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ABSTRACT

This paper shows that Jensen’s alpha may be a biased performance measure even for public-information-based portfo-
lios, unless the benchmark portfolio return has no serial correlation, and the bias can be substantial even when the un-

derlying asset pricing model holds.
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1. Introduction

A good performance measure should do two things. First,
it should assign zero to passive portfolios or public-in-
formation-based portfolios. Second, it should assign posi-
tive numbers to good performers and negative numbers
to bad performers.

Jensen’s alpha, proposed by Jensen (see [1]), is the
most popular portfolio performance measure in finance.
However, it is known that Jensen’s alpha is not a suitable
performance measure for market timers. It sometimes
assigns negative numbers to successful market timers
(e.g., see [2]), violating the second condition for a good
performance measure.

This paper shows that it does not satisfy the first con-
dition, either. It has been generally believed that Jensen’s
alpha assigns zero to passive portfolios or random un-
successful market timers. It is true only when market
returns are serially independent. When market returns are
serially correlated, Jensen’s alpha can be a biased per-
formance measure even for public-information-based port-
folios. We provide an explicit formula to evaluate the
bias in this case.

This paper shows that we need to be more careful
when we interpret the results of the performance evalua-
tion.

2. A Bias in Jensen’s Alpha

We make the following assumptions in this paper:
1) For every individual asset i, its return, r; satisfies,
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where r; is a constant, I is normally distributed
with mean, g, , and standard deviation, o, and &,
is independent of r .. In the CAPM, r,, can be inter-

preted as the time t return on the market portfolio.
2) r.. is serially correlated. That is,

Fm‘t = (l_p) Hin + prm,t—l +ﬁt (2)

where —1< p<1 and 7 is 1.i.d, is independent of Ip;
and follows the normal distribution with mean 0 and
variance o, (1 - pz) :

Under the assumptions above, Jensen’s alpha may be
regarded as a reasonable performance measure on a
portfolio. That is, the performance of a portfolio can be
measured as:

ai=E(ri,t)_{rf+ﬂi(E(Fm,t)_rf)} (3)

Now, think of the following portfolio strategy, P: Hold
the market portfolio when r,,,>r, and hold a risk-

mit-1 =
free asset when r ., <r;. Then, the time t return on P
is:

r=rifr  zr=rifr

pt = 'mt mit-1 = m,t—1

<r 4)

Portfolio P is a public-information-based portfolio,
since its time t strategy is only based on the information
set at time t — 1. If Jensen’s alpha is a good performance
measure, it should assign 0 to this portfolio.

Lemma: Suppose X follows the standard normal dis-
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tribution. Then,

E()Z|x m):l\h%, “
Var(X|X 2¢)=1-M (M —c),

where ¢(-) and @() denote the standard normal

probability density function and standard normal distri-

bution function, respectively (proof: See p. 365 in [3].)
Theorem: Jensen’s alpha for the portfolio strategy P is:

ap = po,(c){1-¢*(1-p)}

where CE_”m__rf'
On
(proof) From the lemma, if we let X =2t~ #n
On
E(rmIl W|m11—n)
=o, E(mtl Hon [ Topa ﬂm_ —ym]
o, o o
[t =t Ty = b ©
_E(rf—ym| ; m S J
:Um.E(X|)Z2c)+(ym r)=0,(M-c)
In addition,
E(R2|f 2T )2
_\hr(mtJ%tl_ )+E(mtl|mt1_n)2 @
=0é~Var()Z|)Z Zc)+(am|\/| +u)
=o, (1+CM )+ 117 + 20, M p,..
}%(qklzn):1_qwc):fgﬂ ®
Hence,
E(fo,-1,)
= Pr<~m‘tf1 >, ) E(Fmt rf|rm‘H >r, )
=Pr(f, 21 ) (1= ) (10 —11) ©
:O'm%(PM—C)
E(fm[ rf)—ym r, =—Co, (10)
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Therefore

Bo =%{1—p(1—p)Mc} (13)

=0, %(pM —C)—{—Cam %(l—p(l—p) MC)}
= pam¢(c){1—02 (1 —p)}

(14)

(end of proof)

The theorem shows that Jensen’s alpha is a biased
performance measure even for some public-information-
based portfolios, unless the market return has no serial
correlation ( p=0), even when the underlying asset
pricing model holds (as in the first assumption in this
section). Extending the theorem, we can say that Jensen’s
alpha may be a biased performance measure if the market
return is predictable.

The bias can be substantial in practice. Table 1 reports
the bias when the CRSP value weighted portfolio or
some bond portfolios are used as a benchmark portfolio.
Bond portfolio returns are calculated using the CRSP
Fama returns file. If a fund employs a portfolio strategy
suggested in Section 2 during the period from January
1952 to December 2011, the bias can be 0.7% - 1.7%,
which is substantial.

3. Conclusion

This paper shows that Jensen’s alpha may have a statis-
tical size problem as well as a power problem known in
the literature, if the benchmark return is serially corre-
lated or predictable. The formula for the bias in this case
is provided in the paper and the bias can be as large as
1.7% for the stock portfolio case and 1.0% for the bond
portfolio case. This suggests that the conditional version
of the CAPM such as Ferson and Schadt ([4]), Kang, et

Table 1. A bias of Jensen’s alpha for the switching portfolio
strategy.

Benchmark  Autocorrelation  mu  Volatility %, alzrllllj,l}zize d)
CRSP vw 0.0824 0.0092  0.0436 1.671
31 - 36 bonds 0.1659 0.005  0.0102 0.741
55 - 60 bonds 0.1569 0.0049  0.0145 1.038
31 - 120 bonds 0.1218 0.0054  0.0169 0.947
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al. ([5]) and Lettau and Ludvigson ([6]) should be used
rather than the unconditional Jensen measure even when
the CAPM holds.
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