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ABSTRACT

In this paper, a new lifetime class with decreasing failure rate is introduced by compounding truncated binomial distri-
bution with any proper continuous lifetime distribution. The properties of the proposed class are discussed, including a
formal proof of its probability density function, distribution function and explicit algebraic formulae for its reliability
and failure rate functions. A simple EM-type algorithm for iteratively computing maximum likelihood estimates is pre-
sented. The Fisher information matrix is derived in order to obtain the asymptotic covariance matrix. This new class of

distributions generalizes several distributions which have been introduced and studied in the literature.
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1. Introduction

The study of life length of organisms, structures, materi-
als, etc., is very important in the biological and enginee-
ring sciences. A substantial part of such study is devoted
to modeling the lifetime data by a failure distribution.
The exponential, Rayleigh, and Weibull distributions are
the most commonly used distributions in reliability and
life testing. These distributions have several desirable pro-
perties and nice physical interpretations. Unfortunately,
however, the exponential and Rayleigh distributions have
constant and increasing failure rates, respectively. The
Weibull distribution generalizes both these distributions
which may have increasing, constant, or decreasing fail-
ure rates.

Multi-parameter distributions to model lifetime data
have been introduced by compounding a continuous life-
time and power series distributions. The exponential geo-
metric (EG), exponential Poisson (EP) and exponential
logarithmic distributions were introduced and studied by
(Adamidis and Loukas [1]), (Kus [2]) and (Tahmasbi and
Rezaei [3]), respectively. Recently, (Chahkandi and Gan-
jali [4]) introduced the exponential power series (EPS)
distributions, which contain these distributions.

Situations where the failure rate function decreases
with time have been reported by several authors. Indica-
tive examples are business mortality (Lomax [5]), failure
in the air-conditioning equipment of a fleet of Boeing
720 aircrafts or in semiconductors from various lots com-
bined (Proschan [6]) and the life of integrated circuit
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modules (Saunders and Myhre [7]). In general, a popula-
tion is expected to exhibit decreasing failure rate (DFR)
when its behavior over time is characterized by “work
hardening” (in engineering terms) or “immunity” (in bio-
logical terms); sometimes the broader term “infant mor-
tality” is used to denote the DFR phenomenon. The re-
sulting improvement of reliability with time might have
occurred by means of actual physical changes that caused
self-improvement or simply it might have been due to
population heterogeneity. Indeed, (Proschan [6]) provid-
ed that the DFR property is inherent to mixtures of dis-
tributions with constant failure rate (see also (McNolty et
al. [8]) for other properties of exponential mixtures and
(Gleser [9]) demonstrated the converse for any gamma
distribution with shape parameter less than one. In addi-
tion, (Gurland and Sethuramm [10]) give examples illus-
trating that such results may hold for mixtures of distri-
butions with rapidly increasing failure rate. A mixture of
truncated geometric distribution and exponential with
DFR was introduced by (Adamidis and Loukas [11]). The
exponential-Poisson (EP) distribution was proposed by
(Kus [2]), and generalized by (Hemmati et al. [12]) using
Wiebull distribution and the exponential-logarithmic dis-
tribution was discussed by (Tahmasbi and Rezaei [3]).
(Silvia et al. [13]) did a new distribution with decreasing,
increasing and upside down bathtub failure rate. A two-
parameter distribution family with decreasing failure rate
arising by mixing power-series distribution has been in-
troduced by (Chahkandi and Ganjali [4]). A Weibull po-
wer series class of distributions with Poisson was pre-
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sented by (Morais and Barreto-Souza [14]). (Morais [15])
in a master degree thesis presented a class of generalized
Beta distributions, Pareto power series and Weibull po-
wer series. Lately, (Alkarni and Oraby [16]) and (Alkarni
[17]) obtained a class of truncated Poisson and logarithmic
distributions with any continuous lifetime distribution.

A further exponentiated type distribution has been in-
troduced and studied in the literature. The exponential-
Weibull (EW) distribution was proposed by (Mudholkar
and Srivastava [18]) to extend the GE distribution. This
distribution was also studied by (Mudholkar et al. [19]),
(Mudholkar and Hutson [20]) and (Nassar and Eissa
[21]). (Nadarajah and Kotz [22]) introduced four more
exponentiated type distributions: the exponentiated gam-
ma, exponentiated Weibull, exponentiated Gumbel and ex-
ponentiated Fréchet distributions by generalizing the gam-
ma, Weibull, Gumbel and Fréchet distributions in the
same way that the GE distribution extends the exponen-
tial distribution. (Barreto-Souza and Cribari-Neto [23]) in-
troduced the generalized exponential-Poisson distribution
which extends the exponential-Poisson distribution in the
same way that the GE distribution extends the exponen-
tial distribution.

In this paper we generalize the work of (Bakouchetal.
[24]) to a class of several lifetime continuous distribu-
tions and hence any mixture of continuous lifetime with
truncated binomial distribution such as exponential, Wei-
bull, pareto becomes a special case of this class. This
paper is organized as follow. In Section 2, the new class
of binomial lifetime distributions with its probability and
distribution functions is introduced. In Section 3, the cor-
responding survival and hazard rate functions with some
of their properties are derived. In Section 4, maximum
likelihood estimate of the unknown parameters is obtain-
ed based on a random sample via EM algorithm. In Sec-
tion 5, the entropy for the binomial lifetime distributions
class is discussed.

2. The Class

Given N, let T,---,T, be independent and identically
distributed (iid) random variables with probability den-
sity function (pdf) given by

f. (x0)=f (x:0); 0=(8,.6,),
k>1, x,0eR".

Here, N is a zero truncated binomial random variable
with probability mass function given by

e L

where /_3:(n,p) with neN,0<p<l, N and T,
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i=1--N are independent. Let X =min(T,---,Ty),

then, the pdf of the random variable X is obtained as
npf; (X;Q)
)

And hence the cumulative distribution function (cdf)
of X is

fy (%:4.0) = (1-pF (x:0))" ()

e (o) o)

The proof of the results in (1) and (2) are presented in
the following theorem.
Theorem 2.1 Suppose T,,---,T, with

2

fTi (ng): fT (XaQ):Q:(el,“‘,Hk),
k>1, x,0eR".

and N is a zero truncated binomial random variable with
probability mass function

pu (ki) =ﬁ@ p*(1-p)""

and B=(n,p) with neN,0<p<l where N and

T,i=1---,N are independent. If X =min(T,---,Ty),
then the pdf and cdf of X are
npf; (x;6) n-1
fo (% 8,0)=———=(1- pF; (x;6
X( é—) 1—(1—p)n( T( —))
and
1-(1- pF; (x,6))"
Fo(%:8.0)= (L= pF n_))
1-(1-p)
respectively.
Proof: By definition, the pdf of X given N =k is
fyn (X,k;ﬁ,Q)
fon (X0)=—————=
X|N ( —) Dy (k)

=kt (x:0)[1-F ()]

and hence the joint pdf of X and N is obtained as
fn (5K £.0) = b (K) Ty (x:0)

1

Ti-(-p) (k] Al
(x0)[1-F (x0)]"

The marginal pdf and cdf of are given by
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1=(1-p)
_npfr (x:0) . x-
_1_(1_ )n (1 pF; ( ’9))
and
o (%:8,0)= [, (% p.8)dx
_ ¢ npf; (X;Q) B . n-1 y
_.([1_(1_ p)n (1 PR ( »Q)) d
-1 Y
:m[(l— pF: (%:0)) —1}
_1-(1-pR (x0))'
1-(1-p)’
respectively.

We denote a random variable X with pdf and cdf (1)
and (2) by X ~BL(,8). This new class of distribu-
tions generalizes several distributions which have been
introduced and studied in the literature. For instance us-
ing the probability density and its distribution function of
exponential distribution in (1), we obtain the binomial
exponential distribution (Bakouch et al. [24]) and using
Wiebull probability density and its distribution function
gives binomial Wiebull distribution (Morais and Barreto-
Souza ([14]). The model is obtained under the concept of
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population heterogeneity (through the process of com-
pounding). An interpretation of the proposed model is as
follows: a situation where failure (of a device for exam-
ple) occurs due to the presence of an unknown number,
N of initial defects of same kind (a number of semicon-
ductors from a defective lot, for example). The Ts repre-
sent their lifetimes and each defect can be detected only
after causing failure, in which case it is repaired perfectly
(Adamidis and Loukas [1]). Then, the distributional as-
sumptions given earlier lead to any of the BL distribu-
tions for modeling the time to the first failure X .

Table 1 shows the probability function and the distri-
bution function for some lifetime distributions.

Some lifetime distributions are excluded from this ta-
ble such as Gamma and lognormal distribution stable
since they do not have closed forms. They still can be
applied in this class numerically.

The qth quantile X, of the BL distribution, the in-
verse of the distribution function F, (Xq ) =(q is the same
as the inverse of the distribution function

1—(1—q+q(1— p)”)n
p

FT(xq)z

for any continuous lifetime with distribution function

F ().
3. Survival and Hazard Functions

Since the BL is not part of the exponential family, there
is no simple form for moments see for instant (Kus [2])
for the exponential case. Survival function (also known
reliability function) (sf) and hazard function (known as
failure rate function) (hf) for the BL class are given in the
following theorem.

Theorem 3.1 Suppose that T,,---,T, with

f. (x.0)=f (x.0), 0=(6,,-.6,), k=1, x,0eR"

Table 1. Probability and distribution functions.

f. (:4.0)
—fi-p(1-e*)]

npie

1-(1-p)

Exponential

at A" n-1
Weibull TPAZX)" ¢ [17 p(1-¢* )]
-(1=p)
. p Lo Loy
Rayleigh n )HHXeZ 1-pjl-e?
Pareto
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and N 1is a zero truncated binomial random variable
with probability mass function

1

g L

and f=(n,p) with neN,0<p<l where N and
T,i=1---,N are independent. If X =min(T1,-~-,TN),
then the sfand hf of X are

(1- pF; (x:0))" -(1-p)

pu (ki) =

SX X;ﬂsg = n > (3)
e22) 1=(1-p)
and
n (cp.0)= BB PRLSO
(1-pFr (x:0)) ~(1-p)
Respectively.

Proof: Using (1) and (2), survival function (also known
reliability function) and hazard function (known as fail-
ure rate function) for the BL class are given respectively

by
sy (%8.8)=1-F (x5.9)
(1= pF; (x:0))’

1-(1= p)’
) (1- pF (x:0))" = (1- p)’
1-(1-p)’
and
f(x:5,0
n <é>%
_ P (060) (1 e (xee))
_m(l pFT( ,Q))
+(1— pFT (X;Q))n _(1_ p)n

1-(1-p)’
-1
_ npf; (X;Q)(l_ pF; (X;Q))n
(1-pF, (x0)) ~(1-p)
Table 2 summarizes the survival functions and hazard
rate functions for some distributions of the class.
The hazard function for BL class is decreasing because

the DFR property follows from the result of (Barlow et al.
[25]) on mixtures.

4. Estimation

In what follows, we discuss the estimation of the BL class
parameters. Let, X,---, X, be a random sample with

observed values X, -+, X, from a BL distributions with
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parameters S and 6. Let ®:</7’,Q) be the parame-
ters vector. The log-likelihood function based on the ob-
served random sample size of m,y, =(X,+,%,) is
obtained by

f(ﬁ,é’; yobs) =mlogn+mlog p
—mlog[l—(l— p)n}-zm:log f (x:0)
i=1

m
+(n-1)>log(1- pF; (x;:0))
i=1
and the associated score function is given by

Um(@):[%ﬂﬂ,...ﬂj,
onop’ a6, o6,
where
O(f.0: Vo) _m  m(1=p) log(1-p)
on n 1_(1_p)" )

+i log(l - pF (Xi ,Q))

O0(P.0:Yys) _m_mn(1-p)"

ap p1-(1-p) ©
nR(x30)
(n_l)él_pFT(Xi;H)
and
8%(9;y0b5)_i 1 of (x:0)
o6, S f.(x:0) 06, ;
g o )
,Z_;l—pFT(x,,G) 06,
For i=1,---,k.

The maximum likelihood estimates(MLE) of ©®, say
© , is obtained by solving the nonlinear system
U, (©)=0. The solution of this nonlinear system of
equations has not a closed form, but can be found nu-
merically by using software such as MATHEMATICA,
MAPLE, Ox and R.

For interval estimation and hypothesis tests on the mo-
del parameters, we require the information matrix. The
(k+2)x(k+2) information matrix is I, (®) where
the elements of | (©) are the second partial deriva-
tives of (5), (6) and (7). Under the regular conditions
stated in (Cox and Hinkley [26]), that are fulfilled for our
model whenever the parameters are in the interior of the
parameter space, we have that the asymptotic distribu-

tion of \/H ((:) - ®) is multivariate normal
Ne.2 (0.k(©)"), where k(©)=limm™1,(©) is the
m—oo

unit information matrix.
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Table 2. Survival and hazard functions.

s, (x.0)

(1-p(1=e™)) =(1-p)'
1-(1-p)’

Exponential

(1-p(1-")] ~(1-py mpaa(axy e )
Weibull 0 e )\
1-(1-p) (lfp(lfe“’ )) ~(1-p)
ln[l—(l— p)e’%j ~(1=p)e*”
Rayleigh T [17(1 ple Fjln[l—(lf ple 7]
In(1-(1-p)(1+x)") Y
Pareto. ——— [(1+ x)-(1-p) ' (1+ x)’*‘]ln(l ~(1-p)(1+x)7)
EM Algorithm straight forward to verify that the E-step of an EM cycle

Based on the underline distribution, the maximum like-
lihood estimation of the parameters can be found analy-
tically using an EM algorithm. Newton-Raphson algori-
thm is one of the standard methods to determine the
MLEs of the parameters. To employ the algorithm, sec-
ond derivatives of the log-likelihood are required for all
iteration. EM algorithm is a very powerful tool in han-
dling the incomplete data problem (Dempster et al., [27];
McLachlan and Krishnan, [28]). It is an iterative method
by repeatedly replacing the missing data with estimated
values and updating the parameter estimates. It is espe-
cially useful if the complete data set is easy to analyze.
As pointed out by (Little and Rubin [29]), the EM algo-
rithm will converge reliably but rather slowly (as com-
pared to the Newton-Raphson method) when the amount
of information in the missing data is relatively large. Re-
cently, EM algorithm has been used by several authors
such as (Adamidis and Loukas [1]), (Adamidis [30]), (Ng
et al. [31]), (Karlis [32]) and (Adamidis et al. [11]).

To estimate ®, EM algorithm is a recurrent method
such that each step consists of an estimate of the expec-
ted value of a hypothetical random variable and later ma-
ximizes the log-likelihood of the complete data. Let the
complete data be X,---,X,, with observed values
X;,-+,X, and the hypothetical random variable
N,,---,N,, . The joint probability function is such that the
marginal density of X,,---,X, is the likelihood of in-
terest. Then, we define a h¥pothetical complete-data dis-
tribution for each (X;,N;) ,i=1---,m,

With a joint probability function in the form

fyn (X, k;®)

n e _
=;p)n(k]pk<1—p) U, (x0)1-F, (x2)]"

1-(1-

With x,0eR",0<p<1 and NeN. Thus, it is
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requires the computation of the conditional expectation
of (N| X;G)(r)), where @) = (ﬁ(r),Q(r)) is the current

estimate (in the rth iteration) of ®. The EM cycle is
completed with M-step, which is complete data maxi-
mum likelihood over (@), with the missing N’s replac-
ed by their conditional expectations E(N|X;®) (Ad-
amidis and Loukas [1]), where

P <"):(::D

'[p(l—FT(X;Q))“

(1_ p)n—k
(1-pF: (x0))"
and its expected value is

E(N| X): (n-1) p(l— Fr (X;Q)) '

(1- pFr (x:0))"

5. Entropy for the Class

If X is a random variable having an absolutely conti-
nuous cumulative distribution function F, (x) and pro-
bability distribution function f, (x), then the basic un-
certainty measure for distribution F (called the entropy
of F)is defined as

H(X)=-E(log f, (X))
~log(1-(1-p)") ~log(np) ~E(; (x:0)) (®)
—(n-1)Elog(1- pF; (x;0)).

Statistical entropy is a probabilistic measure of uncer-
tainty or ignorance about the outcome of a random expe-
riment, and is a measure of a reduction in that uncertainty.
Since Shannon’s [33] pioneering work on the mathema-
tical theory of communication, entropy (8) has been used
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as a major tool in information theory and in almost every
branch of science and engineering. Numerous entropy
and information indices, among which there is the Renyi
entropy, have been developed and used in various disci-
plines and contexts. Information theoretic principles and
methods have become integral parts of probability and
statistics and have been applied in various branches of
statistics and related fields.
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