
γ θ

<
> +

 and 2 * 2 0iNξ <
∂ ∂

>
 

b) * * 0i ik kξ ξ −∂ ∂ = ∂ ∂ =  
c) * * 0i ie eξ ξ −∂ ∂ = ∂ ∂ =  
d) * 0iξ γ∂ ∂ ≥ , that is *ξ  is non decreasing with iγ , and 2 * 2 0iξ γ∂ ∂ ≤  
e) * 0iξ θ∂ ∂ ≥ , that is *ξ  is non decreasing with iθ , and 2 * 2 0iξ θ∂ ∂ ≤  
Proof 
See the Appendix. 
Proposition 2 says that the equilibrium distribution of * *,i ig g −  is Pareto efficient since * *, Bξ  takes into 

account the nationwide distribution of social marginal costs and benefits of local public goods. For this reason 
we can’t find an alternative feasible allocation ,i ig g −

   in which we can benefit at least one individual without 
hurting someone else in this economy. Some other interesting results of our analysis are the following: for a lo-
cal government in district i  supplying an imperfect substitute-local public good, the optimal formula for tax 
sharing, *ξ , is constant (see proposition 2.2) and it depends only on the distribution of parameters related with 
the intensity of preferences of individuals for local public goods in districts i  and –i , that is , , ,i i i iγ θ γ θ− − , 
and the distribution of the population in the economy (see condition 4). 

An issue of interest for the design of a policy of tax revenue sharing is the relationship of *ξ  with the dis-  

trict’s population. Our analysis suggests that * 0iNξ >
∂ ∂

<
 as 

( )
*

i

i i

γξ
γ θ

<
> +

. This is relevant for policy design  

since empirical evidence suggests the use of linear formulas between *ξ  and iN  (see [10]). However, our 
analysis suggests that the effect of an increase in the population of district i  over the share of tax revenue to be  

allocated to district i  is contingent to the level of *ξ . For sufficiently low values of *ξ  (for 
( )

*
i

i i

γξ
γ θ

<
+

)  

an increase in iN  should lead to an increase in *ξ . However, for sufficiently high levels of *ξ  (for  

( )
*

i

i i

γξ
γ θ

>
+

) an increase in iN  should lead to a fall in *ξ . The explanation of this result is straightforward: 

from the optimality condition 
( ) ( )

*
* ** *

Ψ 0 0
1 1

i i i i
i iN Nγ θ θ γ ξ

ξ ξ ξξ ξ

− −
−

   ∂    = − + − = ∀ >   ∂ − −      
 where  

( )* *1

i i
iN γ θ
ξ ξ

  − 
−  

 is the net social marginal benefit for residents of district i  of increasing *ξ  where *

i
iN γ
ξ

  

is the gross social marginal benefit for residents of district i  of increasing *ξ  (an increase in *ξ  leads to a 
higher level of the local public good supplied by district i  which increases the wellbeing of residents of that 
district). Moreover, a higher *ξ  means that ( )*1 ξ−  falls which leads to a lower supply of * ig −  and the ben- 
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efits for residents of district i  from consuming * ig −  fall by 
( )*1

i
iN θ

ξ−
. Hence the net benefit of a marginal in- 

crease in *ξ  is 
( )* *1

i i
iN γ θ
ξ ξ

  − 
−  

. If 
( )

*
i

i i

γξ
γ θ

<
+

 then 
( )* *

0,
1

i i
iN γ θ
ξ ξ

  − > 
−  

 hence an increase in iN   

leads to a net increase in the social marginal benefits of residents of district i  which leads to a higher share of  

tax revenue allocated to this district (the opposite occurs if 
( )

*
i

i i

γξ
γ θ

>
+

). 

Other interesting outcomes from the characterization of *ξ  are: the formula for *ξ  does not depend on the 
distribution of spillovers ik  and ik −  (see proposition 2.3b). The explanation of this outcome is that the marginal 
social benefits and costs of a change in *ξ  do not depend on ik  and ik −  (see condition 7). A similar explana-
tion is given to the outcome that the distribution of income should not be considered in the design of formulas for 
lpg’s that are imperfect substitutes since * * 0i ie eξ ξ −∂ ∂ = ∂ ∂ =  (see condition 2.3c). Finally, proposition 3 says 
that an increase in the intensity of preferences of residents in district i  and of residents of district i−  for the lo-
cal public good provided by district i  (that is increases, respectively, in iγ  and iθ ) should increase the share of 
tax revenue allocated to district i . This is the case because higher values of iγ  and iθ  increase the nation 
wide’s social marginal benefits of the public good provided by district i . 

3. Optimal Tax Revenue Sharing for Local Public Goods that Are Perfect  
Inter-Regional Substitutes 

In this section, we analyze the case for formulas for subnational tax revenue sharing when local public goods are 
perfect inter-regional substitutes which means that the elasticity of substitution between ig  and ig −  is infi-
nite. To distinguish our notation from our previous section, we denote B̂  as the equilibrium level of the budget 
and ξ̂  as the allocation formula of tax revenue for district i . For this case,  

( ) ( )( )ˆ ˆ ˆ, , ln 1
ˆˆ ˆ ˆ 1i i i i i i

i i i ie k e i
N e N

BB B
e

Bν ξ λ ξ ξ α−
− −

   = + − + − ∀  
+   

 is the indirect utility for a resident in dis- 

trict i  where ,i iλ α  are positive constants and ˆ ˆig Bξ=  and ( )ˆ1 ˆi Bg ξ− = − 7. For this economy, the prob-
lem of policy design is8: 

{ } ( ) ( )( ),ˆ ˆ
ˆ ˆˆΨ , , , 1ˆ ,i i i i i

B
iMax N eB BN e

ξ
ν ξ ν ξ− − −= + −                        (8) 

( ) ( )( )ˆ ˆ ˆ, , ln 1
ˆˆ ˆ ˆ 1i i i i i i

i i i ie k e i
N e N

BB B
e

Bν ξ λ ξ ξ α−
− −

   = + − + − ∀  +   
               (9) 

Proposition 3. The optimal budget *B̂  and formulas for distribution of tax revenue ( )* *ˆ ˆ, 1ξ ξ−  for local 
public goods that are perfect inter-regional substitutes in districts i  and i−  are given by: 

*ˆ
i i i i

i i i i
e e

N N
s s

B λ λ
α α

− −

− −

+
=

+
                                  (10) 

Recall ( ) ( )0,1 : 1,i i i i i i i i i i
e e e es s N e N e N e s s− − −∈ = + ∧ + =  and 

 

 

7To see that lpg’s are perfect inter-regional substitutes, note that the direct preferences of the representative individual of district i  are  
( ) ( ), , lni i i i i i i i i ig g x g k g x iµ λ α− − −= + + ∀  where ,i iλ α ++∈ . Use the household’s budget constraint and the government’s budget con- 

straint to characterize the indirect preferences denoted by ( )ˆ,ˆ ,i ieBν ξ . Recall, 
( )

( )
d ln d

d ln di i

i i i

i

g g

g g g

MRS g
σ

−

−

−

=  and since  

d 0

d
di i

i

i
i

ig g

gMRS k
g

µ

−

−

−−
=

= − =  and ( )d ln d 0 .i i
i

g g
MRS g σ−−

= ⇒ = ∞  

8The indirect preferences of the representative individual of district –i  are given by  

( )( ) ( )( )ˆ ˆ ˆ, 1 , l 1 .ˆ ˆ ˆn 1
ˆ

i i i i i i
i i i ie k e BB

N
B B

e N e
ν ξ λ ξ ξ α− − − − −

− −

   − = − + + −   +   
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( ) ( )
( ) ( ) ( )

*
1 1ˆ

1 1

i i i i i i i

i i i i i i

N k N k k

N N k k

λ λ
ξ

λ λ

− − − −

− − −

− − −
=

+ − −
                          (11) 

And 

( ) ( ) ( )
( ) ( ) ( )

*
1 1ˆ1

1 1

i i i i i i i

i i i i i i

N k N k k

N N k k

λ λ
ξ

λ λ

− − −

− − −

− − −
− =

+ − −
                        (12) 

Proof 
The first order conditions for the government’s problem are: 

*
* *

ˆ
ˆ ˆ ˆ
Ψ 0 0

i i i i i i i i
i i

i i i i B
B B B

N e N eN N
N e N e

λ λ α α− − − −
−

− −

 ∂ +
= + − = ∀ > +∂  

                (13) 

( )
( ){ }

( )
( ){ }

*
* *

1 1Ψ ˆ0 0ˆ ˆ ˆ1 1 1

i i i i i i

i i i

N k N k

k k k

λ λ
ξ

ξ ξ ξ

− − − −

− −

− −∂
= − = ∀ >

∂ − + − −
                 (14) 

Rearrange terms to obtain conditions (10), (11) and (12). 
Proposition 4. The optimal budget *B̂  and formulas for distribution of subnational tax revenue ( )* *ˆ ˆ, 1ξ ξ−  

satisfy the following properties: 
4.1) The implied distribution of local public goods, ( )* * * * * *ˆˆ ˆˆ ˆ, ˆ1i ig gB Bξ ξ−= = −  is Pareto efficient. 
4.2) *ξ̂  is a constant: [ ]*ˆ 0,1ξ ∈  
4.3) The share of tax revenue allocated in district *,i ξ , satisfies: 
a) *ˆ 0iNξ∂ ∂ >  and 2 * 2ˆ 0iNξ∂ ∂ <  

b) *ˆ 0ikξ∂ ∂ >  and 
2 *

2

ˆ
0ik

ξ∂
>

∂
. 

c) *ˆ 0ikξ −∂ ∂ <  and 
2 *

2

ˆ
0ik

ξ
−

∂
<

∂
 

d) * *ˆ ˆ 0i ie eξ ξ −∂ ∂ = ∂ ∂ =  

e) *ˆ 0iξ λ >
∂ ∂

<
 if 

( )
( )

*ˆ
1

i i i i

i

N N

k

λ λ
ξ

− −+<
> −

 with 2 * 2 0iξ λ >
∂ ∂

<
 

f) *ˆ 0iξ λ− >
∂ ∂

<
 if 

( )
*ˆ

1

i

i

k
k

ξ
−>

< −
 with 2 * 2 0iξ λ− >

∂ ∂
<

 

Proof 
See the Appendix. 
Proposition 4 shows some comparative static results on the determinants of formulas for revenue sharing for 

local public goods that are perfect inter-regional substitutes. In particular, *ξ̂  is non decreasing with the popu-
lation of the district, however, this relationship is not linear since 2 * 2ˆ 0iNξ∂ ∂ < . In addition, the distribution 
of tax revenue for district i  is increasing on the spillovers of the public good provided by district , ii k , and 
decreasing in the spillovers of the local public good supplied by district – , ii k − , (see propositions 4.3.b and 
4.3c). These last results are very intuitive: a higher level of ik  increases the nationwide social marginal bene-
fits of *ig  (by the effect of the spillovers of *ig  over district i− ) which leads to an increase in the tax reve-
nue allocated to district i . A similar effect occurs with an increase in ik −  which makes more attractive to al-
locate more resources in district i−  and reduces *ξ̂ . The distribution of income should not be considered in 
the design of formulas for lpg’s that are perfect substitutes since * * 0i ie eξ ξ −∂ ∂ = ∂ ∂ =  (see condition 4.3c). 
As in the previous section, the marginal social benefits and costs of a change in *ξ  do not depend on ie  and 

ie−  (see condition 11). Proposition 4 also shows that *ξ̂  has an ambiguous relationship with the distribution of  

the intensity of preferences for local public goods. To be specific, *ˆ 0iξ λ >
∂ ∂

<
 if 

( )
( )

*ˆ
1

i i i i

i

N N

k

λ λ
ξ

− −+<
> −

 and if 
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( )
*ˆ

1

i

i

k
k

ξ
−>

< −
 then *ˆ 0iξ λ− >

∂ ∂
<

. 

In terms of the practical significance of this paper, propositions two and four highlights the relevance of tak-
ing into account the inter-regional heterogeneity of preferences and the distribution of the country’s population 
in the allocation of tax revenue among sub-national governments, since the heterogeneity of preferences and 
population are the main determinants of formulas for local governments supplying local public goods that are 
perfect and imperfect inter-regional substitutes. In particular, one common determinant of formulas for revenue 
sharing is the district’s population. Our analysis shows that the relationship between the funds allocated in the 
district and the district’s population is not necessarily linear (a common practice in some countries, see [1], [10]) 
and in fact it could also be negative (an increase in the district’s population could lead to a lower share of the 
resources devoted to that district, see proposition 2.3a). Finally, the least intuitive finding of the paper is that the 
distribution of income in the federation should not determine the distribution of tax revenue sharing among 
sub-national governments. As mentioned before, in our paper this finding is explained by the fact that both the 
marginal social benefits and costs of allocating funds to some district in the federation do not depend on the 
household’s income. Although this result should be subject of further analysis to test whether this finding is 
general or closely related to the parametric functions used in this paper. 

4. Concluding Remarks 
In this paper, we study the optimal design of formulas for subnational revenue sharing when local governments 
provide public goods with spillovers in two cases of interest: when local public goods are perfect and imperfect in-
ter-regional substitutes. Even though, tax revenue sharing policy is implemented in many developed and develop-
ing countries there is little formal research on the design of formulas for subnational revenue sharing. In this paper 
we seek to contribute to fill this gap. Our main contribution is to distinguish the determinants for optimal formulas 
for subnational revenue sharing when local governments provide local public goods with spillovers that are perfect 
and imperfect inter-regional substitutes. This analysis has the potential to provide relevant information for policy 
makers on the determinants and some properties of formulas for subnational tax revenue sharing. 

Our analysis suggests the following: 1) Spillovers should be taken into account in the design of formulas for 
revenue sharing when lpg’s are perfect inter-regional substitutes but should not be taken into account for imper-
fect inter-regional substitutes; 2) The distribution of preferences for lpg’s and population should be considered 
in formulas for revenue sharing when subnational governments provide both lpg’s that are perfect and imperfect 
substitutes; 3) For local public goods that are imperfect substitutes, an increase in the population of the district 
leads to an ambiguous outcome in the share of tax revenue in the district: for sufficiently high (low) initial val-
ues of the share of tax revenue, an increase in the district’s population leads to a fall (increase) in the share of tax 
revenue allocated to the district; 4) For perfect substitute-lpg’s, the share of tax revenue in the district is in-
creasing and concave with the district’s population; 5) The distribution of income should not be considered in 
the design of formulas for lpg’s that are perfect and imperfect substitutes. Other empirically relevant compara-
tive analysis are considered in the paper. 

Although the paper provides insights for the design of revenue sharing systems, it does not consider political 
institutions (such as electoral competition, the interaction between the executive and legislative bodies), the role 
of special interest groups and other issues raised by political economy models that might be central in shaping 
incentives of policy makers. Analysis on revenue sharing systems should also incorporate the role of mobility of 
households and firms, and adopt a systemic view of the optimal composition of the tax structure and spending of 
subnational governments and the central government. Future research on this topic should address these issues. 
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Appendix 
Proposition 2. The optimal budget *B  and formulas for distribution of tax revenue ( )* *, 1ξ ξ−  satisfy the fol-
lowing properties: 

2.1) The implied distribution of local public goods, ( )* * * * * *, 1i ig B g Bξ ξ−= = −  is Pareto efficient. 
2.2) *ξ  is a constant: [ ]* 0,1ξ ∈ . 
2.3) The share of tax revenue allocated in district *,i ξ , also satisfies the following: 

a) * 0iNξ >
∂ ∂

<
 as 

( )
*

i

i i

γξ
γ θ

<
> +

 and 2 * 2 0.iNξ <
∂ ∂

>
 

b) * * 0.i ik kξ ξ −∂ ∂ = ∂ ∂ =  
c) * * 0.i ie eξ ξ −∂ ∂ = ∂ ∂ =  
d) * 0iξ γ∂ ∂ ≥ , that is *ξ  is non decreasing with iγ , and 2 * 2 0.iξ γ∂ ∂ ≤  
e) * 0iξ θ∂ ∂ ≥ , that is *ξ  is non decreasing with iθ , and 2 * 2 0.iξ θ∂ ∂ ≤  
Proof 
2.1) Efficiency: local public goods * *,i ig g −  are Pareto efficient. Since * *, Ψi ig g ArgMax− ∈ ,  

( ) ( ) ( ) ( )* * * * * *: , , , , , , , ,i i i i i i i i i i i i i i i i i i i ig g g g g g e g g e i g g e g g eν ν ν ν− − − − − − − −∴ ≠ ∧ ≠ > ∀ ∧ ≥      . 
2.2) *ξ  is a constant: [ ]* 0,1ξ ∈ . This follows trivially by the fact , , , , ,i i i i i iN N γ γ θ θ− − −  are constants. Mo-  

reover, { }
*, , , : lim 1i i i i

i i i i
γ γ θ θ

γ γ θ θ ξ− −
− −

++ → ∨ →
∃ ∈ →





 

    and { }
*lim 0.i i iγ γ θ θ

ξ− −→ ∨ →
→





 

2.3) *ξ  satisfies the following: 

a) * 0iNξ >
∂ ∂

<
 as 

( )
*

i

i i

γξ
γ θ

<
> +

 and 2 * 2 0iNξ <
∂ ∂

>
 

From condition (4), 
( ) ( )

{ }( )
( ) ( )( )

*

2

i i i i i ii

i i i i i i i i i i i i i

N N

N N N N N

γ θ γ θξ γ
γ θ γ θ γ θ γ θ

− −

− − − − − −

+ +∂
= −

∂ + + + + + +
. Since  

( ) ( )
*

i i i i

i i i i i i

N N
N N

γ θξ
γ θ γ θ

− −

− − −

+
=

+ + +
, the term  

( ) ( ) ( )
( )

( ) ( )
**

*0 0
i i ii

i i i i i i
ii i i i i i i i

N N
N N N

γ ξ γ θγ ξγ θ γ θ ξ
γ θ γ θ γ θ

− − −
− − −

− +< ∂ >
+ + + > ∧ ⇒ =

> <∂+ + + +
. Moreover from  

*

iN
ξ∂
∂

, it is simple to see that 
2 *

2 0iN
ξ∂ >

<∂
. 

b) * * 0.i ik kξ ξ −∂ ∂ = ∂ ∂ =  
From condition (4), * * 0i ik kξ ξ −∂ ∂ = ∂ ∂ = . 
c) * * 0i ie eξ ξ −∂ ∂ = ∂ ∂ = . 
From condition (4), * * 0i ie eξ ξ −∂ ∂ = ∂ ∂ = . 
d) *ξ  is non decreasing on iγ  and 2 * 2 0iξ γ∂ ∂ ≤ . 

From (4), 
( ) ( ) ( ) ( )

*

1
i i i i i

i i i i i i i i i i i i i

N N N
N N N N

ξ γ θ
γ γ θ γ θ γ θ γ θ

− −

− − − − − −

 ∂ + = − ∂ + + + + + +  
 and  

( )
( ) ( )( ) ( ) ( )

2
2 *

2 2 1 ,
i i i i i

i i i i i i ii i i i i i

N N N
N NN N

ξ γ θ
γ γ θ γ θγ θ γ θ

− −

− − −− − −

 −∂ + = − ∂ + + + + + +  
 since  

( ) ( )
* 2 *

*
20 1 0 0

i i i i

i ii i i i i i

N N
N N

γ θ ξ ξξ
γ γγ θ γ θ

− −

− − −

+ ∂ ∂
≤ = ≤ ⇒ ≥ ∧ ≤

∂ ∂+ + +
. 

e) *ξ  is non decreasing on iθ  and 2 * 2 0iξ θ∂ ∂ ≤ . 

From (4), 
( ) ( ) ( ) ( )

*

1
i i i i i

i i i i i i i i i i i i i

N N N
N N N N

ξ γ θ
θ γ θ γ θ γ θ γ θ

− − −

− − − − − − −

 ∂ + = − ∂ + + + + + +  
 and  
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( )
( ) ( )( ) ( ) ( )

2
2 *

2 2 1 0
i i i i i

i i i i i i ii i i i i i

N N N
N NN N

ξ γ θ
θ γ θ γ θγ θ γ θ

− − −

− − − −− − −

 −∂ + = − < ∂ + + + + + +  
 since  

( ) ( )
* 2 *

*
20 1 0 0

i i i i

i ii i i i i i

N N
N N

γ θ ξ ξξ
θ θγ θ γ θ

− −

− −− − −

+ ∂ ∂
≤ = ≤ ⇒ ≥ ∧ ≤

∂ ∂+ + +
. 

Proposition 4. The optimal budget *B̂  and formulas for distribution of subnational tax revenue ( )* *ˆ ˆ, 1ξ ξ−  
satisfy the following properties: 

4.1) The implied distribution of local public goods, ( )* * * * * *ˆˆ ˆˆ ˆ, ˆ1i ig gB Bξ ξ−= = −  is Pareto efficient. 
4.2) *ξ̂  is a constant: [ ]*ˆ 0,1ξ ∈  
4.3) The share of tax revenue allocated in district *,i ξ , satisfies: 
a) *ˆ 0iNξ∂ ∂ >  and 2 * 2ˆ 0iNξ∂ ∂ < . 

b) *ˆ 0ikξ∂ ∂ >  and 
2 *

2

ˆ
0ik

ξ∂
>

∂
. 

c) *ˆ 0ikξ −∂ ∂ <  and 
2 *

2

ˆ
0ik

ξ
−

∂
<

∂
. 

d) * *ˆ ˆ 0i ie eξ ξ −∂ ∂ = ∂ ∂ = . 

e) *ˆ 0iξ λ >
∂ ∂

<
 if 

( )
( )

*ˆ
1

i i i i

i

N N

k

λ λ
ξ

− −+<
> −

 with 2 * 2 0iξ λ >
∂ ∂

<
. 

f) *ˆ 0iξ λ− >
∂ ∂

<
 if 

( )
*ˆ

1

i

i

k
k

ξ
−>

< −
 with 2 * 2 0iξ λ− >

∂ ∂
<

. 

Proof 
4.1) Efficiency: local public goods * * *ˆ ˆˆ ig Bξ=  and ( )* * *ˆˆ 1 ˆi Bg ξ− = −  are Pareto efficient since  

* *ˆ ˆ, Ψi ig g ArgMax− ∈  and   feasible  
( ) ( ) ( ) ( )* * * * * *ˆ ˆ ˆ ˆ ˆ ˆ, : , , , , , , , ,i i i i i i i i i i i i i i i i i i i ig g g g g g e g g e g g e g g eν ν ν ν− − − − − − − −≠ ≠ > ∧ ≥      . 

4.2) *ξ̂  is a constant: [ ]*ˆ 0,1ξ ∈ . Since , , , , ,i i i i i iN N k kλ λ− − −  are constants. Moreover,  

{ }
*, , , : lim 1i i i i

i i i i
N N

N N
λ λ

λ λ ξ− −
++ → →∨

∃ ∈ →
 

     and { }
*lim 0.i i i iN Nλ λ

ξ− − − −→∨→
→

 

 

4.3) The share of tax revenue for district i , *ξ̂ , also satisfies the following: 
a) *ˆ 0iNξ∂ ∂ >  and 2 * 2ˆ 0iNξ∂ ∂ < . 
From (11),  

( )
( ) ( ) ( )

( ) ( )( ) ( ) ( )
( ) ( ) ( )

2
* 1 1 1 1ˆ 1

1
1 1 1 1

i i i i i i i i ii i

i i i i i i i i i i i i i

N k N k k k kk

N N N k k N N k k

λ λλξ
λ λ λ λ

− − − − −−

− − − − − −

 − − − − −−∂  = − ∂ + − − + − −  

 since  

[ ]
( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( ) ( )* *
1 1

ˆ ˆ0,1 : , 1 0,1 1 0,1
1 1

i i i i i i i
i i

i i i i i i

N k N k k
k k

N N k k

λ λ
ξ ξ

λ λ

− − − −

−
− − −

− − −
= − ∈ ∧ − ∈

+ − −
 

( )
( ) ( ) ( ) ( ) ( ){ }* 2*

ˆ 1 ˆ1 1 1 0
1 1

i i
i i

i i i i i i i

k
k k

N N N k k

λξ ξ
λ λ

−
−

− − −

−∂
⇒ = − − − >

∂ + − −
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It also holds that 
2 *

2

ˆ
0iN

ξ∂
<

∂
. 

b) *ˆ 0ikξ∂ ∂ >  and 
2 *

2

ˆ
0ik

ξ∂
>
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Note that 
( ) ( ) ( )

( ) ( )
( ) ( ) ( )

*
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ˆ 1 1
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i i i i i i ii i i
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= +
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( ) ( ) ( )
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1 1
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ˆ1 1
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c) *ˆ 0ikξ −∂ ∂ <  and 
2 *
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ˆ
0ik

ξ
−

∂
<

∂
. 

Define ( ) ( ) ( )* ** *
* *

ˆ ˆ1 1ˆ ˆˆ ˆ1 : 0 .i i i i ik k k k k

ξ ξπ ξ ξπ ξ ξ − − − − −

∂ − ∂ −∂ ∂ ∂
= + − = + = ⇒ = −

∂ ∂ ∂ ∂ ∂
 From proposition 4.3b  

( ) ( ) ( )* 2 * **

2

ˆ ˆ ˆ1 1 1ˆ
0 0 0i i i ik k k k

ξ ξ ξξ
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> ∧ > ⇒ = − <

∂ ∂ ∂ ∂
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( )2 *2 *

2 2

ˆ1ˆ
0i ik k

ξξ
− −

∂ −∂
= − <

∂ ∂
. 

d) * *ˆ ˆ 0i ie eξ ξ −∂ ∂ = ∂ ∂ = . 
From condition (11), * *ˆ ˆ 0i ie eξ ξ −∂ ∂ = ∂ ∂ =  

e) *ˆ 0iξ λ >
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<
 if 

( )
( )

*ˆ
1

i i i i

i

N N

k

λ λ
ξ

− −+<
> −

 with 2 * 2 0iξ λ >
∂ ∂
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It is satisfied that 
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( )( )( )
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Moreover, it is simple to show 
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<
 if 
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From (11), 
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i i

i i i i i i
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