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ABSTRACT 

We provide an analytical solution for the continuum multi-country two-sector Ricardian model of Yanagawa (1996) [1], 
and obtain additional results that are not observed in the standard two-country two-good Ricardian model. Increases in 
productivity in each sector results in an increase in the number of countries producing high technology goods and a de- 
crease in the number of countries producing low technology goods. 
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1. Introduction 

At present, economists primarily use the two-country 
model to analyze international trade. However, in the real 
world multiple countries simultaneously trade goods and 
services among themselves. Hence, the use of a multi- 
country model is more realistic for economic analysis. 

Nevertheless, the multi-country model is not used as 
frequently as the two-country model, primarily because 
multi-country analysis is very complicated and, therefore, 
difficult to apply1. One of the simplest multi-country 
models is by Yanagawa (1996) [1]. 

The model by Yanagawa (1996) [1] is based on the 
model by Dornbusch, Fischer and Samuelson (1977) [3] 
(the DFS model). Yanagawa (1996) [1] extended the 
DFS model, a two-country model with a continuum of 
goods, to a continuum multi-country two-good model, 
while retaining the simplicity of the DFS model. There- 
fore, the Yanagawa (1996) [1] model provides for a re- 
latively simple approach to continuum multi-country 
analysis of international trade. 

Regardless of its simplicity, the model by Yanagawa 
(1996) [1] has not attracted significant use in trade theory 
and application because it does not provide an analytical 
solution. 

Our study rebuilds on the model of Yanagawa (1996) 
[1] and provides an analytical solution using a simple 
specification. We also reveal an interesting aspect of the 
model that is not observed in the standard two-country 
two-good Ricardian model: An increase in productivity 
in each sector results in an increase in the number of 
countries producing high technology goods and a de- 

crease in the number of countries producing low techno- 
logy goods. 

2. The Model 

This section explains the basic framework of our model. 
We suppose that an economy is composed of two sectors: 
low technology sector x  and high technology sector . 
Countries in the world continuously exist 

y
 0,1z

L

. In 
this economy, all goods are produced using only labor 

 with constant returns to scale technology. The labor 
employed in sector   ,i i x y z of country  is denoted 
by  iL z i

z
. The labor productivity in sector  of coun- 

try  is  iA z i
z

, and the output of good  in country 
 is  i z

 
. Both the goods markets are competitive. 

Further, production function are    x xx z A z L z , 
 0,1z , and       y yz A z L z  y 0,1z . , 

Now, we assume that the countries of the world are 
organized in order of economic development from  0,1 . 
We specify production technology as follows: 

   ,
x

aA z z               (1) 

   .
y

bA z z

0a  0b 

z

              (2) 

where  and  are the technological levels in 
each sector. The production function in each sector is an 
increasing function of . Hence, low index countries 
have absolute disadvantage in each sector as compared to 
high index countries.2 

2This assumption is based on the stylized fact that productivity in 
each sector in developed countries is higher than that in each sector 
in developing countries, as discussed in Fadinger and Fleiss (2011)
[4]. Therefore, the specifications of Equations (1) and (2) are realis-
tic. 1For example, see Becker (1952) [2]. 
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Figure 1 (Figure 2) show the x sector (y sector) pro- 
ductiveity of country , and it is an increasing function 
of . The productivity in each sector in country 

z
z 1z   

is one and the productivity in each sector in country 
 is zero. Hence, the productivity in each country 
 and  represents the level of development 

based on the productivity of 

0z 
0z  1z 

0z   and . If the lev- 
els of technology a or b decrease (productivity increases), 
then the productivity of the countries  and 

1

1 0z

z 

z    
comes close to the productivity of country 3. 1z 

We assume that labor is full employment. Suppose that 
the total labor endowment is given by 1L 

1L L

 and is 
identical across countries. Then, in each country, the la- 
bor market clearing condition leads to x y 

w

. 
Suppose that the labor is perfectly mobile between the 
two sectors, but is immobile across countries. Accord- 
ingly, wage  is identical in the two sectors. From the 
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Figure 1. Productivity in low technology sector (a > a'). 
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Figure 2. Productivity in high technology sector (b > b'). 

profit functions and the zero-profit conditions, we obtain 
the following condition: 

 
a

b

A
y

A
x

z
z

p

p z
                 (3) 

where A
i  denotes the price in sector  under autarky. 

Equation (3) indicates that relative price is equal to rela- 
tive productivity in country  under autarky. 

p i

z

,

1max , 0 1,
x y

x y
c c

u c c  

Next, let us formulate a consumer behavior. Suppose 
that the consumers obtain utility from x and y, and that 
all consumers in this economy share identical preferences. 
The utility maximization problem is given by 

  

x. . .x y y

          (4) 

s t p c p c w 

c i

              (5) 

where i  denotes the consumption of good  and   
represents the degree of consumer preference for the low 
technology good. The condition for the utility maximiz- 
tion is given by 

1 y .x

y x

pc

c p





                    (6) 

Suppose that the relative productivity between x sector 
and y sector satisfies the following condition: 

 
 

 
 

  if   < y y

x x

A z A z
z z

A z A z






.            (7) 

The larger the value of z, the higher the relative pro- 
ductivity between the two sectors. Therefore, this as- 
sumption implies that the order of comparative advantage 
in y is increasing in z. The production functions (1) and 
(2) satisfy the condition (7). 

Analogous to the two-country Ricardian model, coun- 
tries with relative productivity lower than the world rela- 
tive price, y x , will specialize in the low technology 
sector. Countries with relative productivity higher than 

p p

y x

Let us define 
p p  will specialize in the high technology sector. 

z  as the country with the relative pro- 
ductivity equal to the world relative price. We call the 
country z  boundary country. Countries within the 
range  0,z z   specialize in the low technology sec- 
tor, countries within the range  ,1z z

1xL

 specialize in 
the high technology sector. 

All countries except the boundary country must spe- 
cialize in the low technology goods (x) or the high tech- 
nology goods (y). If the countries specialize in x sector, 
then  , and if the countries specialize in y sector, 
then y 1L  . Hence, the production functions x and y 
under free trade lead to     = Axx z z , 0,z z  , 
and to    y z  = A zy ,  ,1z z 

a az z 3Note that if 0 < z < 1 and a > a', then . Hence, a decrease in a
implies an increasein productivity in the low technology sector. The 
case of b is similar. 

. 
The relative productivity between x sector and y sector 
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is as follows: 

 
 

a

b

x

y

A z z

A z z


0b a 

                  (8) 

where we assume that . 
Then, we obtain the following equation. 

   
 

a

b

x

y

A z z

p A z z
 y

x

p
z               (9) 

Equation (9) implies that the relative productivity of 
the boundary country equals the world relative price un- 
der free trade. 

From the aggregate supply functions under free trade, 
we obtain each sector’s total output in the world: 

    11
d .

1
a

0

z

X z x z z z
a

 


           (10) 

     
1

d
z

Y z x z z
b

  11
1 .

1
bz 





        (11) 

We derive the world demand for good i. All countries 
are distributed within the range 0,1

Cｘ

, and we aggregate 
the demand in each country to derive total output 
thoughout the world. Aggregate demands  and yC

0
   

0
dy y z z

 

are given by  and .   dzｘ ｘ

1
C c z

1
C c

Using Equation (6), the utility maximization condition 
as follows: 

1
.y x

x y

p C

C






p

                (12) 

3. Equilibrium 

The market clearing conditions lead to xX C  and 

yY C . Substituting the market cleaning conditions into 
Equation (12), we obtain the following equation: 

1y

x

.
X

Y

p 




p

                 (13) 

If Equation (9) equals Equation (13), then the boundary 
country in equilibrium *z  and the equilibrium world 
relative price  *p py x  are determined. The resultant 
expression is as follows: 

 
    

 
*

1 1
1

1

b
a  

    
.     (14) 

1 1
z

b a   

From  1
0 1 1a b 1a





      , * is z *0 1z  4. 

Figure 3 represents Equations (9) and (13), the boundary 
country in equilibrium *z , and the world relative price  

in equilibrium *y xp p

a b

. 

4. Discussion 

This section analyzes how exogeneous technological 
progress in each sector (a decrease in  or ) changes 
the number of countries specializing in the low (or high) 
technology sector. The change in the boundary country 
 z

a

a

 is examined analytically. 
Proposition 1. An increase in productivity in the low 

technology sector (a decrease in  of sector x) in- 
creases the number of countries specializing in the high 
technology sector y. 

Proof. See Appendix A.□ 
Proposition 2. An increase in productivity in the high 

technology sector (a decrease in b  of sector y) in- 
creases the number of countries specializing in the high 
technology sector y. 

Proof. See Appendix B.□ 
Figure 4 graphically represents Proposition 1. If  

decreases, then the a bz z   and 1 x yC C   curves 
rise. Hence, the equilibrium point moves from E to E’ 
and the number of countries that produce the high 
technology goods increases  * **z z  Furthermore, 
Figure 5 represents Proposition 2 graphically. If b de- 
creases, then the a bz z  and  1 x yC C  curves fall. 
The equilibrium point moves from E to E" and the num- 
ber of countries that produce high technology production 
increases  * ***z z

2a

. 
Let us confirm the above propositions using numerical 

calculations. We set the criteria parameters as   
and 3b   and examine a shift in the boundary country 
through technological progress (a decrease in a or b) and 
a change in the total production quantity in each sector. 
Table 1 summarizes the results of the numerical analysis. 

An increase in productivity in each sector results in an  
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Figure 3. Relative labor productivity in each sector, relative 
optimal consumption rate, boundary country, and equilib- 
rium relative price. 

4Using Equation (14), we can derive welfare in each country and world 
output in each sector. 
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Figure 4. The case of an increase in productivity in the low 
technology sector (α decrease in a). 
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Figure 5. The case of an increase in productivity in the high 
technology sector (α decrease in b). 
 
Table 1. Total quantity of low technology production and 
high technology production, and the boundary country in- 
dex. 

 X Y z  

a = 2, b = 3 0.17656 0.00033 0.80910 

a = 1.5, b = 3 0.22104 0.00051 0.80179 

a = 2, b = 2.5 0.17181 0.00099 0.78751 

 
increase in the number of countries specializing in the 
high technology goods. First, we explain the case of an 
increase in productivity in the low technology sector. 
Such an increase results in higher real income of con- 
sumers and greater demand for high technology goods. 

Hence, a greater number of countries specialize in the 
high technology production. Second, we explain the case 
of an increase in productivity in the high technology sec- 
tor. Countries specializing in the low technology sector 
are low index countries. Under the production function, 
productivity in countries specializing in the low techno- 
logy sector is low compared with countries specializing 
in the high technology sector. Hence, following an in- 
crease in the productivity of the high technology sector, 
production efficiency in countries specializing in the low 
technology sector decreases, resulting in these countries 
stopping their low technology production and specializ- 
ing in the high technology goods. 

We compare the result of our model with that of the 
standard two-country two-good Ricardian model. Under 
the standard Ricardian model, a country that specializes 
in the low technology production can never specialize in 
the high technology production when productivity in the 
low technology sector is increasing. However, our result 
shows that an increase in productivity in the low te- 
chnology sector increases the number of countries spe- 
cializing in the high technology production. 

5. Conclusion 

We derived an analytical solution by rebuilding the Ya- 
nagawa (1996) [1] model. Our results show that an in- 
crease in productivity in each sector increases the num- 
ber of countries that produce the high technology goods 
and decreases the number of countries producing the low 
technology goods. These results are not observed in the 
standard Ricardian model. 
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Appendix A 

Proof of Proposition 1 

Proof. We differentiate Equation (14) with respect to , 
resulting in the following expression: 

a

 
 

   
* 1d 1

d 1

b
az

a


 





  
2 0.

1 1
b

b a
 



b

     (15) 

Appendix B 

Proof of Proposition 2 

Proof. We differentiate Equation (14) with respect to , 
resulting in the following expression: 

 

 

 

 

 
 

 

 

 

 

Here, we define 

 
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2

*

2

*
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1d 1 1 1
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1 1 1

1 1 1
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

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








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








 
     


 

         
  

    
 
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

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
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 
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 
1

1
1 1

a
T

b a




 
 

    
 

ln 1 0T T

. Hence, if  

, then   
*d

0
d

z

b


T

. We differentiate this with  

respect to , resulting in the following:  

 d ln 1 1
1 0

d

T T

T T

 
    

ln 1T TTherefore,  
T
 is a monotonically decreasing 

function with respect to . Moreover, 

 
0

lim ln 1
T

T T


    

 
1

lim ln 1 0
T

T T


    

*d
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b
Consequently, . 
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