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Abstract

The objective of this article is to demonstrate with examples that the fwo-
sided tie correction does not work well. This correction was developed by
Cureton so that Kendall’s tau-type and Spearman’s rho-type formulas for
rank-biserial correlation yield the same result when ties are present. However,
a correction based on the bracket ties achieves the desired goal, which is
demonstrated algebraically and checked with three examples. On the one hand,
the 10-element random sample given by Cureton, in which the two-sided tie
correction performs well, is taken up. On the other hand, two other examples
are given, one with a 7-element random sample and the other with a clinical
random sample of 31 participants, in which the two-sided tie correction does
not work, but the new correction does. It is concluded that the new corrected
formulas coincide with Goodman-Kruskal’s gamma as compared to Glass’
formula that matches Somers’ dy,x or asymmetric measure of association of Y
ranking with respect to X dichotomy. The use of this underreported coeffi-
cient is suggested, which is very easy to calculate from its equivalence with
Kruskal-Wallis’ gamma and Somers’ dy .

Keywords

Ordinal Variable, Dichotomy, Linear Association, Nonparametric Statistics,
Descriptive Statistics

1. Introduction

The objective of this statistical methodology article is to derive and verify a new
correction for the rank-biserial correlation in the case of ties to achieve equality
of results between Kendall’s tau-type and Spearman’s rho-type formulas. Its
reason is that the correction given by Cureton [1] and taken up by Willson [2]

does not work well. The derivation of the correction is not explicit in the articles
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written by Cureton [1] and Willson [2] and is only verified by an example with a
sample of 10 elements in Cureton’s article [1].

It begins by defining what rank-biserial correlation is and its calculation with
or without ties using Kendall’s tau-type coefficient developed by Cureton [3].
The two Cureton’s formulas, one to use when there are ties and the other when
there are no ties, give the same result as Kruskal-Wallis’ gamma, which is a non-
directional association coefficient. It continues with the presentation of Spear-
man’s rho-type formula given by Glass [4] and the one based on the Mann-Whitney
U statistic [5] created by Willson [2]. These formulas yield the same result as
Cureton’s coefficient [3] when there are no ties. It should be noted that Glass’
and Willson’s formulas, whether or not there are ties, coincide with Somers’ dYI X
(of the Y ranking with respect to the X dichotomy), and Sommers’ three coeffi-
cients dyy, dyy and dyyreduce to Kruskal-Wallis’ gamma when there are no ties.
In this section, the asymptotic standard error formula deduced by Willson [2]
from the relationship between the rank-biserial correlation and the Mann-Whitney
U test is shown. This error allows us to perform a significance test and an esti-
mation of the confidence interval. It is continued with corrections given by Cu-
reton [1] and Willson [2] so that Spearman’s rho-type and U-statistic-based for-
mulas give the same result as Cureton’s formula [3] in the case of ties. It is found
that the correction does not work well, so a new correction is algebraically de-
rived and checked with three examples. In this way, the three tie-corrected coef-
ficients, when ties are present, coincide with each other and with Kruskal-Wallis’
gamma. Also shown is the calculation of the asymptotic standard error in the
case of ties and the test of significance with small samples, which Willson de-
rived from the relationship between the rank-biserial correlation and the Mann-
Whitney U test. This error and the test are valid with the new proposed correc-
tion. In the last section, the equivalence among formulas for the rank-biserial
correlation is raised the other way around. Now the goal is to have the three
coefficients match Somers’ dyy when there are ties. This is easily accomplished
when the three coefficients without tie correction are used with data that have
ties. In this situation, the three coefficients coincide with each other, and with
Somers’ dy, which is a coefficient of the directional association. At this point, and
returning to the third example, it is suggested that non-directionality may be
more interesting than directionality of Y conditional on X. The article ends with
some conclusions about the rank-biserial correlation, suggestions to promote its

use, and proposals for further research.

2. Kendall’s Tau-Type Formulas for Rank-Biserial
Correlation

Rank-biserial correlation is a measure of association that has been developing
since 1949 with Brogden’s pioneering work [6]. It was specified by Cureton [3],
studied and expanded by Glass [4], Stanley [7], and Willson [2], and dissemi-
nated by authors such as Khamis [8] and Berry, Johnston, and Mielke Jr. [9].
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However, it is underreported [9] [10], does not appear in statistical software
[11], and is not usually taught in undergraduate statistics courses [12] [13].

In 1956, the American psychologist Edward Eugene Cureton (1902-1992) de-
veloped two Kendall’s tau-type formulas to measure the association between a
ranking (1 to n) or a ranking variable Y and a dichotomous qualitative variable
X (0 and 1) or dichotomized from an assumed or unknown ranking X’ (1 to n).
One formula is applied when there are ties or repeated values in Y that affect
both groups of X. The other formula is used in all other cases. Cureton named
this measure the rank-biserial correlation coefficient and denoted it by 7, [3]. Its
potential amplitude ranges from —1 (the n, highest ranks of Y are associated
with the 1, values 0 of X and the n, lowest ranks of Y are associated with the n,
values 1 of X) to 1 (the n,lowest ranks of Y are associated with the n, values 0 of
X and the highest n, ranks of Y are associated with the n, values 1 of X). Nega-
tive values in 7, show that high ranks in Y are associated more with the value 0
than with the value 1 of X (inverse linear association). Conversely, positive val-
ues in 7, reflect that high ranks of Y are associated more with the value 1 than
with the value 0 of X (direct linear association). A value of 0 in T, shows that
there is no linear association between X and Y [3].

In case there are no ties in Y (ranking), the formula for 7,, is a quotient (For-
mula (1)). Its numerator is the difference between the number of concordant
and discordant pairs. Its denominator is the product between the number of ze-
ros and ones, that is, between the sample sizes of groups 0 and 1 of X. This coef-
ficient coincides with the Goodman-Kruskal gamma [14], as shown in Formula
(1).

A-D A-D
nxn A+D

T =

4 (1)

A = agreements or number of concordant pairs with a direct association be-
tween X (dichotomy) and Y (ranking). Let be the data pairs (x, ) and (x, y).
We say that these pairs are concordant if x; > x;and y; > y;or x;< x;and y; < y;

D = disagreements or number of discordant pairs with a direct association
between X (dichotomy) and Y (ranking). We say that the data pairs (x, y;) and
(x, ) are discordant if x, > x;and y; < y,or x;< x;and y, > y,.

n,= sample size of group 0 of X.

n, = sample size of group 1 of X.

n= n,+ n,= overall sample size.

A+ D= n,x n,(no ties).

Agreements (A) and disagreements (D) can be computed from a 2 x & con-
tingency table, using its joint absolute frequencies, n; The two values of X (di-
chotomy) are placed per row: 0 (first row) and 1 (second row). The kvalues of Y
(ordinal variable) are arranged per column in ascending order to the right (1 to
k), as shown in Table 1. The sum of products between each of the first & — 1
frequencies in the first row (1, to n,;,_;) and the sum of the remaining frequen-

cies to the right and below (in the second row) after removing the row and
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Table 1. Joint frequencies between Y (dichotomy) per row and X (ranking or ordinal va-
riable) per column and marginal frequencies of Y.

X
Y n;
1 i k
0 1y, 1y s 1,
1 n, 1, e 1,

column of the frequency gives the agreements or number of concordant pairs
(Formula (2)).

A=Z|;:(”u XZ?»,-”ZJ") (2)

The sum of products between each of the last X — 1 frequencies in the first row
(n,,to n,) and the sum of the remaining frequencies to the left and below (in
the second row) after removing the row and column of frequency gives the disa-

greements or number of discordant pairs (Formula (3)).
k k-1
D:ijz(nlszj"qnzj’) ©)

From Table 1, n,is the marginal frequency of the value 0 of X and is obtained
through the sum of the kjoint frequencies of the first row. In turn, 1z, is the mar-
ginal frequency of the value 1 of X and is obtained through the sum of the kjoint
frequencies of the second row (Formula (4)).

n = Z';:lnij (i=0,1 (4)

If there are ties or repeated values in Y that affect both groups of X (0 and 1),
which Cureton [3] calls bracket ties, a correction in the denominator of coeffi-
cient 7, is required. This corrected formula also matches the Goodman-Kruskal
gamma [14], as shown in Formula (5).

A-D _A-D

= =V ()
Ny x M, _Z:::;[nm xny  A+D

Trb =

Agreements (A) and disagreements (D) are calculated from the 2 x & contin-
gency table as seen in the previous paragraphs (Formulas (2) and (3)). From Ta-
ble 1, identifying the bracket ties is easy. They are those values of Y that have
non-zero frequencies in both rows. The frequency in group 0 (1,) and the fre-
quency in group 1 (12,) of each of the ¢ bracket ties (or Y values that repeat in
both groups 0 and 1 of X) are counted. The sum of products between both fre-
quencies provides the tie correction (subtrahend in Formula (6)). The fact that
7, = yimplies that this correction made to the product between the sample sizes
of the two groups of X is equal to the sum of agreements and disagreements
when such ties are present (Formula (6)). In turn, it implies that the product
between the sample sizes is the sum of agreement, disagreement, and tie correc-
tion.

With tied data
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Ny XM =Y. Ny xny =A+D
NoxM =A+D+> nyxn, (6)

See an example from Cureton [1] [3] with a random sample of ten paired data
(x» y). The dichotomous qualitative variable X or dichotomized from a ranking
X’ has two values (0 and 1) and the ordinal variable Y has six ordered categories
(1,2, 3,4, 5, and 6). The 12 joint frequencies of X and Y are arranged ina 2 x 6
contingency table (Table 2) that allows the calculation of agreements (A4) and
disagreements (D), the identification of bracket ties, and the computation of the
tie correction.

Agreements or number of concordant pairs according to Formula (2).

A=1x(0+2+1+1+2)+2x(2+1+1+2)+ 0x(1+1+2) +1x(1+2)+0x 2
=6+12+0+3+0=21

Disagreements or number of discordant pairs according to Formula (3).

D=0x(0+0+2+1+1)+0x(0+0+2+1)+1x(0+0+2)
+0x(0+0)+2x0
=0+0+2+0+0=2

Bracket ties or Y values that are repeated in the two groups of X: value 4 of Y.
Tie correction or sum of products between the frequencies of the bracket ties
in groups 0 and 1 de X according to the subtrahend of Formula (6).

1
DNy XNy =nyxn =1x1=1

Biserial-rank correlation coefficient according to Formula (5).

Ty = A-D A2 19 o6t

n0><n1_zlc:1nOI xn, 4x6-1 23

The statement in Formula (5) that the value of the coefficient 7,, [3] is equal to
the Goodman-Kruskal gamma [14] is verified.
_A-D 21-2 19

y= = == ~08261=7,
A+D 21+2 23

3. Spearman’s Rho-Type and U-Statistic-Based Formulas for
Rank-Biserial Correlation with Untied Data

The American statistician Gene V. Glass provided three formulas corresponding

Table 2. Joint frequencies between X (dichotomy) per row and Y (ordinal variable) per
column and marginal frequencies of X.

Y
X n;
1 2 3 (4) 5 6
0 1 2 0 1 0 0 4
1 0 0 2 1 1 2 6

Note. Bracket ties or values of Y that are repeated in both groups of X are indicated in
parentheses, n; = ¥,n;, = marginal frequency of the value 7 of X or sum of the six joint fre-
quencies per row. Source: Prepared by the author with data from Cureton [1] [3].
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to Spearman’s rho-type coefficient for calculating rank-biserial correlation [4].
All three formulas are equivalent (Formula (7)). In addition, Glass demonstrated
that these formulas are equal to Kendall’s tau-type coefficient developed by Cu-
reton [3] when there are no ties. The new coefficient was denoted by r,;, and has

arange from —1 to 1.

Z(an:l_rwxzo) 2 2 n+1
r=————=—X(T L )=—X%X| Ty, ——
rb n n, ( Y|X=1 Y) N, ( Y|X=1 2 j

= Zx(%-F, )—Ex[””—r j
n, v ~lyx=0 n 5 Y|X =0

(7)

n = sample size that includes n,values 0 and n, values 1 of X.

T x-o = conditional mean rank of Y given the value 0 of X.

Fx- = conditional mean rank of Y given the value 1 of X.

T, =(n+1)/2 = (unconditional) mean rank of Y.

Newson [15] [16] proved that the Glass coefficient r,, matches Somers’ [17]
dyy which is an asymmetric measure of association of the ranking (variable Y)
with respect to the dichotomy (X). This equality occurs whether the coefficients
are computed with untied or tied data (treated by the averaged rank method).
Somers’ dyy is obtained through a quotient (Formula (8)). Its numerator is the
difference between agreements (A) and disagreements (D) calculated with For-
mulas (2) and (3). Its denominator is the sum of the agreements, disagreements
and ties in Y. These ties, denoted by £), are obtained by the sum of products

between the frequency per column of Table 1 (Formula (9)).

A-D
o =O0yyx =——~———— (8)
A+D+E,
k
E, =2 Mo X1y, )

Kendall’s tau-type coefficient developed by Cureton [3] and Spearman’s
rho-type coefficient created by Glass [4] give the same result when there are no
ties or repeated values in Y (ranking) in both groups of X (dichotomy). The lat-
ter formula can be related to the Mann-Whitney U test [5], which makes it
possible to calculate the rank-biserial correlation from the U-statistic, as a coef-
ficient in absolute value or measure of effect size [2] [4]. In turn, this relation-
ship allows obtaining a formula to compute the asymptotic standard error
(ASE), based on the convergence to a normal distribution. This error makes in-
terval estimation and significance testing of the rank-biserial correlation coeffi-
cient possible (Formula (10)). A sample of at least 20 elements in one of the two
independent groups and no less than 8 in the other group is recommended to
use this asymptotic approximation [2].

2U
Ny XN,

|ro| =1- €[0,1] (10)

U = Mann-Whitney U statistic [5]. The Y ranks are separated by the two

groups of X, and the ranks of each group are summed (Formula (11). These
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sums of ranks allow obtaining the U,and U, statistics and the minimum of both
yields the Mann-Whitney U statistic (Formula (12)).

_ N\
SRyx-0 = 2"y

SRex-0 = 2Ty, (11)

n(n +1
U, =nyn +¥—SRY|X

min(U,,U,)=U (12)
The asymptotic standard error of r,, is computed using Formula (13).
AsE, - |+l (13)
® 3n,n,

Confidence interval for r,, is shown in Formula (14). If 0 is not included
within the interval, it indicates that the population correlation is not null with a
confidence level of 1 — a. Conversely, if it is included, the population correlation

is not significant.

P[rrb—z X n+1Sprbsrrb+z x n+1}=1—a (14)

12 a

> 3n,n, -2 3n,n,

n+1 n+l
prbio—)()% Mo =2 o X, |5l TZ X
= 3n0n1 = 3non1

Z_aq» = 1 — a/2 quantile in a standard normal distribution N(0, 1). If a = 0.05

(conventional value), z,4,; = 1.96.

4. U-Statistic-Based and Spearman’s Rho-Type Formulas for
Rank-Biserial Correlation with Tied Data

In 1968, Cureton [1] remarked that Spearman’s rho-type coefficient developed
by Glass [4] and Kendall’s tau-type coefficient developed by him in 1956 only
coincide when there are no ties in Y affecting both groups of X. In 1956, such a
tie was named a bracket tie [3]. In the 1968 paper, Cureton [1] proposed a for-
mula that allows the convergence of results of the two types of coefficients when
there is a tie that affects the lowest 1, ranks and the highest n, ranks of Y (For-
mula (15)). This type of tie can be called two-sided tieto differentiate it from the
bracket ties or values of Y repeated in the two groups of X. In this tie correction,

the bracket ties are ignored and only the two-sided tieis used [1].

- n+1
rY|X:1 _?
hy = ————=— b (15)
0 _ =
2 n

In turn, when the rank-biserial correlation is calculated from the Mann-
Whitney U statistic [5], Willson [2] raises the following formula for the correc-
tion in the case of a two-sided tie (Formula (16)).
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[ E—L x[l— ZU] (16)

Moy

To obtain the value of b, the n values of Y are sorted in descending order.
Unaveraged ranks are assigned to Y values in one column and averaged ranks in
case of ties in another column. Ranks are separated by a horizontal line. Above
the line are the n, highest ranks, and below the line are the n, lowest ranks,
where n,is the number of zeros and z, is the number of ones in X. A two-sided
tie is present when the same averaged rank appears above and below the line.
The value of bis obtained through the difference between the sum of the unave-
raged ranks of the two-sided tie among the n, highest ranks and the corres-
ponding sum of the averaged ranks [1]. If there is no ¢two-sided tie, both rank
sums are the same and bis 0. If bis null, the formulas are the same as those used
with untied data [2].

Cureton [3] takes up the example of 10 elements, which he had previously
presented in 1956 and in which a two-sided tie appears. With the data, he com-
puted the described correction and checked that r;, gives the same result as 7,

(Table 3).

Table 3. Random sample of 10 elements sorted in descending order from Y-ranks.

*

I X; Vi L I, Iy Ly

9 1 6 10 9.5 9.5

10 1 6 9 9.5 9.5

8 1 5 8 8 8

6 0 4 7 6.5 6.5

7 1 4 6 6.5 6.5

4 1 3 5 4.5 4.5

5 1 3 4 4.5 4.5

2 0 2 2 2.5 2.5

3 0 2 3 2.5 2.5

1 0 1 1 1 1

1; 4 5
SR;=13, 12.5 425

SR/ n; 3.125 7.083

Note. i = sampling order, x; = group membership of element 7 = {0 = group of lowest

ranks, 1 = group of highest ranks}, y; = score in Y of element 4 r; = ranks of Y with

unaveraged ranks in case of ties, r,;= ranks of Y with averaged ranks in case of ties, L=
ranks of Y corresponding to group 0 of X, and r,;; = ranks of Y corresponding to group 1
of X. Statistics: n,= number of elements in each group, SR, = X, = sum of ranks per group
(per column), SR/n; = average of the ranks per group. The two-sided tie is highlighted in
bold type and its ranks above the line are in italics. Source: Prepared by the author with
data from Cureton [1] [3].
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XN 45+45+65+8+9.5+95

Nixa = n 5 =7.083
1
—_ n+l ng+n+1 4+46+1 11
= - = =—=55
2 2 2 2

In Table 3, when the highest six ranks are separated from the lowest four
ranks by a horizontal line, a two-sided tie is found that corresponds to a Y value
of 3. The sum of the unaveraged ranks of the two-sided tie among the four ranks
highest is 5 and the corresponding sum of averaged ranks is 4.5, so the value of b
or the difference between both sums is 0.5. When Spearman’s type-rho coeffi-
cient r;, is computed using Formula (15) given by Cureton [1], it gives the same
result as Kendall’s tau-type coefficient (Formula (5)) developed by Cureton [3].

F n+1
XY=1" "5 7.083-55 1583
— 2 = = ~ =
] 705 "Isis 0.8261=17,
2 n 2 6
A-D 19

=—~0.8261

r.rb =Ty = c
Ny XNy _Z|:1n0I Xy
From the formula based on the U-statistic to calculate r,, [2], equality of re-
sults with 7, (Formula (5)) is also achieved. The sums of ranks SRy, and
SRy, are calculated using Formula (11) and the U, and U, statistics using
Formula (12). The minimum of the latter two is the U-statistic (Formula (12)).

Applying Formula (16), the rank biserial correlation is obtained.

SRyjxoo = DTy =1+2.5+2.5+6.5=125

i=1'yi

SRy =0l =45+45+6.5+8+95+9.5=425

i=1yi

n, (N, +1
U, = n,n, +¥—5Rw_0 = 4x6+%—12.5 =215
n (n +1
U1:n0n1+M—SR, |X:1:4><6+6X—7—42.5:2.5
2 v 2

U =min(U,,U;)=min(215,25)=25

|- [, U] 4x6 X(1_2><2.5)
® nyn, —2b non, ) 4x6-2x0.5 4x6
2 -2 =ﬁxo.791€:|r,b|
23 24) 23
A-D
= [A-0| _19 08261

Cc
Ny, — Z|:1 N XNy

It should be noted that Formula (15) given by Cureton [1] does not work well

in all cases with a two-sided tie. In turn, the other formula based on the Mann-
Whitney U statistic (Formula (16)) developed by Willson [2] also does not fit

this definition of 5. However, both formulas do achieve equality of results with

DOI: 10.4236/0js.2022.125036

605 Open Journal of Statistics


https://doi.org/10.4236/ojs.2022.125036

J. M. de la Rubia

Kendall’s tau-type formula when using the correction based on bracket ties given
by Cureton [3] for 7,,. The constant & is half of the sum of products between the
frequencies in groups 0 and 1 of X of the ¢ bracket ties, b = (Y1, % n,)/2, in Cu-
reton’s formula [1]. In Willson’s formula [2], the correction is the full value of
the sum of products, 2 x b = Y1, x n,;, To demonstrate algebraically why this
correction works (Formula (17)), we start from an equality given by Glass [4] in

his proof that r,, = 7,, when there are no ties.

Both sides of the equality are divided by n,n, — Xn, x n,

_ n (n+1)
A-D z[nlry'“_lz]

Cc C
NN, _Z|:1 Ny XNy NN, _Z|:1 Ny X Ny

_ n(n+1
2(nlrwx—l _1(2)]
n - Z.ll Nop X1y,

The numerator and denominator are divided by the inverse of n,.

2( _ n (n+1) NRxa n(n+1) B n+1l
—| MNxa — 2 2 Nixa =
on 2 B n, 2n, B 2

=3 -
n—(nonl—zl;no,xnl,) L 2o XMy 2N XMy
1

Trb =

Ny
nl n n
—_ n+1 _ n+1
I R
U XXy | ny DM Xy
2| " n, 2 2n,

The new tie correction, which is denoted by &%, is half of the sum of products
between the frequencies in groups 0 and 1 of X of the ¢ bracket ties (Formula

(17)).

b — Z.czl LTRLT
2

The correction b* is applied to the formula given by Cureton [3] without re-

(17)

quiring any changes (Formula (18)) and gives the same result as its tau-type

coefficient for rank-biserial correlation (Formula (5)).

n+1
. rv\le_T
I’rb :n—b*: Trb (18)
_0 _
2. n

It is also applied to the formula given by Willson [2] without requiring any
changes (Formula (19)) and gives the same result as Cureton [1] tau-type coeffi-

cient (Formula (5)).
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*

r-rb

n n,n
-—on x(l— & ]= ol *x(l— & ]=Irm| (19

oM, —Z|:1n0| xn, n,n, n,n, —2b n,n,

This new proposal is verified with the previous example of 10 elements in
which Formula (15) of Cureton [1] and Formula (16) of Willson [2] work well
with the constant b defined from the two-sided tie, that is, they achieve the same
result as Cureton’s tau-type coefficient (Formula (5)) and, therefore, as the

Goodman-Kruskal gamma [14]. The constant b is calculated by Formula (17)
and used in Formulas (18) (rho-type coefficient) and (19) (U-statistic-based

coefficient).
1
b o > Mg X1y _Moxm_1x1 1o
2 2 2 2
P n+1 _ _
oo YIx=1 T, _7.083—5.5_1.583_T _ A-D
h * - - = ‘b T
&_E E—E 1916 nonl_zrzanI xny
2 n 2 6
:§z0.8261
23
U =min(U,,U;)=min(21.5,25)=2.5
rr:) N 1 2U _ 4x6 ><(1_2><2.5)
n,n, — 2o nn, ) 4x6-2x05 4%6

:ﬁx[l_ij = 207916 = |1, | = = ~ 0.8261
23 24) 23 23

A new seven-element example with two bracket ties and a two-sided tie is
presented. With these data, Formula (15) of Cureton [1] and Formula (16) of
Willson [2] fail to coincide with 7, (Formula (5)), when Formula (18) and (19),
with the constant 5* defined from the bracket ties, does achieve the same results
as 7., (Formula (5)). The data of the seven elements are shown in Table 4, which
is a 2 x 4 contingency table between the dichotomous variable X or dichoto-
mized from a ranking X’ (0 and 1) and the ordinal variable Y (1, 2, 3, and 4).
This table allows the calculation of agreements (A4) and disagreements (D), the
identification of bracket ties, and the computation of the correction based on

bracket ties.

Table 4. Joint frequencies between X (dichotomy) per row and Y (ordinal variable) per
column and marginal frequencies of X.

Y
X n;
1 2 3) 4
0 1 1 1 0 3
1 0 2 1 1 4

Note. Bracket ties or values of Y that are repeated in both groups of X are indicated in
parentheses, n; = ¥, = marginal frequency of the value /X or sum of the four joint fre-
quencies per row. Source: Prepared by the author.

DOI: 10.4236/0js.2022.125036

607 Open Journal of Statistics


https://doi.org/10.4236/ojs.2022.125036

J. M. de la Rubia

We start by calculating Cureton’s tau-type coefficient [3], for which agree-
ments or number of concordant pairs and disagreements or number of discor-

dant pairs are computed using Formulas (2) and (3).

A=1x(2+1+1)+1x(1+1)+1x1=4+2+1=7
D=0x(0+2+1)+1x(0+2)+1x0=0+2+0=2

Bracket ties or Y values that are repeated in the two groups of X are identified:
values 2 and 3 of Y.
Tie correction or sum of products between the frequencies of the bracket ties

in groups 0 and 1 de X is obtained (subtrahend of Formula (6))
z;nm xn, =1x2+1x1=3

After these calculations, Kendall’s tau-type coefficient for the rank-biserial
correlation can be calculated using Formula (5), which yields a value of zero

point repeating five.

. A-D _7-2 _5~0§
= . = ===V
nOan_lelnm xny 3x4-3 9

The statement of Formula (5) that the 7, [3] coincides with the value of the

Goodman-Kruskal gamma [14] is verified.

A-D 7-2 5 —
y = =——-===05=1,
A+D 7+2 9

In Table 5, seven sample data are sorted in descending order from the ranks
of Y (with averaged ranks in case of ties). When the four highest ranks are sepa-
rated from the three lowest by a horizontal line, a two-sided tie is discovered and
this corresponds to a Y value of 2. The sum of the unaverage ranks of the
two-sided tie among the four highest ranks is 4 and the corresponding sum of
averaged ranks is 3, so the value of b or the difference of both sums is 1.

Two-sided tie: value 2 of Y.

b=4-3=1

The corrected Spearman’s rho-type coefficient [1] is calculated according
Formula (15).

F n+1
Yix=1"" 4.625-4 0.625 =
2
= = = = 05 = 05
T, b 3 1 125 ™
2 n 2 4

The corrected formula for rank-biserial correlation from U-statistic [2] is
computed according Formula (16). The sums of ranks SRy, and SRy, using
Formula (11) are calculated and the U, and U, statistics using Formula (12). The

minimum of the latter two is the U-statistic.

SRyxo =20 Ny =1+3+55=95

i=1yi

SRyxs =D T =3+3+55+7=185

=1y
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Table 5. Random sample of seven elements sorted in descending order from Y-ranks.

*

i X; Vi I I, I

i yi yio yil
7 1 4 7 7 7
5 0 3 6 5.5 5.5
6 1 3 5 5.5 5.5
3 0 2 4 3 3
2 1 2 3 3 3
4 1 2 2 3 3
1 0 1 1 1 1
1 3 4
SR=%, 9.5 18.5
SR/n, 3.167 4.625

Note. i = sampling order, x; = group membership of element 7 = {0 = group of lowest
ranks, 1 = group of highest ranks, y; = score in Y of element I’;i = ranks of Y with un-
averaged ranks in case of ties, I, = ranks of Y with averaged ranks in case of ties, I =
ranks of Y corresponding to group 0 of X, and r,;, = ranks of Y corresponding to group 1
of X. Statistics: n,= number of elements in each group, SR, = X, = sum of ranks per group
(per column), SR/n; = average of the ranks per group. The two-sided tie is highlighted in
bold type and its ranks above the line are in italics. Source: Prepared by the author.

n,(n, +1
UO:nonl+M—SRW:0 _3x4+ % _g5-85
n (n +1
Ul=n0nl+M—SRW:l=3><4+4—;5—18.5=3.5

U =min(U,,U,)=min(85,35)=35

NN, 2U 3x4 2x3.5
|rrb|= x| 1- = x| 1-
n,n, —2b nn, ) 3x4-2x1 3x4

=1.2x0416=05#]z,|=05

Formula (15) of Cureton [1] and Formula (16) of Willson [2] give the same
result, which is zero point five, but differ from the result of Cureton’s 7, (For-
mula (5)), which is zero point repeating five. However, the calculation of r,, us-
ing Formulas (18) and (19), with 5* defined from the bracket ties (Formula
(17)), does achieve the same result as Formula (5). First, the tie correction b* is

calculated using Formula (17).

« Zf:lnm XNy 1x2+1x1 3
2 2 2

b 15

Next, with this constant 5*, Formula (18) (rho-type coefficient) and Formula
(19) (U-statistic-based coefficient) are used to compute the rank-biserial correla-

tion, and both yield a result of zero point repeating five.
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i ST, 4625-4 0625 E_. . A-D
" &_b; 3_15 1125 . " noni_ZTzanIXnu
2 n 2 4
9 A-D 9

_ N [, 20| 3x4 x(l—ZXB'Sj
e, —2b" N, ) 3x4-2x15 3x4

12 7 R aaE_aE
:?X(l_ﬁj =1.3x0.416 =0.5 =|r,, | =|y]|

5. Asymptotic Standard Error with Tied Data

From the relationship between r,, and the Mann-Whitney U test [5], Willson [2]
derives an asymptotic standard error for the significance test (Formula (20)) and
interval estimation when there are ties in the sample data for Y. This error also
applies to the new definition of #* (Formula (17)), which is the only change in

the Formulas (15) and (16) to achieve the originally intended goal: r,, = 7,,,

n-n-%"° (t° -t
ASE, =\/ 2t (20)

3n(n-1)nyn,

;= non-unit frequencies of the Y values (of the ctied values) in the total sam-

ple, where ¢ < kand kis the number of ordered categories of Y.

n-n-Y" (£ -t
P rrb _Zl,ﬁ X\/ Zl:l( ! i ) < prb
2

3n(n-1)nyn,

n-n-%"% (£ -t
srrb+zlax\/ AT =l-a
2

3n(n—-1)nyn,

6. Statistical Significance with Small Samples

In the case of small samples, a critical value for r,, can be used to test its statistic-
al significance [2]. The calculation of the critical value of the rank-biserial corre-
lation (with a sample size of 1, for the group with the smallest sum of ranks and
n, for the group with the largest sum of ranks, as well as a significance level a in
a two-tailed test or a/2 in a one-tailed test) requires the critical value of the U
statistic for these same specifications (1, n, @, and a one-tailed or two-tailed
test). The calculation of the critical value for r,, uses the formula relating the
rank-biserial correlation to the Mann-Whitney U statistic [5] when there are no
ties (Formula (10)), which yields a value from 0 to 1 (Formula (21)). This abso-
lute critical value |r.,,| is used regardless of whether r,, is calculated using For-
mula (10) (for untied data) or Formula (16) (for tied data).
H,:py =0
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Hl : Pro #0
”Unonl
|| =1-2 o €[0.1] (21)
If |rrb| <r,, H, ishold.
If |rrb| >r,, H, isrejected.

The previous example is taken up again with its small sample of 10 elements
(four in group 0 and six in group 1). If the test is two-tailed with a significance
level of 0.05, the rank-biserial correlation coefficient is significant. The |r,,| value
is greater than the critical value, so the null hypothesis of no correlation is re-

jected. The critical value for r,, is calculated using Formula (21).

—005Yn an - — _
| =12 208t g o O 1 0416-0583
crit nonl %
r, _19 o261> || = 0.583
23

In the second example with an even smaller sample of seven elements (three
in group 0 and four in group 1), the critical value of Uis not defined at a signi-
ficance level of 0.05 in a two-tailed test, so the critical value for |z, cannot be
obtained. However, it is defined at a significance level of 0.1 in a one-tailed test
(a= 0.2 in a two-tailed test). In this case, the value of the rank-biserial coefficient
is less than that of the critical value, so the correlation is not significant. The

critical value for r,, is calculated using Formula (21).

% zz/2:0.1U ng=3,n =4 1

=1-2x
3

|| =1-2 4:1—0.16:0.8§

nyn, X

r, =0.5<|r,|=083

7. Example with a Clinical Sample of 31 Participants

A third example is presented with a larger clinical sample than the previous ones.
A random sample of 31 middle-aged women, 20 with diabetes mellitus and 11
without diabetes, was recruited and their socioeconomic status, SES = {1 = low, 2
= medium-low, 3 = medium, 4 = medium-high, and 5 = high}, was recorded.
The objective was to find out whether the relationship between clinical diabetes
mellitus status, DM = {0 = no case, 1 = case}, and socioeconomic status is signif-
icant at a significance level of 0.05 in a two-tailed test, using the rank-biserial
correlation.

The data of the 31 participants are shown in Table 6. In this 2 x 5 contingency
table, the dichotomous variable of health status (0 = without diabetes and 1 =
with diabetes) is placed per row and the ordinal variable of socioeconomic status
with five ordered categories is arranged per column. This contingency table is
made to facilitate the computation of agreements (A4) and disagreements (D), the
identification of bracket ties (SES values that are repeated in both groups of

DM), and the achievement of the correction based on bracket ties. All of them
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Table 6. Joint frequencies between diabetes mellitus (dichotomy) per row and socioeco-
nomic status (ordinal variable) per column and marginal frequencies of diabetes mellitus.

Socioeconomic status

Diabetes mellitus n;
(1) 2) 3) 4 5

No case 2 2 4 2 1 11

Case 6 9 5 0 0 20

Note. Diabetes mellitus (DM): 0 = no case and 1 = case, socioeconomic status (SES): 1 =
low, 2 = medium-low, 3 = medium, 4 = medium-high, and 5 = high. Bracket ties are
identified with the ordered categories of SES that are repeated in the two DM groups and
are placed in parentheses, n, = ¥;1; = marginal frequency of the value 7in DM or the sum
of the five joint frequencies per row. Source: elaborated by the author.

are calculations are required by Kendall’s tau-type coefficient given by Cureton
[3] to estimate the rank-biserial correlation (Formula (5)).

The sum of products between each of the first four frequencies (1 to 4) in the
first row and the sum of the remaining frequencies to the right and below (in the
second row) after removing the row and column of the frequency provides the

agreements or concordant pairs (Formula (2)).

A=2x(9+5+0+0)+2x(5+0+0)+4x(0+0)+2x0=28+10+0+0=38

The sum of products between each of the last four frequencies (from & to 2) in
the first row and the sum of the remaining frequencies to the left and below (in
the second row) after removing the row and column of the frequency provides
the disagreements or discordant pairs (Formula (3)).

D=1x(6+9+5+0)+2x(6+9+5)+4x(6+9)+2x6
=20+40+60+12=132

The bracket ties in this example are the SES values 1, 2, and 3. The sum of
products between the frequencies in groups 0 and 1 of DM (dichotomy) of the
bracket ties in SES (ordinal variable) provides the correction that appears in the

denominator of Formula (5) as a subtrahend.

3¢ Ny XNy = 2x6+2x9+4x5=12+18+20 =50

The coefficient is calculated following Formula (5), as there are bracket ties.

r = A-D _ 387132 94 AT 95520
n, an_z|:1nol X1, 11x20-50 170 85

It is found that the rank-biserial correlation, estimated by Kendall’s tau-type
coefficient given by Cureton [3], yields the same result as the Goodman-Kruskal
gamma [14], as stated by Formula (5), and this value corresponds to a large
strength of association, that is, greater than 0.50 and less than 0.70 [18].

_A-D 38-132 -94 47

ye _2ome R A 05529
A+D 38+132 170 85

T =7
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In Table 7, the data from the 31 participants are ranked. Unaveraged ranks
appear in one column and averaged ranks (in case of ties) in another. The data
are sorted in descending order from the Y ranks. The 20 highest ranks are sepa-
rated from the 11 lowest by a horizontal line, thus uncovering a two-way tie cor-
responding to SES value of 2 (medium-low). The sum of the unaveraged ranks of
the two-way tie among the highest ranks is 124 and the corresponding sum of
averaged ranks is 112, so the value of b or the difference between the two sums is
12.

Two-sided tie: value 2 (medium-low) of SES
b=124-112=12

The corrected Spearman’s rho-type coefficient is calculated according to
Formula (15).

n+l 273 31+1

TSES|DM:1_ - _
_ 2 20 2 235 _ A
r, = DR VO T I i 0.4796 # 7, ==~ ~0.5529

2 n 2 20

The corrected formula for rank-biserial correlation from U-statistic is com-
puted using Formula (16). The sums of ranks SRgzqpp0 and SRgpgpy,.; are calcu-
lated with Formula (11) and the U, and U, statistics with Formula (12). The
minimum of the latter two is the U-statistic.

SRyzsiomo = 24Ty = 31+2x29.5+4x 24+ 2x14+2x4.5= 223

i=1'yi

SRegsom = Doyl = 5% 24+9x14+6x 4.5 = 273

n,(n, +1

U, = nonl+¥—SRSES‘DM:0 =11x20+¥—223:63
n (n +1

U, =n,n, +¥—SRSES‘DM4 =11x20+ 20; 21_573-157

U =min(U,,U, ) =min(63,157) =63

nyn, 2U 11x20 2x63
|r,b|: x|1- = x| 1-
n,n, —2b nn ) 11x20-2x12 11x20
220 55 2.35

=2x0.427 === x0.427 ~ 0.4796 #|r,, | = —=— ~ 0.5529
196 49 4.9

It is important to clarify that Glass [4], in his proofs, uses an operational as-
signment of the values of the dichotomous variable of membership: {0 = group
with the lowest sum of ranks or lowest ranks, 1 = group with the highest sum of
ranks or higher ranks}. However, this classification can be reversed, since the
rank-biserial correlation coefficient will be positive or negative, but with the
same absolute value, depending on the assignment of the labels 0 and 1 to two
values of Y. In clinics, 0 is often used for no cases and 1 for cases of a disease or
disorder, as in this example, although these labels are ultimately arbitrary.

The rank-biserial correlation is recalculated with Spearman’s rho-type coeffi-

cient [1], using the tie correction based on bracket ties (Formula (17)). Applying
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Table 7. Random sample of 31 participants sorted in descending order from the SES
ranks, and SES marginal frequencies.

*

i DM,  SES, Tsgs ses Tsgsom=o  Tssspm=r  SES t £t
8 0 5 31 31 31 1 8 504
7 0 4 30 29.5 29.5 2 11 1320
12 0 4 29 29.5 29.5 3 9 720
17 0 3 28 24 24 4 2 6
19 0 3 27 24 24 5 1 0
20 0 3 26 24 24
25 0 3 25 24 24

6 1 3 24 24 24

13 1 3 23 24 24
24 1 3 22 24 24
27 1 3 21 24 24
29 1 3 20 24 24

14 0 2 19 14 14

16 0 2 18 14 14

2 1 2 17 14 14

9 1 2 16 14 14

15 1 2 15 14 14

18 1 2 14 14 14
21 1 2 13 14 14
22 1 2 12 14 14
23 1 2 11 14 14
30 1 2 10 14 14
31 1 2 9 14 14

4 0 1 8 4.5 4.5
28 0 1 7 4.5 4.5

1 1 1 6 4.5 4.5

3 1 1 5 4.5 4.5

5 1 1 4 4.5 4.5
10 1 1 3 4.5 4.5
11 1 1 2 4.5 4.5
26 1 1 1 4.5 4.5

n 11 20
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Continued
X 223 273 31 9300
Z/nj 20.273 13.65

Note. i = sampling order, DM, = group membership to participant 7in DM = {0 = no case
of diabetes mellitus, 1 = case of diabetes mellitus}, SES, = ordered category of participant 7
in socioeconomic status (SES), rg; = ranks of socioeconomic status with unaveraged
ranks in cases of ties, I, = ranks of socioeconomic status with averaged ranks in case
of ties, Iz = conditional ranks of socioeconomic status given the value 0 (no case) in
DM (diabetes mellitus) and rggp,.; = conditional ranks of socioeconomic status given
the value 1 (case) in DM (diabetes mellitus), ;= number of participants in each group of
X, SR; = ¥, = sum per column, ¥/n, = average of the ranks per group, SES = ordinated
categories of socioeconomic status (1 = low, 2 = medium-low, 3 = medium, 4 = me-
dium-high, and 5 = high), ¢, = absolute frequency or times that each ordered category of
SES is repeated in the total sample, #,’ — ¢, = difference of the frequency raised to cube
and the frequency of each ordered category of the socioeconomic status. The two-sided
tie is highlighted in bold type and its ranks above the line are in italics. Source: elaborated
by the author.

this correction according to Formula (18), the results are the same as Kendall’s
tau-type coefficient developed by Cureton [3], as was the goal of Cureton [1] and
Willson [2].

b* = half of the sum of products between the frequencies in groups 0 (no case)
and 1 (case) of DM in the ¢ bracket ties of SES (Formula (17)).

b = Zlenm XNy 2x6+2x9+4x5 50 _

25
2 2 2

. n+1

. SESDM=1T T, 1365-16 -2.35 47
2

r. = - = = =Ty = :——2—0,5529
"TTh, b 135 4 g
2 n 2 20

The result is the same, except that in absolute value, if the Willson’s formula
with the Mann-Whitney U statistic [5] is used to estimate the rank-biserial cor-
relation (Formula (19)), but applying the b-correction based on bracket ties in-

stead of a two-sided tie.

Ny (Ng +1
uoznﬂk+—iL§——l—5R$$MMo=11x20+11%13—223=63
n(n +1
U, =n,n, WLM—SRSES‘DM:1 —11x20+ 22228 _573_157

2
U =min(U,,U,)=63

_ Ny X(L_zu j: 11x 20 X(l_ 2x63J
nyn, —2b” nn, ) 11x20-2x25 11x 20
:EEQX( _126
170 220

*

r-rb

22 ==
] = Ex0.427 = |rrb| = |;/| ~(0.5529

Once the biserial-rank correlation has been pointwise estimated, its asymp-
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totic standard error (ASE) is calculated using Formula (20). This approximation
is adequate, since the group with diabetes (DM = 1) has 20 participants and the
group without diabetes (DM = 0) counts more than 8 (12, = 11), giving a total
sample of 31 participants [2]. See Table 7 for the SES marginal frequencies used
to calculate the tie correction in the denominator of Formula (20).

k
ASE = n3 _n_ZIzl(tfl _tx|) :\/ 313 —-31-2550
" 3n(n-1)n,n, 3x31x30x11x 20
— /0.0443304 ~ 0.2105

The statistical significance of the rank-biserial correlation coefficient is tested.

The statistical hypothesis is two-tailed.
HO : Pro = 0
Hl : Pro #0

The z-statistic in absolute value is greater than the critical value and its proba-
bility value is less than the significance level, so the null hypothesis of zero cor-
relation at a significance level of 0.05 in a two-tailed test is rejected.

_ [l _ 05529

l21= ASE_ 0.2105
b :

=2.6262> 7,4, =1.96

sig. = 2x(1-P(Z <[2])) = 2x(1-P(Z < 2.6262)) = 0.0043 < & = 0.05

The rank-biserial coefficient is estimated by the interval with a 95% confi-
dence level. This confidence interval does not include 0, since the correlation is

significant.

P(rrb —Z 4% ASE, <pp, <ty + Z o ASE, J =l-«
2
P(-0.5529-1.96x0.2105 < p,, <—0.5529+1.96x0.2105) = 0.95

P (0, €[~0.9656,-0.1403]) = 0.95

It should be noted that when the rank-biserial correlation is calculated using
the Spearman’s rho-type coefficient given by Glass (Formula (7)) with current
data, having SES ties in both DM groups, this coefficient yields the same result as
the Somers [17] asymmetric d coefficient of the ordinal variable with respect to

the dichotomous variable (dgggp,,) and, therefore, differs from the result of the

273 223
2| —————
( 20 11 j

Goodman-Kruskal gamma [14].

2 22-29)
Z(FSES\DM -1 _FSES|DM=0) 20 11

rrb - -

n 31 31

2% (13.65 - 20.?) _
- —0.427
31

For the computation of the Somers [17] asymmetric measure of the ordinal
variable (SES) with respect to the dichotomous variable (DM), data from Table
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6 are used following the Formula (8). Apart from agreements (Formula (2)) and
disagreements (Formula (3)), it is necessary to calculate ties per column or
non-concordant and non-discordant pairs that are tied in SES. They are ob-
tained through the sum of products between the two frequencies in each column
of the 2 x 5 contingency table (Formula (9) using data of Table 6). This table has
the two values of DM (0 = no case and 1 = case) per row and the five ordered

categories of SES per column.

A-D _ 38-132 =—_94=_0.4§
A+D+Eg; 38+132+50 220

dSES|DM =

Eses = 20, 1Moy XMy = 2x6+2x9+4x5+2x0+1x0=50= 3" ng xny

o = —0.427 ~diggy # 7 =~ o = 05529

8. The Other Way Around: Tau-Type, Rho-Type, and
U-Statistic-Based Formulas for Rank-Biserial Correlation
Equivalent to Somer’s dy;x (Ranking with Respect to
Dichotomy)

If any frequency per column is null in Table 6, the summand corresponding to
that socioeconomic status category (untied value) is canceled within the sum of
products in the computation ties per column, so Eg equals the sum of products
between the frequencies of the ¢ bracket ties in groups 0 and 1 of DM. From
Formula (6), we know that the sum of agreements, disagreements, and ties in Y
(or bracket tie correction) is equals to the product between n, and n, which is

the denominator of 7,,in Formula (1).
A+D+E, =A+D+ nyxn, =n,xn =220

If the difference between agreements and disagreements is included as a nu-
merator, we have Cureton’s 7, calculated from Formula (1) in this random sam-

ple of 31 participants with tied data.

_A-D _38-132_-94_ >
nxn, 220 220

z-br

Now, 7, from Formula (1) is equal to Glass’ r,, (Formula (7)). The U statis-
tics-based formula without tie correction (Formula (10)) also yields the same
result as Somers’ dyy (Formula (8)), Glass’ r;, (Formula (7)), and Cureton’s 7,

from Formula (1), but in absolute value.

A 2By I 457 (deegon | #17] = o ~ 05529
nn, 11x20 220 85

|ro|=1-

From these last finding, it follows that:

Tyr = Tor =dY|X Yy

r

A—D_Z(Tv\xa_rwx:o)_ A-D S
nyn, Ny +n A+D-E, 4
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(273 _228
38-132 20 11 38-132

= =-0.427
11x20 11+20 38+132+50
_ 38182 05529
38+132
|Tbr|_|rbr|_|dY\X|_1__¢|7|
=|38—132|__ 38-132 |:1__2x63:=045?
| 11x20 | ‘ 11+2o ‘ 8+132+50| 11x 20
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See these equivalences applied to the examples of 10 and 7 elements.
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A question arises as to which equivalence (with gamma or with asymmetric d)
is more appropriate. Equivalence with the Goodman-Kruskal gamma [14] allows
a non-directional estimation, which is the objective of a correlation, whereas the
Somers [17] dyy implies directionality (ranking with respect to dichotomy). In
this clinical example, such directionality would go against the expected, since the
sociodemographic variable (ranking variable) is considered a risk factor for di-
abetes mellitus (dichotomy) [19]. Consequently, under the correlation proposal,
equivalence with Goodman-Kruskal’s gamma is more appropriate than with
Somers’ dyy for estimating the rank-biserial correlation. On the other hand, the
formulas with the correction for ties, when present, yield higher values than
without the correction.

A-D A-D
>

C
§ n,n, #0=
1=1 011l c
noxn1_2|:1n0|n1| Ny XN

In this connection, Metsaimuuronen [20] advises the use of Somers’ d to
measure the association between dichotomous items and an ordinal scale test. In
this example, the items determine the total score of the test. Consequently, the
ordinal variable conditional on the dichotomous variable (Y|X) makes sense.
However, the author notes that the coefficient dj, underestimates the associa-
tion between the variables, as is the case when using the formulas to calculate the
rank-biserial correlation without tie correction when ties are present. In clinical
studies on breast cancer [21] and COVID cases [22], the direction of the rela-
tionship is reversed (X|Y) and the value of the correlation is usually lower com-
pared to the Y|X direction and the bidirectional XY association. In this case, the
non-directionality is clearly better.

Some websites [23] advise calculating the rank-biserial correlation using
Spearman’s rank correlation, which is an option offered by SPSS and other sta-
tistical software, and some studies follow this suggestion [22]. However, it is in-
correct. It gives a very different and lower result due to the large number of ties
in X. Cureton’s tau-type formula for the rank-biserial correlation [1] [3] is
equivalent to Kruskal-Wallis’ gamma [14] and Glass’ rho-type formula to So-
mers’ dyy [17]. Both of them are options also present in SPSS and their use for
calculating the rank-biserial correlation is more appropriate than Spearman’s
correlation. For example, Spearman’s rho is 0.683 in Cureton’s 10-element sam-
ple [1] [3], 0.378 in the 7-element sample, and —0.371 in the 31-participant sam-
ple, which are values less than Cureton’s rank-biserial correlation (0.826, 0.556,
and —0.553, respectively).

9, Conclusions

Let Y be a ranking from 1 to n or a variable with k ordered categories and X a
dichotomy (0 and 1, assigning 0 to the group with the lowest Y-rank sum and 1
to the group with the highest Y-rank sum). When there are no ties for Y in the
two groups of X, Cureton’s tau-type, Glass’ rho-type and Willson’s U-statistic-
based formulas to calculate the rank-biserial correlation, as well as Kruskal-
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Wallis’ gamma and Somers’ delta give the same result. These calculations are
very easy to perform from a 2 x k contingency table. When there are ties in the
variable with k& ordered categories that appear in both groups of X or bracket
ties, not all coefficients coincide. Cureton [3] in his 1956 paper uses a correction
based on the bracket ties when calculating the rank biserial correlation and, in
1968, Cureton [1] provided a new correction so that his tau-type formula and
Glass’s rho-type formula give the same result taking into account that there are
ties that cause an underestimation of the relationship. In the present work, this
new Cureton correction has been called correction based on a two-sided or rid-
ing tie to be able to differentiate it. Willson [2] applied the two-sided tie correc-
tion to the U-statistic-based formula with the same goal, namely to give the same
result as the tau-type formula with a correction based on bracket ties. The only
proof of the correction based on a fwo-sided tie is a 10-data example given by
Cureton [1], but there is no algebraic derivation. In the present work, it is veri-
fied that the correction does not work well with an example very similar to the
one given by Cureton and in another example with a sample of 31 participants.
Starting from an equality given by Glass [4] in his proof that the tau-type and
rho-type coefficients coincide when there are no bracket ties, a new correction
based on the bracket tiesis derived. It is verified with the example of Cureton [1]
and the two new examples. This correction consists of dividing by two the cor-
rection given by Cureton for the tau-type formula. Thus, it is much easier than
calculating the two-sided tie correction and is the only change required to use
the formulas developed by Cureton [1] and Willson [2], achieving the initial goal
that the three coefficients coincide with each other and are equivalent to Kruskal-
Wallis’ gamma. Hence, the asymptotic standard error based on the Mann-Whitney
U test derived by Willson [2] is valid to test the significance and estimate the
confidence interval with the new proposed correction. Naturally, one could change
the objective and invert it, namely that all three formulas coincide with Somers’
dyy. This is accomplished when using the formulas without correction for ties
with data that has bracket ties. From the point of view of a correlation or non-
directional relationship, the original objective of equivalence with Kruskal-Wallis’
gamma is the most correct, especially in cases where it does not make sense for
the ordinal variable to be conditioned by the dichotomy, as in the clinical exam-
ple shown. However, when it makes sense, equivalence with Somers’ dy, might
be preferred, for example, when estimating the correlation between the dicho-
tomous items that make up a scale and the total scale score.

The rank-biserial correlation does not necessarily require the dichotomization
of a ranking and can be used to estimate the linear association between a dicho-
tomous qualitative variable and an ordinal one [3] [4], as well as to estimate the
effect size with the Mann-Whitney U test [5] and the fit of a logistic regression
model. Another option for these same objectives is to use the polyserial correla-
tion proposed by Metsamuuronen [24]. However, the rank-biserial correlation
formulas are much easier to calculate and yield very similar estimates [11]. For
example, they can be computed with Excel or MATLAB. It is also possible to
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take advantage of the equivalences with Kruskal-Wallis’ gamma (with correction
for ties when present) and Somers’ dyy (without correction for ties when present)
to obtain the rank-biserial correlation, since both statistics are computed by sta-
tistical packages, such as R, Real Statistics Resource Pack, SPSS, SAS, STATA,
STATISTICA, Minitab, Eviews, JASP, and others. It is important to note that
using Spearman’s rank correlation does not give the same result as Cureton’s
and Glass’ formulas, but rather underestimates the linear association.

For further research, using a simulation study, it is suggested to compare the
coverage, power and efficiency of confidence intervals for the rank-biserial cor-
relation (with the new proposed correction in case of ties) based on the ap-
proximation from the Mann-Whitney U test proposed by Willson [2] versus
bootstrap confidence intervals. In turn, the confidence intervals developed for
Kruskal-Wallis’ gamma and the Somers’ dyy consider can be considered [25].
The results of this type of study can provide guidance on how to implement the

calculation of the rank-biserial correlation in statistical software.
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