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Abstract 
Most of the articles about insider trading assume that there is only one risky 
asset in the market. On the basis of these papers, this thesis is mainly divided 
into three parts to study the situation of multiple risky assets in the market. In 
the first part, the situation of multiple risky assets in the market when two 
transactions are in progress is studied and then, the equilibrium when the 
market requires the internal traders to disclose the trading volume after each 
transaction is analyzed. In the second part, the equilibrium of multi-period 
based on the two phases of transaction is derived. The third part is the sum-
mary of the paper. 
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1. Introduction 

In modern finance mathematics, many models assume that all investors in the 
market have the same information and the same expectation. However, in real 
financial market or spot market, information asymmetry is common, such as the 
securities market. Traders with private information may release their own in-
formation at the beginning of the transaction, or they may conceal private in-
formation by adjusting their strategies. In 1985, Kyle [1] published a paper that 
analyzed the situation when there was only one risk-neutral internal trader. The 
results showed that the informed trader revealed his information at a constant 
rate when trading in continuous time. Based on this article, Holden and Sub-
rahmanyam [2] [3] gave a model in which there are more than two informed 
traders and analyzed the impact of the number of insider traders to the market, 
with the result that their information was revealed almost immediately and the 
market depth is infinite. In addition, many experts have done further work on 
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the basis of these papers, such as Hudart, Hughes, Levine [4] and Shunlong Luo 
[5], Qiang Zhang [6]. 

All the above papers assume that there is only one risky asset in the market. 
On the basis of these papers, this thesis mainly divides into two parts to study 
the situation of multiple risky assets in the market. In the first part, we study the 
situation of multiple risky assets in the market when two transactions are in 
progress. Furthermore, we analyze the equilibrium when the market requires the 
internal traders to disclose the trading volume after each transaction. In the 
second part, we derive the equilibrium of multi-period based on the two phases 
of transaction. 

2. Two-Phase Transactions 
2.1. Transactions Not Required for Publication of Trading Volume 

Holden and Subrahmanyam model gives the two-phase equilibrium result when 
there is only one risky asset in the market and the internal trader is not required 
to reveal his trading volume. In this part, we consider the second-phase equili-
brium results when there are multiple risky assets in the market without requir-
ing internal traders to disclose their trading volume.  

Next, we analyze one of these assets and call it asset j. The trading strategy of 
the i-th insider is shown as follows: 

{ }1 2,j j j
iX X X= , where 1,2, ,j l=               (1.1.1) 

The pricing rules of market makers are as follows: 

{ }1 2,j j j
iP P P= , where 1,2, ,j l=               (1.1.2) 

Then we can get the following formulas, 

( )1,j j j
in in n jx X P V−= ; 1,2n =                  (1.1.3) 

( )1 1 1
j j jp P y= , 1,2, ,j l=                  (1.1.4) 

( )2 2 1 2,j j j jp P y y=                       (1.1.5) 

Obviously, the profit of the j-th asset is j
ins . 

( ) ( ),j j j j j
in in n in j ns x y x v p= −                  (1.1.6) 

Nash equilibrium 
Nash equilibrium refers to the situation in the game, for each participant, as 

long as others do not change their strategy, he cannot improve his situation. 
Nash proved that Nash equilibrium must exist on the premise that each partici-
pant has only a limited choice of strategies and allows mixed strategies. Take the 
price war between the two companies as an example, if the other side does not 
change the price, it can neither raise the price, or further lose the market; nor 
reduce the price, because there will be a loss sale. So the two companies can 
change the original interest pattern and seek a new benefit assessment and allo-
cation scheme through negotiation, namely Nash equilibrium. 
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Sub-game perfect Nash equilibrium 

( )1 2, , , ,j j j j
MX X X P  becomes Nash equilibrium [7], if all { }1,2n∈ ,  

1,2, ,i M=  , and other strategies ( )1 2
ˆ ˆ,j j

i iX X  have 

( ) ( )

( ) ( )

1 1 1 2 2 2 0
1

1 1 1 2 2 2 0
1

, , | ,

ˆ ˆ, , | ,

l
j j j j i j j

i i i i j
j

l
j j j j j j j

i i i j
j

E s x p s x p p v

E s x p s x p p v

=

=

 + 

 ≥ + 

∑

∑
; 

( ) ( )2 2 2 0 1 2 2 2 0 1
1 1

ˆ, | , , , | , ,
l l

j j j j j j j j j j
i i j i i j

j j
E s x p p p v E s x p p p v

= =

   ≥   ∑ ∑ ; 

( ) ( )1 1 1 1; |j j j j
jp x p E v y= ; 1,2, ,j l=   

and 

( ) ( )2 1 2 1 2 1 2, ; , | ,j j j j j j j
jp x x p p E V y y=  

2.2. Transaction Required to Announce Trading Volume 

Lemma: Let 1X , 2X  be two normal random vectors, ( )1

2

~ ,
X

N
X

µ
 

Σ 
 

 where 

1

2

µ
µ

µ
 

=  
 

, 11 12

21 22

Σ Σ 
Σ =  Σ Σ 

, Given 2X , the conditional distribution of 1X  

(which we call 1 2X | X ) is still normal. Accurately, 

[ ] ( )1
1 2 1 12 22 2 2|E X X Xµ µ−= + Σ Σ − , ( ) 1

1 2 11 12 22 21|Var X X −= Σ −Σ Σ Σ  

We assume that the trading volume of internal traders is disclosed (but not 
verified afterwards) before the second trading begins after the end of the first 
trading, then the above price and trading strategy are not balanced under the 
new framework [8]. Assuming that the market maker guesses that each internal 
trader’s strategy for j-th asset in the first period is 1

j
ix , 1,2, ,i M=  , the market 

maker can speculate that 1
0

1

j
ji

j j
i

x
v p

β
= +  when observing ( )1 1 0

j j j
i i jx v pβ= − , 

thus his pricing rule is 1
21 0

1

j
j ji

j
i

x
p p

β
= +  and 2 0jλ = . Insider traders will choose  

strategy 1 2ˆ ˆj j
i ix x≠  because they are aware of the behavior of market makers. Any 

such violation may lead to mispricing in the second period. Because the market 
maker chooses 2 0jλ =  , the market depth is infinite and the second profit of the 
internal trader is infinite.  

Obviously, any reversible strategy can not be an equilibrium strategy. We as-
sume that the first stage strategy of an internal trader consists of two parts, one is 
the part that can be predicted with the information available to him, the other is 
the noise part 1

jz , that is, the part that cannot be predicted by the information 
he has. 1

jz  is a normal distribution with 0 as its mean and 
1

2
jz

σ  as its variance, 
and it is independent of jv  and 1

jµ . *
1 0 1 1

j j j
jp p xγ= +  is the expected value [9] 

of jv  under 1
jx  and 1

jy , so 1 1 1 1| , , |j j j j
j jE v x y p E v x   =    . In the second 

phase of pricing, 1
*

jp  took the place of 1
jp . *

2 1 2 2
j j j

jp p yλ= + . It is easy to 
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know from symmetry that given a market maker’s linear pricing strategy, the 
only possible equilibrium is that these internal traders adopt the same strategy 
(because their information is identical), so we can analyze any one of them. Here 
we use backward induction to analyze internal trader 1. 

2.2.1. The Optimization Problem of the Second Phase 
In the case of given 1

jx  and 1
*

jp , the second period optimal problem of inter-
nal trader 1 is shown below. 

( ) *
12 2 1 1arg max | , ,

j

j j j j
j j j

x
x E x v p x p v ∈ −  ; 

( )

( )

( )

*
2 1 1

1

* *
1 2 2 22 2 2 1 1

1

*
1 2 2 22 2 2

1

| , ,

| , ,

l
j j j

j j j
j

l
j j j j j j j j

j j M j j
j

l
j j j j j j j

j j M
j

E x v p x p v

E x v p x x x x p v

x v p x x x

λ λ λ

λ λ λ

=

=

=

 − 

 = − − − − − 

= − − − − −

∑

∑

∑





  (1.2.1) 

where ( )*
11

2
, ,j

j j

j
x p v

x L
σ

∈ . 

Next is the maximization of the solution. We record the largest jx  on the 
top of the equation as 12

jx . First order derivation can be obtained from the up-
per form. 

( ) ( )

*
1 2 12 2 22 2 2

*
12 1 22 32 2

2

2 0

1 1
22

j j j j j j
j j M

j j j j
j j Mj

v p x x x

x v p x x x

λ λ λ

λ

− − − − − =

⇒ = − − + + +





 

Let 22 32 2 12
j j j j

Mx x x x= = = = , we can obtain that (1.2.2) 

( ) ( )*
12 1

2

1
1

j
j jjx v p

M λ
= −

+
; 

( )
( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( )
( )

*
12 1

*
1 2 12 12

* * *
1 2 1 1

2 2

* * *
1 1 1

2

2*
12

2

,

1
1 1

1
1 1

1
1

j
j j

j j j
j j

j
j j j j j jj j

j j j j j jj

j jj

E s p v

v p Mx x

Mv p v p v p
M M

Mv p v p v p
M M

v p
M

λ

λ
λ λ

λ

λ

 
 

= − −

 
= − − − − 

+ +  
 = − − − − + + 

= −
+

    (1.2.3) 

The two order derivation is 22 jλ− , so the two order condition is 2 0jλ ≥ . 

2.2.2. The Optimization Problem of the First Phase 
Next, we study the optimization problem of the first phase. 

( ) ( )*
11 1 12 1arg max , |

j

j j j j
j j j j

x
x E x v p s p v v ∈ − +  ; 
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( ) ( )

( )
( )

( )

( )

( )
( )

*
1 12 1

2

0 1 1 0 1 12
2

0 1 1 21 1 1 1 1

2

0 1 1 21 1 12
2

0 1 1 21 1

, |

1 |
1

1 |
1

j j j
j j j j

j j j j j j j
j j jj

j j j j j j j j j j
j M

j j j j j j j
j M jj

j j j j j j j
j

E x v p s p v v

E x v p y v p x v
M

E x v p x x x

v p x x x v
M

x v p x x x

λ γ
λ

λ λ λ λ µ

γ γ γ
λ

λ λ λ

 − + 
 

= − − + − − 
+  


= − − − − − −




+ − − − − − 
+ 

= − − − − −





( )

( )
( )

1 1 1

2

0 1 1 21 1 12
2

1
1

j j j
M

j j j j j j j
j Mj

v p x x x
M

λ µ

γ γ γ
λ

−

+ − − − − −
+



  (1.2.4) 

Let ( ) ( ) ( )*
1 12 1 , |j j j j

j j j jf x E x v p s p v v = − +  , than we get the following 
formula from the first order condition. 

( )
( )

0 1 11 1 21 1 1 1 1

1
0 1 11 1 21 1 12

2

2

2
0

1

j j j j j j j j j
j M

j
j j j j j j j

j Mj

v p x x x

v p x x x
M

λ λ λ λ µ

γ
γ γ γ

λ

− − − − − −

− − − − − − =
+





 

Let 11 21 31 1
j j j j

Mx x x x= = = = , than we can obtain that  

( )
( ) ( )

( )
( )

2

11
0 1 11 1 12 2

2 2

22
1 1 0

1 1

jj
j j j j j

jj j

M
v p M x

M M

γγ
λ λ µ

λ λ

  
 − − + − + − = 
 + +     

 (1.2.5) 

From the second-order condition we can obtain that  

( )
( )

2

1
1 2

2

2
2 0

1

j
j

jM

γ
λ

λ
− + ≤

+
 

( )
( )

2

1
12

2

0
1

j
j

jM

γ
λ

λ
⇒ − ≤

+
                  (1.2.6) 

If our hypothetical mixed trading strategy holds in equilibrium, i.e.  

( )11 11 0 1
j j j j

jx v p zβ= − +                    (1.2.7) 

( )
1

2
1 ~ 0, j
j

z
z N σ                       (1.2.8) 

then from the Formula (1.2.5) we can obtain that 1
jλ , 2

jλ  and 1
jγ  satisfy 

1 0jλ > , 2 0jλ > , 

( )
1

2
2

2
1 0

1

j

jM
γ

λ
− =

+
                    (1.2.9) 

( )
( )

( )
2

1
12

2

2
1 0

1

j
j

j

M
M

M

γ
λ

λ
− + =

+
               (1.2.10) 

Combined with (1.2.9) and (1.2.10), we can get  
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( )
1

2 2

2
1

j
j

M
γ

λ =
+

                      (1.2.11) 

1
1 1

j
j M

M
γ

λ =
+

                       (1.2.12) 

From the conditions of market effectiveness, we can get 

( )1 1 0 1 1|j j j j j
jp E v y p yλ= = + ; 

( )*
1 1 0 1 1| j j j j

j jp E v x p xγ= = + ; 

( )* *
2 2 1 1 2 2| ,j j j j

j j jp E v y p p yλ= = + . 

where 

( )1 11 0 1 1
j j j j j

jy M v p Mzβ µ= − + + ; 

( )1 11 0 1
j j j j

jx M v p Mzβ= − + ; 

( )*
2 12 1 2
j j j

j jy M v pβ µ= − + . 

In conjunction with lemma , we can obtain that 

1) 
( )
( ) ( )

1 1

1 11 0
1 22 2 2 2

1 11 0

cov ,

j j

j j j
jj

j j j
z

v y M
D y M M

µ

β
λ

β σ σ

Σ
= =

Σ + +
               (1.2.13) 

Proof: jv , 1
jz  and 1

jµ  are independent of each other. 

a) 

( ) ( )( )
( )

( )

1 11 0 1 1

11

11

11 0

cov , cov ,

cov ,

cov ,

j j j j j
j j j

j
j j

j
j j

j j

v y v M v p Mz

v M v

M v v

M

β µ

β

β

β

= − + +

=

=

= Σ

 

b) 

( ) ( )( )
( ) ( ) ( ) ( )
( )

1 1

1 11 0 1 1

22 2
11 1 1

22 2 2 2
11 0 j j

j j j j j
j

j j j
j

j j
z

D y D M v p Mz

M D v M D z D

M M
µ

β µ

β µ

β σ σ

= − + +

= + +

= Σ + +

 

2) 
( )
( ) ( )

1

1 11 0
1 22 2 2

1 11 0

cov ,

j

j j j
jj

j j j
z

v x M
D x M M

β
γ

β σ

Σ
= =

Σ +
                     (1.2.14) 

Proof: ( )1 11 0cov , j j j
jv x M β= Σ  

( ) ( )
1

22 2 2
1 11 0 j
j j j

z
D x M Mβ σ= Σ +  

The next step is to find the expression of 2
jλ .  

( ) ( )( )* * * *
2 1 1 2 1 12 1 2| |j j j j

j j j j j j jp p E v p y E v p M v pβ µ− = − = − − + ; 

3) 
( )
( ) ( )

2

2 12 1
2 22 2

2 12 1

cov ,

j

j j j
jj

j j j

v y M
D y M

µ

β
λ

β σ

Σ
= =

Σ +
                        (1.2.15) 
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Proof:  

( ) ( )( )
( ) ( )

( )

( )

*
2 12 1 2

12 0 1 1

12 0 1 1

12 0 1 11 0

12 1 11 0

cov , cov ,

cov , cov ,

cov ,

j j j
j j j j

j j j j
j j j

j j j j
j

j j j j j

j j j j

v y v M v p

v M v v p x

M v x

M M

M

β µ

β γ

β γ

β γ β

β γ β

= − +

= − +

= Σ −

= Σ − Σ

= − Σ

 

( ) ( )( )
( )( )

( ) ( ) ( )

*
2 12 1 2

12 0 1 1 2

2 2 22 2
12 0 12 1

j j j
j j

j j j j j
j

j j j j

D y D M v p

D M v p x

M M

β µ

β γ µ

β β γ

= − +

= − − +

= Σ −

 

( ) ( )( )

( ) ( )
( ) ( )

( ) ( )
( )
( )( )
( )

( )
( )

( ) ( )
1

1

1 1 11 0 1

1
1

1 1

2
1

1 1

2
11 0 1

0
1

2

11 0
0 22 2 2

11 0

2 22 2
0 1 11 0

| |

cov ,
cov , cov ,

cov ,

cov ,
cov ,

cov ,

cov ,

j

j

j j j j j
j j j

j
j j

j j jj j

j
j

j j j j

j j j
j jj

j

j j
j

j j
z

j j j j
z

D v x D v M v p Mz

v x
v v x v

x x

v x
v v

x x

v M v p Mz

D x

M

M M

M

β

β

β

β σ

γ β σ

Σ = = − +

= −

= −

− +
= Σ −

Σ
= Σ −

Σ +

 = Σ − Σ +  

       (1.2.16) 

From the three formulas of (1.2.12), (1.2.13), (1.2.14), we can get the following 
two formulas. 

( )
1 1

2 2 2
11 0 j j
j j

z
M

µ
β σ σ Σ + =  

, 
( )

1

11 0
1 21 j

j j
j M

M
µ

β
λ

σ
Σ

=
+

        (1.2.17) 

Proof: 

( ) ( )
1 1 1

11 0 11 0
2 22 2 2 2 2 2 2

11 0 11 0
1

j j j

j j j j

j j j j
z z

M MM
MM M M M

µ

β β

β σ σ β σ

Σ Σ
= ⋅

+Σ + + Σ +
 

( )( )
( ) ( )( )

1 1

1

22 2 2 2 2
11 0 11 0

22 2 2
11 0 11 01

j j

j

j j j j
z

j j j j
z

M M M

M M M M

µ
β β σ σ

β β σ

⇒ Σ Σ + +

= Σ + Σ +
 

( ) ( )( ) ( )

( )( )
1 1 1

1

2 22 2 2 2 2
11 0 11 0

2 2
11 0

1j j j

j

j j j j
z z

j j
z

M M M M

M

µ
σ β σ β σ

β σ

⇒ = + Σ + − Σ −

= Σ +
 

From the three formulas of (1.2.11), (1.2.16), (1.2.17), we can get the following 
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formula. 

( ) ( )
1

4
2 2

1 0 2

1
4 j

j j jM
M

µ
λ σ

+
Σ = Σ −                (1.2.18) 

According to Formula 
( ) ( )*

12 1
2

1
1

j
j jjx v p

M λ
= −

+
, we can obtain 12

jβ . 

( )12
2

1
1

j
jM

β
λ

=
+

                    (1.2.19) 

Combined with the eighth formula, we get 2
jλ . 

( )
( )

( ) ( )
( )
( ) ( )

2 2

2

1
212 1

2 22 2 2 2
12 1 1 22

2

1 2
222 2

1 2

1
1

1

1

1

1

j j

j

j
jj j

j

j j j

j

j j

j j

M
MM

M M
M

M M

M M

µ µ

µ

λβ
λ

β σ σ
λ

λ

λ σ

Σ
+Σ

= =
Σ + Σ +

+

+ Σ
=

Σ + +

 

( )
( )

( )
( )

22

1 1
22 2

11 1
2 2 2

1
11 jj

jj j
j

MM M M
MM µµ

σ
λ

σσ

  Σ+ Σ − ⇒ = =  ++ 
 

         (1.2.20) 

The eleventh formula can be reduced to  

( )
( )

( )
1

2

4 22
21

1 0 0 12 2

1 1
4 41

j

j

j
j j j jM M MM M

M µ
µ

σ
σ

+ +Σ
Σ = Σ − ⋅ = Σ − Σ

+
   (1.2.21) 

( )1 022

4
4 1

j j

M M
⇒Σ = Σ

+ +
                               (1.2.22) 

In conclusion, we can get the following propositions. 
Proposition: When the market requires the internal trader to announce the 

trading volume, the sub-game equilibrium has uniqueness. In this equilibrium, 
there are constants 1

j
iβ , 2

j
iβ , 1

jλ , 2
jλ , 1

jγ  and 1
jΣ , satisfying [10] 

( )1 1 0 1
j j j j

i i jx v p zβ= − +                    (1.2.23) 

( )*
2 2 1
j j

i i j jx v pβ= −                     (1.2.24) 

1 0 1 1
j j j jp p yλ= +                      (1.2.25) 

*
2 1 2 2
j j j

jp p yλ= +                      (1.2.26) 

*
1 0 1 1

j j j
jp p xγ= +                      (1.2.27) 

( ) ( )1 1 1 1| , |j j j j
j jVar v y p Var v xΣ = =             (1.2.28) 

For all internal traders. constants 1
j

iβ , 2
j

iβ , 1
jλ , 2

jλ , 1
jγ  and 1

jΣ , satisfying 

( )
( )

( )

1 1
2 2

1 0
1 2 22

1 1
2 2 4 1j j

j j
j j

M M MMM M
M Mµ µ

λ λ
σ σ

 Σ Σ
 = + = =
 + + 

    (1.2.29) 

 

DOI: 10.4236/ojs.2019.91008 92 Open Journal of Statistics 
 

https://doi.org/10.4236/ojs.2019.91008


Q. Zhang, S. Chen 
 

( )
( ) ( ) ( )

1 1
2 2

1 0
2 22

2
1 1 4 1j j

j j
j

M M
M M M Mµ µ

λ
σ σ

 Σ Σ
 = =
 + + + + 

        (1.2.30) 

( ) ( )
( )

1
2

0
1 1 22

1 11 1
4 1j

j
j j M

M M
M M Mµ

γ λ
σ

 Σ
 = + = +
 + + 

       (1.2.31) 

( )

( )
( )

( )
( )

2
1 1

0
1
2

2 0
22

0

1
2

0
22

0

11

11
4 1

1
4 1

j

j
j

j

j j
i j

j

j

j

j

M
M

MMM
M M M

M
M

M M

µ

µ
µ

µ

β σ λ

σ
σ

σ

= +
Σ

 Σ
 = +
 Σ + + 

 Σ
 = +
 Σ + + 

         (1.2.32) 

( ) ( )

1
2

0
2 22

2

1
21 4 1

j j
j

i j

M
M M M

µ
σ

β
λ

−
 Σ
 = =
 + + + 

           (1.2.33) 

( )

( )
( )

( )

1

2
22

1 0

2
2 2

022
0

2

22

1
4 1

4

4 1

j

j

j

j

j

j j
iz

j

j

M

MM
M M M

M M M

µ

µ

µ

µ

σ
σ β

σ
σ

σ

= − Σ

= − + Σ
 + + Σ 

=
 + + 

         (1.2.34) 

( )1 022

4
4 1

j j

M M
Σ = Σ

+ +
                  (1.2.35) 

Analysis 
The results show that 1 2

j j
i iβ β< , which means that the trading intensity of 

each internal trader in the first phase is not as strong as that of the second phase, 
because the trader does not consider the impact of the transaction on earnings in 
the second phase. At the same time, it can be seen from ( ) 2

1 j
jD x M

µ
σ=  that 

the trader conceals his trading strategy through the noise trader’s trading. 

3. Multi Period Transactions 

We generalize the two-period results to the multi-period case, assuming that 
there is a total N-period transaction, the traders announce his trading volume 
after the end of each transaction. Transaction prices reflect the volume of trans-
actions in the past and present. 

First, the following proposition is given based on the two phase result. 
Proposition In the market where M insiders exist, there is a unique subgame 

Nash equilibrium. In this equilibrium, there are constants j
inβ , j

nλ , j
nα , j

nδ
and j

nΣ  to satisfy the following equations.  
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( )*
1,

j j j
in in j n j nx v p zβ −= − +                      (2.1) 

*
1,

j j j
n n j n np p yλ−= +                        (2.2) 

* *
, 1,

j j
n j n j n np p xγ−= +                        (2.3) 

( )1| , ,j j j
n j nVar v y yΣ =                       (2.4) 

{ } ( )2* * *
1, 1, 1 1 1 1, 1| , , , , , ,j j j j j

in j n j n j n j n j nE s p p p p v v pα δ− − − − −= − +        (2.5) 

{ }1, ,n N∈  , { }1, ,i M∈   

Given 0
jΣ  and *

0, 0
j

jp p= , constants j
inβ , j

nλ , j
nα , j

nδ  and j
nΣ  are the 

unique solutions of the following equations. 

( ) ( )2

1 1 1j j j j j j j
n in n in n n inM Mα β λ β α γ β− = − + −               (2.6) 

( )
2 2

-1
1

2 1 j
n

j j j
n n nz

M M
M

δ γ σ δ−
= +

+
                   (2.7) 

( )
2

1

1
jj j

in n j
n

M
M

µ
σ

β λ
−

= +
Σ

                     (2.8) 

( )2 1
j

n j
n

M
M

λ
α

=
+

                        (2.9) 

( ) ( )
2

2 2
1

1
j

j j j
n n n

M
M µ

λ σ−

+
Σ = Σ −                   (2.10) 

1j j
n n

M
M

γ λ+
=                         (2.11) 

( ) ( )2
22 2 4

1

11
j j j
n

j
n jz

n

M
M Mµ µ

σ σ λ σ
−

 +
= − 

Σ  
              (2.12) 

{ }1, , 1n N∈ − ; 

when n = N, 

1 0j
Nδ − =                          (2.13) 

( )1 2

1
1

j
N j

NM
α

λ
− =

+
                     (2.14) 

( )
1
1

j
iN j

NM
β

λ
=

+
                      (2.15) 

( )
( )

1
2

1

1 j

j
Nj

N

M

M
µ

λ
σ
−Σ

=
+

                     (2.16) 

2 0j
N

j j j
N N N z

δ α σ= = Σ = =                   (2.17) 

Proof: By using backward induction, the optimal problem of the period N of a 
trader i for given * *

1 , 1 1 1,, , , , ,j j
i i N j N jx x p p− −   can be recorded as follows: 

( ) * *
1 , 1 1, 1,arg max | , , , , , ,

j

j j j j j
iN j N i i N j N j j

x
x E x v p x x p p v− −

 ∈ −    
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( )
( )( )

( )

* *
1 , 1 1, 1,

* * *
1, 1 , 1 1, 1,

*
1,

| , , , , , ,

1 | , , , , , ,

1

j j j j
j N i i N j N j j

j j j j j j j
j N j N N iN i i N j N j j

j j j j j
j N j N N iN

E x v p x x p p v

E x v p x M x x x p p v

x v p x M x

λ λ

λ λ

− −

− − −

−

 − 
 = − − − − 
 = − − − − 

 

   

j
iNx : the average value of other traders’ transactions on asset j. 

The first order derivative can be obtained for the upper form. 

( )*
1, 2 1 0j j j j

j N j N iN N iNv p x M xλ λ−− − − − = . 

Let j j
iN iNx x= , we can find out 

( ) ( )*
1,

1
1

j
iN j N jj

N

x v p
M λ −= −

+
, so  

( )
1
1

j
iN j

NM
β

λ
=

+
. 

( )
( )

( ) ( )

( )
( )

* *
1 , 1 1, 1,

* *
1 , 1 1, 1,

*
1,

* *
1, 1,

2*
1,2

| , , , , , ,

max | , , , , , ,

1
11

1
1

j

j j j
iN i i N j N j j

j j j j
j N i i N j N j j

x

j j j
iN j N j N iN

j j
j N j j N j N iNj

N

j N jj
N

E s x x p p v

E x v p x x p p v

x v p M x

Mv p v p x
MM

v p
M

λ

λ
λ

λ

− −

− −

−

− −

−

  
 = − 

= − −

 = − − − ++  

= −
+

 

 

 

Therefore 
( )1 2

1
1

j
N j

NM
α

λ
− =

+
, 1 0j

Nδ − = . By market availability condition 

( )
1

2 2
1 j

j j
j iN N

N
j j

iN N µ

β
λ

β σ
−

−

Σ
=

Σ +
, we can get 

( )
( )

1
2

1

1 j

j
Nj

N

M

M
µ

λ
σ
−Σ

=
+

. It is assumed that the 

constants j
nα  and j

nδ  satisfy 

( ) ( )2* * *
, 1 1, , 1 ,| , , , , , ,j j j j j

i n j n j n j n j n j nE s p p p p v v pα δ+ = − +  . 

( ) , 1
j j j j

in j n in i ns v p x s += − + , 

( )
( ) ( )

( ) ( )

* *
, 1, -1, 1 1

2* * *
, 1, -1, 1 -1

2* *
1, 1,

* *
1, -1, 1 -1

| , , , , , ,

max | , , , , , ,

max

| , , , , , ,

j

j

j j j
i n j n j n j

j j j j j j
j n n j n j n j n j n j

x

j j j j j j
j n j n n n j n j n n

x

j j j
n j n j n j

E s p p p p v

E x v p v p p p p p v

E x v p y v p x

p p p p v

α δ

λ α γ

δ

−

− −

 = − + − +  

= − − + − −

+ 

 

 

 

 

( )( ) (
( ) )

( )( )
( )( )

* *
1, 1,

2 * *
1, -1, 1 -1

*
1,

2*
1,

max 1

1 | , , , , , ,

max 1

1

j

j

j j j j j j
j n j n n in n j n j

x

j j j j j j j
n in in n j n j n j

j j j j j
j n j n n in

x

j j j j j j
n j n j n in in n

E x v p x M x v p

x M x p p p p v

x v p x M x

v p x M x

λ λ α

γ γ δ

λ λ

α γ γ δ

− −

−

−

= − − − − + −

− − − + 
= − − − −

+ − − − − + 

 
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The first derivative of the upper form is 

( )
( )( )

*
1,

*
1,

2 1

2 1 0

j j j j
j n j n in n in

j j j j j j
n n j n j n in in in

v p x M x

v p x M x

λ λ

α γ γ γ

−

−

− − − −

− − − − − =
, 

Let j j
in inx x= , The upper form can be changed into 

( )( ) ( ) ( )
2*

1,1 2 2 1 0j j j j j j
n n j n j n n n inv p M M xγ α α γ λ−

 − − + − + =  
. 

Because of ( )*
1,

j j j
in in j n j nx v p zβ −= − + , the upper form can be transformed into 

( ) ( ) ( ){ }( )

( ) ( )

2 *
1,

2

1 2 2 1

2 1 0

j j j j j j
n n n n n in j n j

j j j j
n n n n

M M v p

M M z

γ α α γ λ β

α γ λ

−
 − + − + −  

 + − + =  

. 

Because *
1,j n jv p −−  and j

nz  are independent of each other, so 

1 2 0j j
n nγ α− = , 

( ) ( )
2

2 1 0j j j
n n nM Mα γ λ− + = . 

It can be drawn from the above two formulas that 
( )2 1

j
n j

n

M
M

λ
α

=
+

. 

( )
( ){

( )( ) ( )( )
}

* *
, 1, 1, 1 1

* *
1, 1,

2* * *
1, 1, 1,

* *
1, -1, 1 -1

| , , , , , ,

| , , , , , ,

j j j
i n j n j n j

j j j j j j
j n j n in j n j n n n n

j j j j j j j
in j n j n n j n j n in j n j in n

j j j
n j n j n j

E s p p p p v

E v p M v p M z

v p z v p v p z

p p p p v

λ β λ λ µ

β α γ β γ

δ

− −

− −

− − −

 = − − − − − 

× − + + − − − −

+

 

 

 

( ) ( )
( ) ( ) ( )

( ) ( ) ( )

( )

* * * 2
1, 1, 1,

2 2 2* 2 2
1,

2 2*
1,

22 2 2

1

1 1

j
n

j
n

j j
n n

j j j j
j n j n in j n j in j n j n z

j j j j j j
n n in j n j n n nz

j j j j j j
n in in n n in j n j

j j j j
n n n nz z

v p M v p v p M

v p M

M v p

M M

λ β β λ σ

α γ β α γ σ δ

λ β β α γ β

λ σ α γ σ δ

− − −

−

−

 = − − − − − 

+ − − + +

 = − + − −  

− + +

 

Thus 

( ) ( )2

1 1 1j j j j j j j
n n in in n n inMα λ β β α γ β− = − + − ; 

( )

( )

22 2 2
1

2
2 2 2 2 21 1

2 1 2 1

j j
n n

j j j
n n n

j j j j j
n n n n nz z

j
j j j jn

n n n nz z z

M M

M MM M
M M

δ λ σ α γ σ δ

γ
γ σ σ δ γ σ δ

− = − + +

−
= − + = +

+ +

. 

By market availability, we can get the following formula. 

( )
( )
( )

( )( )

* * * *
1, 1, -1, 1 -1 1 1,

* * *
1, 1, 1, 1 1 1

*
1,

* *
1, 1,

| , , , , , , , ,

| , , , , , , , ,

|

|

j j j j j
n n j j j n j n n n j

j j j j
j n j j n j n n

j
j n j n

j j j
j n j in j n j n n

p p E v p p p p y y p

E v p p p p p y y

E v p y

E v p M v p Mzβ µ

− −

− − −

−

− −

− = −

= −

= −

= − − + +

  

  

. 
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According to the results of the second phase, we can get the values of j
nλ  and 

j
nγ  in multiperiod. 

( )
1

22 2 2 2
1 j j

n

j j
j in n

n
j j

in n z

M

M M
µ

β
λ

β σ σ
−

−

Σ
=

Σ + +
; 

( )
1

22 2 2
1 j

n

j j
j in n

n
j j

in n z

M

M M

β
γ

β σ
−

−

Σ
=

Σ +
. 

Combined with 
1

j
j n

n
M
M
γ

λ =
+

, the upper form can be transformed into 

( )22 2 2 2
1 j j

n

j j
in n z

M M M
µ

β σ σ−Σ + = . 

Thus  

( )
1
21 j

j j
j in n

n
M
M

µ

β
λ

σ
−Σ

=
+

, 

( ) 2

1

1 j
j

nj
in j

n

M

M
µ

σ λ
β

−

+
=

Σ
, 

( ) ( )
2 2 4

2 2

1

11 j

j j
n

j
n

jz
n

M

M M
µ

µ

λ σ
σ σ

−

 + = − Σ 
 

, 

( )
( )

( )( )

* *
1 1 -1 1, 1,

*
1,

* *
1, 1,

| , , , , , , , ,

|

|

j j j j j
n j n n j n j

j
j n j n

j j
j n j in j n j n

Var v x x p p p p

Var v p x

Var v p M v p Mzβ

−

−

− −

Σ =

= −

= − − +

  

. 

The relation between j
nΣ  and 1

j
n−Σ  can be obtained from the preceding 

lemma. 

( ) ( )
( )

( ) ( )( )
( ) ( )

2 22
1

1 22 2 2
1

2 22 2 2
1 1

2
2 2

1

1

j
n

j
n

j

j j
in nj j

n n
j j

in n z

j j j j
n n in n z

j j
n n

M

M M

M M

M
M µ

β

β σ

γ β σ

λ σ

−
−

−

− −

−

Σ
Σ = Σ −

Σ +

= Σ − Σ +

+
= Σ −

. 

Analysis 
From the results of the proposition, we can see that the transaction volume is 

proportional to the value of the asset, but inversely proportional to the price of 
the asset in the previous period; the price of the asset is proportional to the total 
transaction volume of the asset; and the depth of the market is inversely propor-
tional to the number of traders. 

4. Conclusion 

This paper mainly studies the trader’s trading strategy, market maker’s pricing 
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rules and equilibrium conditions when the trader is not required to announce 
the volume of transactions and the trader is required to announce the volume of 
transactions in two periods. Then, according to the trading situation of two pe-
riods, we deduce the trading strategy of traders and the pricing rules of market 
makers in multi-period trading. The noise trader is also considered in this paper. 
From the two propositions in the paper, we can see the relationship between the 
variables. 
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Notations 

M: The number of internal traders 
N: Total number of transactions 

1v : The liquidation value of the first risk asset 

lv : The liquidation value of the l-th risk asset 

1
jP : Market maker’s pricing of j-th asset in phase 1 
j

NP : Market maker’s pricing of j-th asset in phase N 

0
jΣ : The variance of liquidation value of the j-th asset 

1
jΣ : The conditional variance of liquidation value of the j-th asset 
j

inx : The volume of trading of the i-th insider with j-th asset in phase n 
j

ins : The profit of the i-th internal traders on j-th asset in phase n 

1
jµ : Noise traders’ transaction volume for the j-th asset in the first phase, 

( )2
1 ~ 0, j
j N

µ
µ σ  

2
jµ : Noise traders’ transaction volume for the j-th asset in the second phase, 

( )2
2 ~ 0, j
j N

µ
µ σ  

jµ
σ : Standard deviation of trading volume of noise traders about j-th asset 

j
inβ : The correlation coefficient between the trading volume of j-th asset and the 

value of j-th asset for the i-th internal trader in phase  
j

inλ : The correlation coefficient between price and total transaction volume 
j

inγ : The correlation coefficient between price and trading volume of internal 
traders 

ny : Total volume of transactions in phase n 
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