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Abstract 
Measures of interindividual variation are rarely used or studied in descrip-
tive/inference statistics, despite constituting a third approach to describing 
data variability, alternative to ranges (the difference between two extreme 
measures of position) and to the mean or median of the distances of the data 
from a measure of central tendency. The aim of this article is to present point 
and interval estimation (asymptotic and bootstrap) for four absolute measures 
of variation based on interindividual differences and one relative measure, to 
develop an R script for their computation, and to demonstrate the perfor-
mance of the script using two examples. One example is based on a large sam-
ple (n = 1000) drawn from a bounded continuous distribution with negative 
skewness (PERT (0, 8, 10)), which may simulate data from a knowledge–abil-
ity test; the other is based on a medium-sized sample (n = 100) drawn from a 
bounded discrete distribution with positive skewness (BN (n = 10, p = 0.25)), 
which may simulate the recording (present/absent) of a behavior in independ-
ent observations. Both distributions are slightly platykurtic and non-normal. 
With the measure based on the median of interindividual differences, difficul-
ties arise when generating its sampling distribution for discrete data, but not 
for continuous data. The absolute measures converge to a normal distribution, 
whereas the relative measure does not. It is concluded that the script enables 
the appropriate computation of interindividual variation statistics. Its use is 
recommended, and further investigation of these measures through simula-
tion studies is encouraged. 
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1. Introduction 

The absolute measures of variation describe the dispersion of data and are ex-
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pressed in the units of the variable. They can be grouped into three types. The first 
set is based on the distance between two extreme points, defined by order statis-
tics: minimum (min), maximum (max), and percentiles (P10, P25, P75, and P90) 
[1]. These are known as ranges (R), which include the total range (R = max − 
min), the percentile range (PR = P90 − P10), the interquartile range (IQR = P75 
− P25), and the semi-interquartile range (SIQR = (P75 − P25)/2). 

A second set is based on the mean or median of the absolute or squared dis-
tances of the scores from a measure of central tendency such as the mean, median, 
or mode [2]. This group includes the variance (S2), the standard deviation (S), the 
mean absolute deviation about the mean (MAD), the median absolute deviation 
(MEAD), and the standard deviation from the mode (SDM). The latter was pro-
posed by Kvalseth [3]. 

A third set of absolute variation measures is based on the mean or median of 
the differences between each sample data point and all other data points in the 
sample, also known as interindividual differences [4]. Given a sample of n data 
points, the n × (n − 1)/2 positive pairwise differences are computed. If their mean 
is calculated, the resulting statistic is the Mean Interindividual Difference (MID). 
If the median is computed, the result is the Median Interindividual Difference 
(MEID). If the differences are squared and their mean is taken, the resulting meas-
ure is the Interindividual Variance (IVAR). Taking the square root of the interin-
dividual variance yields the Interindividual Standard Deviation (ISD). These 
measures typically produce values that are greater than or equal to those obtained 
from variation measures based on the distances from a central tendency statistic. 
A correspondence can also be established between the two groups: MID and 
MAD, MEID and MEAD, IVAR and S2, as well as ISD and S. 

Regarding notation, these measures are written in uppercase when used in de-
scriptive statistics or when referring to the population parameter or value, and in 
lowercase or uppercase with a circumflex accent when used in inferential statistics 
to denote the point estimate obtained from a sample of size n [5]. 

2. Theoretical Foundations 
2.1. Definition of the Measures of Interindividual Variation 

The procedure to calculate the variation measures based on interindividual differ-
ences begins by computing these differences. To do this, the data are first sorted 
in ascending order, and the absolute difference between each value and all subse-
quent values in the sequence yields the n × (n − 1)/2 interindividual differences 
(Equation (1)). The cardinality, or number of elements, in this set corresponds to 
the number of combinations without repetition of the n sample values taken two 
at a time. 
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Second, the arithmetic mean of the interindividual differences is calculated to 
obtain the Mean Interindividual Difference (MID). See Equation (2). 
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Third, the median of the interindividual differences is computed to obtain the 
Median Interindividual Difference (MEID). See Equation (3). 
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Fourth, the arithmetic mean of the squared interindividual differences is calcu-
lated to obtain the Interindividual Variance (IVAR). See Equation (4). 
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It can be shown algebraically that IVAR is equivalent to twice the sample vari-
ance of the n scores (Equation (5)). 
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Fifth, the square root of IVAR is taken to obtain the Interindividual Standard 
Deviation (ISD), and it can be shown algebraically that ISD is equivalent to sample 
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standard deviation (of the n scores) multiplied by squared root of two (Equation (6)). 
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The absolute variation measures based on interindividual differences share sev-
eral properties: they are expressed in the unit of the variable, they are always pos-
itive, and larger values indicate greater variability. A value of 0 corresponds to a 
constant random variable (i.e., a sample in which the same value was obtained in 
all n observations of variable X). Like other absolute measures of variation, they 
are invariant to changes in origin but are affected by changes in scale in the values 
of X. Under a linear transformation, interindividual variation (IVAR) is multi-
plied by the square of the scale (slope) constant, whereas the other three statistics 
(MID, MEID, and ISD) are multiplied by the absolute value of that constant. 

A measure of interindividual relative variation can be defined by adapting the 
modification that Merce [6] proposed for the Pearson coefficient of variation [7]. 
The ratio of the interindividual standard deviation to the total range, multiplied 
by 100, yields the Interindividual Coefficient of Variation (ICV). Precisely, it cor-
responds to the Merce coefficient of variation multiplied by the square root of two 
(Equation (7)). 
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For a constant variable, the ICV is indeterminate because the sample range, 
which appears in the denominator, equals zero. The infimum of ICV is 0, which 
are approaching degenerate variables. As an illustration, a sample consisting of 
4999 identical values and a single different observation yields an ICV close to 2, 
reflecting very low relative interindividual variability. At the sample level, ICV 
values depend on both the distributional form and sampling variability. For in-
stance, a sample of 5000 observations drawn from a standard Cauchy distribution 
(seed = 123) yields an ICV of 2.09. This value does not characterize the underlying 
distribution because it lacks fine moments; however, it illustrates a very low value. 
Higher ICV values are typically observed in samples where the data points cluster 
near the boundaries of the support, particularly in highly bimodal or discrete dis-
tributions with many repeated values. For bounded variables, the ratio of the 
standard deviation to the range is bounded and has a possible maximum. Ex-
tremely bimodal discrete distributions with all probability mass concentrated at 
the boundaries, such as a symmetric Bernoulli distribution, provide an extreme 
benchmark for which the ICV reaches 100 2 , or approximately 70.7. 

Among continuous distributions supported on a finite interval, the maximum 
value is 50, reached by the arcsine distribution, which corresponds to the Beta 
(1/2, 1/2) distribution. For unbounded distributions, no finite upper bound exists 
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for the ICV at the sample level, as the sample range may become arbitrarily small 
while the sample standard deviation remains positive.  

For samples drawn from a standard normal distribution, the ICV is usually less 
than one-third and converges toward approximately 23 for large sample sizes. 
These reference values, together with the theoretical benchmarks described above 
for bounded distributions, provide a practical basis for interpreting the magnitude 
of the ICV. Accordingly, the following heuristic interpretation bands are pro-
posed: very low variability for ICV values in the interval (0, 10), low for values in 
[10, 20), medium for values in [20, 40), high for values in [40, 50), and very high 
for values equal to or greater than 50. These categories should be regarded as de-
scriptive guidelines rather than strict statistical thresholds, as is common in the 
interpretation of coefficients of variation and other relative dispersion measures 
in applied statistical practice [8]. 

2.2. Asymptotic Standard Error and Wald-Type Confidence 
Intervals 

2.2.1. Mean Interindividual Difference (MID) 
The distribution of the interindividual differences is non-negative and typically 
right-skewed, with support determined by the range of the original variable. If the 
underlying variable has finite moments, the absolute differences also have finite 
moments. Although the distribution of a single absolute difference does not con-
verge to normality, statistics based on averages of such differences—such as the 
MID, a second-order non-degenerate U-statistic—are asymptotically normal un-
der very general conditions, holding for a wide class of underlying distributions, 
e.g., logistic, gamma, beta, Laplace, and binomial [9]. 

As noted in the previous paragraph, MID is a symmetric, second-order U-sta-
tistic and is non-degenerate; that is, it is an unbiased estimator of the functional 
parameter θ = E [h (X1, X2)], defined from a symmetric second-order kernel (h 
(xi, xj) = |xi – xj|), whose first-order projection has non-zero variance [10]. Conse-
quently, it satisfies Hoeffding’s Central Limit Theorem [9] [11], which allows for 
the definition of an asymptotic standard error (Equation (8)), from which a 
Wald-type confidence interval can be obtained to estimate MID (Equation (9)). 
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2.2.2. Median Interindividual Difference (MEID) 
The MEID is a symmetric second-order U-quantile, defined as the sample quan-
tile of the kernel ( ),i i i ih x x x x′ ′= −  computed over all unordered pairs of obser-
vations [11]. Whereas U-statistics provide unbiased estimators of population pa-
rameters by averaging a kernel function across all possible subsets of the sample, 
U-quantiles extend this framework to robust estimation by replacing the average 
with a sample quantile of the kernel distribution, thereby reducing sensitivity to 
extreme values. U-quantiles are particularly suitable for data exhibiting weak 
forms of dependence, under which their asymptotic properties remain valid 
[12]. 

Once the estimator class to which the MEID belongs has been established, its 
asymptotic standard error can be derived under standard regularity conditions. 
First, the density at the MEID is estimated by kernel density estimation,  
( )ĥf MEID , using a Gaussian kernel (Equation (10)). The bandwidth h is selected 

according to Silverman’s rule of thumb (implemented as bw = “nrd0” in R, the 
default option) [13]. Specifically, the bandwidth equals 0.9 times the minimum of 
the sample standard deviation and the ratio—provided it is strictly positive—of 
the sample interquartile range to the interquartile range of the standard normal 
distribution (1.349), multiplied by 1 5n− , as shown in Equation (10). 

Second, the influence function of the MEID is specified [14], as presented in 
Equation (11), and its variance is computed. This allows application of the stand-
ard asymptotic variance formula for quantile estimators [15], yielding the expres-
sion given in Equation (12). The resulting asymptotic standard error can then be 
used to construct a Wald-type confidence interval, as illustrated in Equation (9). 

The influence function of a quantile is proportional to the difference between 
the quantile level and the indicator function of the observation being less than or 
equal to the quantile, scaled by the reciprocal of the density evaluated at the quan-
tile. It quantifies the effect of an infinitesimal contamination at a given point on 
the estimator and corresponds to the first-order directional derivative of the asso-
ciated statistical functional [14]. 
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It should be noted, however, that the validity of this asymptotic approximation 
relies on regularity conditions, including the existence of a positive and continu-
ous density at the target quantile. For discrete distributions, or in situations with 
substantial mass points, these conditions may not hold. In such cases, the density 
at the quantile may be ill-defined or unstable, potentially leading to inflated or 
undefined asymptotic standard errors and poor coverage of Wald-type confidence 
intervals [16]. Therefore, caution is warranted when applying this approach to 
discrete or highly discretized data, and resampling-based alternatives may provide 
more reliable inference in those settings [17]. 

2.2.3. Interindividual Variance (IVAR) 
Because IVAR corresponds to twice the sample variance, its asymptotic standard 
error is equal to twice the asymptotic standard error of the sample variance, as 
shown in Equation (13), where n denotes the sample size, m4 the fourth central 
moment, and s2 the sample variance. This error term can then be used to construct 
a Wald-type confidence interval, as presented in Equation (9). 
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2.2.4. Interindividual Standard Deviation (ISD) 
Similarly, because ISD corresponds to the sample standard deviation multiplied 
by the square root of two, its asymptotic standard error is equal to the asymptotic 
standard error of the sample standard deviation multiplied by the square root of 
two, as shown in Equation (14), where n denotes the sample size, s2 the sample 
variance and m₄ the fourth central moment. This error term can then be used to 
construct a Wald-type confidence interval, as illustrated in Equation (9). 
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2.2.5. Interindividual Coefficient of Variation (ICV) 
The dependence of the ICV on the sample range—an extreme-value functional 
and therefore a non-regular quantity—precludes the derivation of a closed-form 
asymptotic standard error via the delta method [18]. Although the ICV is a 
smooth function of the sample variance and can be expressed as a normalized 
scale statistic obtained by dividing the interindividual standard deviation by the 
sample range. A simplification may be possible when the sample is drawn from a 
bounded distribution with known support [a, b]. Examples of such distributions 
include the beta, Program Evaluation and Review Technique (PERT), uniform, 
triangular, Bernoulli, and binomial distributions in this case, the population range 
(b − a) can be treated as constant. 

Under this assumption, a formal delta-method expression can be derived by 
scaling the asymptotic standard error of the ISD by 1/(b − a) [18] [19]. For distri-
butions with unit support, such as the standard uniform U [0, 1], beta or Bernoulli, 
this scaling leaves the asymptotic standard error of the ISD unchanged. However, 
this approximation is unreliable in practice and yields confidence intervals with 
very poor coverage when the population range is large. 

This issue is illustrated by a simple example. When 100 data points are sampled 
from a PERT (0, 8, 10) distribution using a fixed seed (123), the asymptotic stand-
ard error of the ICV is 0.0147 (ICV = 31.8197; 95% Wald-type Confidence Interval 
(CI): 31.7909, 31.8485; width (w) = 0.0576), whereas the bootstrap standard error 
is 2.1651 (95% Bias-Corrected and accelerated (BCa) CI: 27.0781, 35.2336; w = 
8.1555). 

This limitation is intrinsic to the definition of the ICV: dividing by a fixed con-
stant does not stabilize the sampling variability of the statistic, even when the 
range is known. In particular, the resulting standard error depends on the absolute 
magnitude of the population range rather than on the relative scale of the variable. 
Therefore, inference for the ICV should rely on resampling procedures, such as 
the bootstrap, regardless of whether the population support is known [20]. 

3. Objectives 

It is worth noting that variation statistics based on interindividual differences are 
seldom used as descriptive measures of variability [4]. Their limited use is mainly 
due to the fact that they are not widely known, are not included in standard sta-
tistical software, and are labor-intensive to compute. Nonetheless, these statistics 
can be calculated using Excel [21] or programmed in the R language [22]. As in-
dicators of intraindividual variability [23], they have been applied in fields such 
as personality research [24] and population genetics [25]. 

The present methodological study does not conceptualize these statistics as 
field-specific indicators tied to particular areas of applied research. Rather, it con-
siders them as general descriptive statistical measures applicable to any quantita-
tive variable, whether continuous (e.g., reaction time, age, height, weight) or dis-
crete (e.g., frequency of a behavior, number of correct answers). This perspective 
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underscores the importance of having practical tools for their computation and a 
more detailed understanding of their statistical properties. Moreover, MEID and 
ICV are proposed as two new statistics of this type. 

Addressing this gap in descriptive and inferential statistics, the objective of this 
study is to develop an R script that computes point and interval estimates for five 
measures of interindividual variation: MID, MEID, IVAR, ISD, and ICV. For in-
terval estimation, both asymptotic and bootstrap approaches are implemented. 
For MEID, the jackknife method is included to estimate bias, standard error, and 
confidence intervals. Because MEID is based on the median of interindividual dif-
ferences, the generation of bootstrap distributions can be problematic when ap-
plied to data drawn from a discrete distribution, such as the binomial distribution. 
Consequently, an alternative to the bootstrap method is considered. In addition, 
the bootstrap-based sampling distributions are examined in terms of asymmetry, 
mesokurtosis, and normality. 

The R script is illustrated using two random samples. One sample consists of 
1000 observations drawn from a left-skewed PERT distribution, which may sim-
ulate scores on a knowledge-ability test. The other sample consists of 100 obser-
vations drawn from a right-skewed binomial distribution, which may simulate the 
recording of a behavior. The R environment was selected because it is a compre-
hensive statistical platform widely endorsed by the statistical and mathematical 
communities and is freely available [26]. 

To provide greater assurance in the interpretation of the presented examples, 
two well-known distributions with finite moments that are widely used in simu-
lation studies were selected [27]. One distribution is continuous and based on a 
large sample size, allowing the examination of convergence between asymptotic 
and bootstrap standard errors and confidence intervals. The other distribution is 
discrete and based on a medium-sized sample, serving to demonstrate the diffi-
culty of generating the sampling distribution for the MEID [28] [29] and to ob-
serve how the distributional behavior of other statistics manifests, with particular 
attention to the relative measure. Both distributions were non-normal. 

A simulation study, presented in a second article, evaluates whether the boot-
strap and asymptotic approaches exhibit equivalent performance by comparing 
their standard errors and confidence interval widths and by testing whether the 
sampling distributions of interindividual variation statistics converge to normal-
ity. 

4. Method 

Confidence intervals for five variation statistics based on interindividual compar-
isons (MID, MEID, IVAR, ISD, and ICV) were computed using a bootstrap ap-
proach, specifically the bias-corrected and accelerated (BCa) percentile method. 
This method draws 2000 bootstrap samples of n data points with replacement 
from the original random sample of size n [30]. In addition, the asymptotic ap-
proach is included for the first four statistics because it is applicable, which is not 
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the case for ICV. 
The bootstrap approach was selected because it does not rely on parametric as-

sumptions about the population distribution and, under regularity conditions, 
provides consistent estimates of standard errors and confidence intervals by ap-
proximating the sampling distribution of the statistic through resampling from 
the empirical distribution [31]. In addition, as sample size increases, the bootstrap 
distribution converges to the true sampling distribution for a broad class of 
smooth statistics. The BCa method was employed because it adjusts for both me-
dian bias and skewness in the sampling distribution via the bias-correction and 
acceleration parameters, thereby improving interval accuracy under asymmetric 
conditions [32]. The use of 2000 bootstrap resamples follows the recommenda-
tions of Efron and Narasimhan [33] and represents a practical compromise be-
tween computational cost and the stability of confidence interval estimation. 

For the MEID statistic, bootstrap percentile (perc) method was included, 
which computes confidence interval more easily than BCa method. The jack-
knife method was also incorporated to estimate bias, standard error, and Type-T 
confidence intervals as an alternative approach in cases where bootstrap esti-
mates are difficult to obtain. This issue may arise with large samples drawn from 
discrete distributions (e.g., binomial, hypergeometric, or Poisson), because 
MEID is based on the median of interindividual differences. As a result, the var-
iability of the estimates can be greatly reduced, in some cases even yielding a 
constant value (degenerated distribution). The jackknife is a more stable and 
straightforward resampling method; however, it does not guarantee greater var-
iability in median-based estimates [34]. 

The operation of the R script was illustrated using two random samples, which 
were displayed graphically by means of box plots. One sample consisted of 100 
observations drawn from a binomial distribution (n = 10, p = 0.25), which could 
represent 10 independent records of bullying behavior (present or absent) among 
adolescents in compulsory secondary education. The second sample consisted of 
1000 observations drawn from a PERT (0, 8, 10) distribution, which could repre-
sent scores on a knowledge-ability test ranging from 0 to 10 collected from uni-
versity students. A single seed (123) was set to generate the random sample and 
ensure reproducibility. 

For the five variation measures based on interindividual differences, point and 
bootstrap estimates, bootstrap bias, bootstrap standard errors, and the lower lim-
its, upper limits, and widths of the 95% bootstrap confidence intervals were cal-
culated. The symmetry of the corresponding bootstrap distribution was examined 
using the D’Agostino test [35]; mesokurtosis was evaluated using the Anscombe-
Glynn test [36]; and goodness-of-fit to the normal distribution was assessed with 
the Shapiro-Francia W test [37] [38], the K2 test [39], and a normal Q-Q plot. The 
bootstrap distribution was graphically represented using a histogram. The asymp-
totic standard error and the 95% Wald-type confidence interval were provided for 
the MID, MEID, IVAR, and ISD statistics. 
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5. Results 

The R script is provided in the Appendix and is also available as a Word file in the 
following GitHub repository:  
https://github.com/josemoraldelarubia579/R_script_for_IV_Measures.git. 

By default, the script renders the graphics in the console. To save the graphics 
as JPEG files, the hash symbols (#) must be removed from the commands: #jpeg 
(…), #par (…), and #dev.off (). The script can be executed online (with graphics 
displayed in the console) at https://rdrr.io/snippets/. When run with a sample of 
1000 observations drawn from a PERT distribution (Example 1), the user execu-
tion time is 55.130 s, the system time is 0.340 s, and the elapsed time is 55.789 s. 
When the same script and sample are executed on a desktop computer (with 
graphics saved as JPEG files) equipped with an Intel® Celeron® J4025 CPU @ 2.00 
GHz, 12.0 GB of RAM (11.8 GB usable), and a 64-bit operating system (x64-based 
processor), the user execution time is 65.92 s, the system time is 5.91 s, and the 
elapsed time is 91.91 s, based on a single execution. 

The script can be run directly in R (version 3.0 or later; preferably the most 
recent version, 4.5.3) or using the RStudio environment (R version 3.6 or later). 
Three packages are required: boot [40], moments [41], and nortest [42]. R can be 
downloaded from https://cran.r-project.org/bin/windows/base/, and RStudio 
from https://posit.co/download/rstudio-server/. The mc2d package [43] was used 
to generate the sample drawn from the PERT distribution. 

To measure the execution time of the script applied to a sample of 100 obser-
vations drawn from a binomial distribution (Example 2), the BCa confidence in-
terval codes for MEID were disabled:  
#boot_ci_MEID_bca < -…, #boot_width_MEID_bca < -..., and #cat ("95% BCa 
confidence interval…). Otherwise, an error message was generated because the 
BCa method could not be applied due to a degenerate bootstrap distribution. Un-
der these conditions, online execution yields a user time of 1.960 s, a system time 
of 0.140 s, and an elapsed time of 2.173 s. When executed locally on the desktop 
computer, the user execution time is 1.22 s, the system time is 0.58 s, and the 
elapsed time is 1.84 s, based on a single execution. 

5.1. Applying the Script to a Random Sample Drawn from a 
Continuous Distribution 

A sample is composed of 1000 observations and was generated from a PERT dis-
tribution with minimum 0, mode 8, and maximum 10. The corresponding thresh-
old parameters are 0 and 10, and the shape parameters are α = 4.2 and β = 1.8, as 
shown in Equation (15). This bounded, non-normal distribution is defined on the 
interval [0, 10] and exhibits negative or left-tailed skewness (β1 = −0.5774 < 0) and 
slight platykurtosis (β2 = 2.778 < 3). Its mathematical expectation is 7, median is 
7.25, mode is 8, and its standard deviation is 3 1.732= , which is approximately 
one-sixth of the range: 10/6 = 1.667 [44]. 
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( )~ 0, 8, 10
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= = =

− −
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− −
− −

= + = + =
− −

X PERT a b c
b aα
c a
c bβ
c a

                (15) 

For illustrative purposes, the values of this first sample may plausibly represent the 
grades of psychology students in a statistics course. The sample distribution is repre-
sented using a box plot, as shown in Figure 1, which is generated by the R script. 

Sample size: n = 1000. 
Sample minimum: min = 1.4106. 
Sample maximum: max = 9.9199. 
 

 
Figure 1. Box plot for sample distribution. 

 
After executing the R script, the following results are obtained. The asymptotic 

and bootstrap approaches for estimating the standard errors of MID, MEID, 
IVAR, and ISD yield remarkably similar results, indicating that asymptotic ap-
proximations perform well even though the underlying population distribution is 
bounded and skewed. Likewise, the widths of the Wald-type and BCa confidence 
intervals are very similar. This suggests that sampling variability is captured com-
parably by both methods and that corrections (of bias and skewness) incorporated 
in the BCa procedure do not meaningfully inflate uncertainty for these statistics. 
Asymptotic standard errors were only marginally wider than bootstrap standard 
errors in most cases, as well as the width of confidence intervals, except to MEID. 

Even the jackknife standard error of MEID, which is added in the R script to be 
computed when the bootstrap procedure is unable to generate the 1000 resamples 
for a discrete distribution, is very similar to the asymptotic and bootstrap standard 
errors, being slightly smaller than both (jackknife SE = 0.0342 < asymptotic SE = 
0.0373 < bootstrap SE = 0.0384). Consequently, the jackknife confidence interval 
for MEID is slightly narrower (w = 0.134) than the asymptotic and bootstrap con-
fidence intervals (w = 0.1462 and w = 0.1460, respectively). 

The value of ICV was 28.8329, for which only bootstrap estimation was availa-
ble (95% BCa confidence interval: 27.2483 - 30.0138), yielded within the interval 
[20, 40), showing a medium variability for this dataset. The standard error associ-
ated with ICV and width of BCa confidence interval were comparatively larger 
than that of the absolute measures due to the leptokurtosis of its distribution.  
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The histograms show good agreement with the overlaid normal density, and 
the Normal Q-Q plots display points closely aligned with the reference line 
(Figures 2-11). Specifically, the histograms are presented in the even-numbered 
figures (2, 4, 6, 8, and 10), whereas the corresponding Q-Q plots appear in the 
odd-numbered figures (3, 5, 7, 9, and 11). The results of normality K2 and W’ tests, 
consistently fail to reject the null hypothesis of normality for MID, MEID, IVAR, 
and ISD. This indicates that their empirical bootstrap distributions are approxi-
mately Gaussian despite the non-normality of the original data, supporting the 
adequacy of Wald-type confidence intervals in these cases. In contrast, ICV de-
parts from normality: its bootstrap distribution exhibits significant positive skew-
ness and slight leptokurtosis. This right-skewed asymmetry accounts for the larger 
bootstrap bias and the wider BCa interval observed for ICV, confirming that boot-
strap-based inference is essential for this measure given its non-linear dependence 
on the sample range. The Q-Q plot reveals this departure from normality through 
a convex curvature at the upper tail, whereas the histogram with superimposed 
density curves does not, indicating that the deviation from normality is present 
but not particularly pronounced. 

Mean Interindividual Difference: MID = mean (|xi − xj|): 
MID = 1.9587. 
Asymptotic standard error: 0.0418. 
95% Wald-type confidence interval: (1.8768, 2.0407); width = 0.1639. 
Bootstrap standard error: 0.0432. 
Bootstrap bias: −0.0042. 
95% BCa confidence interval (1.878, 2.0434); width = 0.1655. 
D’Agostino skewness test for the bootstrap distribution of MID: 

1 0.0379, 0.4922,  p-value 0.6226.b z= − = − =  

Anscombe-Glynn kurtosis test for the bootstrap distribution of MID: 

b2 = 2.7786, z = −1.5084, p-value = 0.1315. 

Shapiro-Francia normality test for the bootstrap distribution of MID: 

W’ = 0.9989, z = −0.7169, p-value = 0.7633. 

D’Agostino-Belanger-D’Agostino normality test for the bootstrap distribution 
of MID: K2 = 2.5175, p-value = 0.2840. 

 

 
Figure 2. Histogram of the bootstrap distribution for MID. 
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Figure 3. Normal Q-Q plot of the bootstrap distribution for MID. 

 
Median Interindividual Difference: MEID = median (|xi − xj|): 
MEID = 1.6528. 
Asymptotic standard error: 0.0373. 
95% Wald-type confidence interval: (1.5797, 1.7259); width = 0.1462. 
Bootstrap standard error: 0.0384. 
Bootstrap bias: −0.003. 
95% BCa confidence interval (1.5855, 1.7315); width = 0.1460. 
Jackknife standard error: 0.0342. 
Jackknife bias: 0.0323. 
95% jackknife T-type confidence interval: (1.5535, 1.6875); width = 0.1340. 

 

 
Figure 4. Histogram of the bootstrap distribution for MEID. 

 

 
Figure 5. Normal Q-Q plot of the bootstrap distribution for MEID. 

 
D’Agostino skewness test for the bootstrap distribution of MEID: 

1 0.0053, 0.0696,  p-value 0.9445.b z= = =  

Anscombe-Glynn kurtosis test for the bootstrap distribution of MEID: 

b2 = 2.8078, z = −1.2711, p-value = 0.2037. 
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Shapiro-Francia normality test for the bootstrap distribution of MEID: 

W’ = 0.9986, z = −0.121, p-value = 0.5482. 

D’Agostino-Belanger-D’Agostino normality test for the bootstrap distribution 
of MEID: 

K2 = 1.6205, p-value = 0.4448. 

Interindividual Variance: IVAR = mean ((xi − xj)2) = 2 × var (x): 
IVAR = 6.0196. 
Asymptotic standard error: 0.2559. 
95% Wald-type confidence interval: (5.5181, 6.5211); width = 1.003. 
Bootstrap standard error: 0.2633. 
Bootstrap bias: −0.0197. 
95% BCa confidence interval (5.5425, 6.5708); width = 1.0283. 
D’Agostino skewness test for the bootstrap distribution of IVAR: 

1 0.002, 0.0254,  p-value 0.9797.b z= − = − =  

Anscombe-Glynn kurtosis test for the bootstrap distribution of IVAR: 

b2 = 2.7174, z = −2.0323, p-value = 0.0421. 

Shapiro-Francia normality test for the bootstrap distribution of IVAR: 

W’ = 0.9983, z = 0.2838, p-value = 0.3883. 

D’Agostino-Belanger-D’Agostino normality test for the bootstrap distribution 
of IVAR: 

K2 = 4.131, p-value = 0.1268. 

 

 
Figure 6. Histogram of the bootstrap distribution for IVAR. 

 

 
Figure 7. Normal Q-Q plot of the bootstrap distribution for IVAR. 

 
Interindividual Standard Deviation:  
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( )( ) ( )2
mean 2 i jISD IVAR x x sd x 
  

= = − = ×   : 

ISD = 2.4535. 
Asymptotic standard error: 0.0521. 
95% Wald-type confidence interval: (2.3513, 2.5557); width = 0.2044. 
Bootstrap standard error: 0.0538. 
Boot strap bias: −0.0046. 
95% BCa confidence interval (2.3542, 2.5628); width = 0.2086. 
D’Agostino skewness test for the bootstrap distribution of ISD: 

1 0.0587, 0.7632,  p-value 0.4453.b z= − = − =  

Anscombe-Glynn kurtosis test for the Bootstrap distribution of ISD: 

b2 = 2.7297, z = −1.9242, p-value = 0.0543. 

Shapiro-Francia normality test for the Bootstrap distribution of ISD: 

W’ = 0.9981, z = 0.5151, p-value = 0.3032. 

D’Agostino-Belanger-D’Agostino normality test for the Bootstrap distribution 
of ISD:  

K2 = 4.2848, p-value = 0.1174. 

 

 
Figure 8. Histogram of the bootstrap distribution for ISD. 

 

 
Figure 9. Normal Q-Q plot of the bootstrap distribution for ISD. 

 
Interindividual Coefficient of Variation: ICV = 100 × ISD/(max (x) – min (x)). 
ICV = 28.8329. 
Bootstrap standard error: 0.7582. 
Bootstrap bias: 0.2898. 
95% BCa confidence interval (27.2483, 30.0138); width = 2.7655. 
D’Agostino skewness test for the Bootstrap distribution of ICV: 
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1 0.3625, 4.5744,  p-value 0.b z= = =  

Anscombe-Glynn kurtosis test for the Bootstrap distribution of ICV: 

b2 = 3.5441, z = 2.9395, p-value = 0.0033. 

Shapiro-Francia normality test for the Bootstrap distribution of ICV: 

W’ = 0.9916, z = 3.9734, p-value = 0. 

D’Agostino-Belanger-D’Agostino normality test for the Bootstrap distribution 
of ICV:  

K2 = 29.5655, p-value = 0. 

 

 
Figure 10. Histogram of the bootstrap distribution for ISD. 

 
Figure 11. Normal Q-Q plot of the bootstrap distribution for ISD. 

5.2. Applying the Script to a Random Sample Drawn from a 
Discrete Distribution 

The second random sample is composed of 100 data points and was drawn from 
a binomial distribution with parameters n (number of independent trials) equal 
to 10 and p (probability of success) equal to one quarter. This bounded discrete 
distribution is positively skewed  
( ( ) ( ) ( ) ( ) ( )1 0.75 0.25 10 0.25 0.75 0.3651 0X q p n p qβ = − × × − × × = >= , 

where q = 1 − p), and is practically mesokurtic (β2 (X) = 3 + (1 − (6 × p × q))/(n × 
p × q) = 3 + (1 − (6 × 0.25 × 0.75))/(10 × 0.25 × 0.75) = 2.9333 ≈ 3). Its standard 

deviation ( ) ( ) ( )( )  10 0.25 0.75 1.3693X n p qσ = × × = × × =  represents ap-

proximately one seventh of its range (R (X)/7 = (10 − 0)/7 = 1.4286). 
The binomial distribution (n = 10, p = 0.25) exhibits lower skewness than the 

PERT (0, 8, 10) distribution. Skewness is positive, or toward the right tail, rather 
than negative, or toward the left tail (β1 (X) = 0.3651 versus β1 (X) = −0.5774). The 
binomial distribution also exhibits lower platykurtosis (β2 (X) = 2.9333 versus β2 
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(X) = 2.7778) and lower variability (σ (X) = 1.3693 versus 3 1.7321= ), even 
though both distributions share the same bounded range (from 0 to 10) and the 
PERT distribution has lighter tails. 

For illustrative purposes, the values of this second sample could plausibly repre-
sent records from ten randomly selected days of bullying behaviors during recess 
among one hundred male adolescents aged 12 to 16 years who are enrolled in com-
pulsory secondary education, have been diagnosed with Conduct Disorder [45], and 
are receiving cognitive behavioral therapy [46] from school psychologists. The ado-
lescents and their parents provided informed consent for video recording for re-
search purposes, and the data were anonymized to ensure confidentiality. 

In Figure 12, an outlier can be observed in the right tail according to Tukey’s 
criterion [47]—values lying one and a half times the interquartile range above the 
third quartile—and it can also be seen that the right box and whisker are longer 
than the left box and whisker, revealing the positive skewness, or right tail, exhib-
ited by the binomial (n = 10, p = 0.25) distribution. 
 

 
Figure 12. Box plot of a random sample of 100 data points drawn from a binomial (n = 10, 
p = 0.25) distribution. 

 
In the random sample of 100 observations, the asymptotic and bootstrap stand-

ard errors and interval widths for MID, IVAR, and ISD were similar, with the 
bootstrap values being slightly larger than the asymptotic ones, whereas for the 
PERT (0, 8, 10) distribution the bootstrap estimates were slightly larger. 

For MEID, the bootstrap confidence interval could not be computed using the 
BCa method, whereas it could be computed for the PERT distribution. This limi-
tation arose because the sampling distribution of MEID was dichotomous, nearly 
degenerate at a constant, with most values equal to 1 and a few zeros, which re-
sulted in an infinite upper limit. The jackknife standard error and the width of its 
confidence interval were zero. The bootstrap percentile method also yielded both 
lower and upper bounds equal to 1, producing a confidence interval of zero width. 
The bootstrap bias was small (0.011); however, the bootstrap standard error 
(0.1044) was approximately ten times larger than the asymptotic one (0.0282), 
rendering it unreliable. Consequently, the software does not compute the Gauss-
ian confidence interval when requested. As a result, the point estimate of MEID is 
equal to 1 with no associated error, and no confidence interval is required. Indeed, 
the asymptotic standard error was very small (0.0282). 
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The relative measure indicated medium variability, slightly greater than that of 
PERT (0, 8, 10), with a difference of 2.86. This finding is consistent with the fact 
that the distribution generating the sample is less platykurtic (β2 (X) =2.9333 for 
X~BN (n = 10, p = 0.25) versus 2.7778 for X~PERT (0, 9, 10)) and with the pres-
ence of an outlier in the sample. The ICV value was 31.6901 (95% BCa confidence 
interval: 27.4722, 36.0655), with a bootstrap bias of 0.855 and a bootstrap standard 
error of 2.3437. The error associated with ICV was comparatively larger than that 
of the absolute measures due to the leptokurtosis of its distribution. It was also 
larger than that observed for the PERT distribution because of the discrete nature 
of the binomial distribution. 

The sampling distributions of MID exhibited symmetry according to D’Ago-
stino’s test and mesokurtosis according to the Anscombe-Glynn test, conforming 
to normality under both the Shapiro-Francia W’ test (1972) and D’Agostino et 
al.’s K2 test, as also illustrated in Figures 13-14. 
 

 
Figure 13. Histogram of the bootstrap distribution for MID. 

 

 
Figure 14. Normal Q-Q plot of the bootstrap distribution for MID. 

 
The distribution of MEID was dichotomous, strongly positively skewed, and 

leptokurtic, as most values were equal to 1 and a few equal to 2; consequently, it 
departed completely from the normal distribution (Figures 15-16). 

 

 
Figure 15. Histogram of the bootstrap distribution for MEID. 
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Figure 16. Normal Q-Q plot of the bootstrap distribution for MEID. 

 
The IVAR distribution showed mesokurtosis but slight positive skewness; the 

null hypothesis of normality was retained under the K2 test, though not under the 
W’ test. The plots (Figures 17-18) reveal a slight departure from normality due to 
a modest elongation of the right tail. 

 

 
Figure 17. Histogram of the bootstrap distribution for IVAR. 

 

 
Figure 18. Normal Q-Q plot of the bootstrap distribution for IVAR. 

 
The sampling distribution of ISD was very similar to that of MID and showed 

a close fit to a normal distribution (Figures 19-20). 
 

 
Figure 19. Histogram of the bootstrap distribution for ISD. 

https://doi.org/10.4236/ojs.2026.162004


J. Moral de la Rubia 
 

 

DOI: 10.4236/ojs.2026.162004 67 Open Journal of Statistics 
 

 
Figure 20. Normal Q-Q plot of the bootstrap distribution for ISD. 

 
The ICV distribution also failed to meet normality assumptions due to positive 

skewness and leptokurtosis; however, being continuous and unimodal, it was not, 
as shown in Figures 21-22, as far from normality as the MEID distribution 
(Figures 15-16). 
 

 
Figure 21. Histogram of the bootstrap distribution for ICV. 

 

 
Figure 22. Normal Q-Q plot of the bootstrap distribution for ICV. 

 
Mean Interindividual Difference: MID = mean (|xi − xj|): 
MID = 1.4986. 
Asymptotic standard error: 0.1031. 
95% Wald-type confidence interval: (1.2965, 1.7007); width = 0.4043. 
Bootstrap standard error: 0.1. 
Bootstrap bias: −0.002. 
95% BCa confidence interval (1.3224, 1.7104); width = 0.3880. 
D’Agostino skewness test for the bootstrap distribution of MID: 

1 0.0273, 0.355,  p-value 0.7226.b z= − = − =  

Anscombe-Glynn kurtosis test for the bootstrap distribution of MID: 

b2 = 3.0965, z = 0.7151, p-value = 0.4745. 
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Shapiro-Francia normality test for the bootstrap distribution of MID: 

W’ = 0.9985, z = 0.0163, p-value = 0.4935. 

D’Agostino-Belanger-D’Agostino normality test for the bootstrap distribution 
of MID:  

K2 = 0.6374, p-value = 0.7271. 

Median Interindividual Difference: MEID = median (|xi − xj|): 
MEID = 1. 
Asymptotic standard error: 0.0282. 
95% Wald-type confidence interval: (0.9447, 1.0553); width = 0.1106. 
Bootstrap standard error: 0.1044. 
Bootstrap bias: 0.011. 
95% BCa confidence interval: boot_ci_MEID < - boot.ci (bd, type = “bca”, index 

= 2). Error in bca.ci (boot.out, conf, index [1L], L = L, t = t.o, t0 = t0.o: estimated 
adjustment “w” is infinite. Error: object “boot_ci_MEID” did not find 
95% bootstrap percentile confidence interval (1, 1); width = 0. 

Jackknife standard error: 0. 
Jackknife bias: 0. 
95% jackknife T-type confidence interval: (1, 1); width = 0. 
D’Agostino skewness test for the bootstrap distribution of MEID: 

1 9.3766, 33.5541,  p-value 0.b z= = =  

Anscombe-Glynn kurtosis test for the bootstrap distribution of MEID: 

b2 = 88.9202, z = 20.151, p-value = 0. 

Shapiro-Francia normality test for the bootstrap distribution of MEID: 

W’ = 0.0761, z = 14.7359, p-value = 0. 

D’Agostino-Belanger-D’Agostino normality test for the bootstrap distribution 
of MEID:  

K2 = 1531.94, p-value = 0. 

Interindividual Variance: IVAR = mean ((xi − xj)2) = 2 * var (x): 
IVAR = 3.6154. 
Asymptotic standard error: 0.4615. 
95% Wald-type confidence interval: (2.7108, 4.5199); width = 1.8091. 
Bootstrap standard error: 0.4591. 
Bootstrap bias: 0.0201. 
95% BCa confidence interval (2.8369, 4.619); width = 1.7821. 
D’Agostino skewness test for the bootstrap distribution of IVAR: 

1 0.179, 2.3103,  p-value 0.0209.b z= = =  

Anscombe-Glynn kurtosis test for the bootstrap distribution of IVAR: 

b2 = 3.1034, z = 0.7563, p-value = 0.4495. 

Shapiro-Francia normality test for the bootstrap distribution of IVAR: 
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W’ = 0.9967, z = 1.8186, p-value = 0.0345. 

D’Agostino-Belanger-D’Agostino normality test for the bootstrap distribution 
of IVAR:  

K2 = 5.9095, p-value = 0.0521. 

Interindividual Standard Deviation:  

( )( ) ( )2
mean 2 i jISD IVAR x x sd x 
  

= = − = ×   : 

ISD = 1.9014. 
Asymptotic standard error: 0.1214. 
95% Wald-type confidence interval: (1.6635, 2.1393); width = 0.4757. 
Bootstrap standard error: 0.1206. 
Boot strap bias: 0.0015. 
95% BCa confidence interval (1.6841, 2.1492); width = 0.4651. 
D’Agostino skewness test for the bootstrap distribution of ISD: 

1 0.0171,  0.2219,  p-value 0.8244.b z= − = − =  

Anscombe-Glynn kurtosis test for the Bootstrap distribution of ISD: 

b2 = 3.0707, z = 0.56, p-value = 0.5755. 

Shapiro-Francia normality test for the Bootstrap distribution of ISD: 

W’ = 0.9985, z = 0.0744, p-value = 0.4704. 

D’Agostino-Belanger-D’Agostino normality test for the Bootstrap distribution 
of ISD:  

K2 = 0.3628, p-value = 0.8341. 

Interindividual Coefficient of Variation: ICV = 100 × ISD/(max (x) − min (x)): 
ICV = 31.6901. 
Bootstrap standard error: 2.3437. 
Bootstrap bias: 0.855. 
95% BCa confidence interval (27.4722, 36.0655); width = 8.5934. 
D’Agostino skewness test for the Bootstrap distribution of ICV: 

1  0.5258, 6.4444,  p-value 0.b z= = =  

Anscombe-Glynn kurtosis test for the Bootstrap distribution of ICV: 

b2 = 3.5675, z = 3.0362, p-value = 0.0024. 

Shapiro-Francia normality test for the Bootstrap distribution of ICV: 

W’ = 0.9838, z = 5.4658, p-value = 0. 

D’Agostino-Belanger-D’Agostino normality test for the Bootstrap distribution 
of ICV:  

K2 = 50.7486, p-value = 0. 

6. Discussion 

The four absolute statistics based on interindividual differences are primarily in-
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tended for quantitative variables and are most naturally interpreted when the un-
derlying measurement scale is continuous. When the variables are ordinal, partic-
ularly with a limited number of ordered categories—such as Likert-type items 
with five to seven response options—the median interindividual difference can be 
computed without strong metric assumptions, and the mean interindividual dif-
ference is often used as an approximation under an assumed interval structure. In 
contrast, the interindividual variance and the interindividual standard deviation, 
which rely on squared differences and thus on stronger assumptions about equal 
intervals and metric properties, are less straightforward to interpret for such or-
dinal variables and should therefore be used with caution [48] [49]. 

The most novel measure proposed is the interindividual coefficient of variation 
(ICV), defined as the ratio of the interindividual standard deviation to the sample 
range. As with other coefficients of variation, it is multiplied by 100. This coeffi-
cient belongs to the class of measures proposed by Merce [6], with which a direct 
correspondence can be established. Like other coefficients of variation, its mean-
ingful application presupposes quantitative variables with a well-defined metric 
structure. Consequently, it is not appropriate for ordinal variables, particularly 
those with a very limited number of categories—such as Likert-type items—where 
both the standard deviation and the range are strongly constrained by the re-
sponse scale. 

Unlike classical coefficients of variation, the ICV does not, under general con-
ditions, attain a theoretical upper bound of 100. For bounded variables, the ratio 
between the standard deviation and the sample range is itself bounded. Ex-
tremely bimodal discrete distributions, with all probability mass concentrated 
at the boundaries—such as a symmetric Bernoulli distribution (p = 0.5)—reach 
this bound and therefore provide a natural extreme benchmark for the interindi-
vidual coefficient of variation:  

1100 100 2 100 2nICV ISD Range s Range−= × = × × = . For bounded distri-
butions, the statistic could be adjusted by multiplying it by 2  so that its poten-
tial range extends from 0 to 100. This rescaling  

( )12 100 100 2 nICVr ISD Range s Range−= √ × × = × ×  does not alter the relative 
ordering of variability across samples but facilitates interpretability and compara-
bility with other normalized dispersion indices, such as the quartile coefficient of 
variation. 

In contrast, for unbounded distributions no such bound exists at the sample 
level. In finite samples drawn from distributions with unbounded support, the 
sample range may become arbitrarily small due to sampling variability, while the 
sample standard deviation remains positive, allowing the ratio sn − 1/Range to ex-
ceed the Bernoulli benchmark. Consequently, it is not possible to define an abso-
lute upper limit, and the rescaling obtained by multiplying by 2  lacks universal 
validity, particularly in samples from unknow distributions. 

With large samples drawn from continuous distributions with finite moments, 
at least up to the fourth order, asymptotic and bootstrap-based approaches for the 
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four absolute measures of interindividual variation are expected to yield similar 
results, as illustrated by the first example with 1000 observations, where the con-
ditions for asymptotic approximations are well satisfied [50]. For relatively small 
random samples (approximately 30 ≤ n ≤ 50), bootstrap methods may offer a use-
ful alternative for estimating standard errors and confidence intervals, although 
their performance depends on the smoothness of the statistic and the underlying 
distribution. When sample sizes fall below this range, bootstrap estimates may 
become unstable and their inferential accuracy may deteriorate [51]. Similar con-
siderations apply to samples of any size drawn from distributions lacking finite 
fourth-order or higher moments, such as Student’s t distributions with fewer than 
four degrees of freedom, for which both asymptotic and bootstrap-based inference 
should be interpreted with caution. 

With medium and large samples drawn from discrete distributions, the com-
putation of the standard error and confidence interval of the MEID using resampling 
methods is problematic or impossible [11] [28]. The resulting sampling distribu-
tion is degenerate because it converges to a constant with a null standard error 
[29]. This suggests that the central limit theorem does not apply, as demonstrated 
by the sample of 100 observations in the second example, and it is therefore pref-
erable to report only the point estimate. 

In the discrete-data MEID case, it should be clarified that the nearly degenerate 
bootstrap distribution results from the limited set of possible pairwise differences 
and the resampling process. With discrete data containing few distinct values, in-
terindividual differences cluster around a small number of outcomes, restricting 
the population median to a narrow range. Bootstrap resamples repeatedly repro-
duce these same configurations, yielding identical or nearly identical MEID esti-
mates and thus a nearly degenerate distribution. 

Practically, this means the bootstrap offers too little variability for meaningful 
interval estimation. A useful diagnostic is the proportion of unique MEID boot-
strap values: if only a very small fraction (e.g., < 1 - 5%) of resamples produce 
distinct estimates, the distribution can be considered degenerate. In such cases, 
interval estimates should be suppressed or reported as undefined because the 
bootstrap cannot approximate the statistic’s sampling variability. 

The sampling distribution of the relative measure, for which the delta method 
cannot define the asymptotic standard error [52], can be accessed via the boot-
strap procedure [20]. This procedure is valid for estimating both the standard er-
ror and the bias, as well as for computing confidence intervals using either the 
BCa or percentile method [33]. These intervals can be computed for both contin-
uous and discrete distributions, as demonstrated by the two examples presented. 

The present article is limited to introducing an R script for the complete com-
putation of interindividual variation measures and illustrating its performance 
with two samples: a large sample drawn from a continuous distribution and a me-
dium-sized sample drawn from a discrete distribution. A more comprehensive 
evaluation of these measures requires dedicated simulation studies, such as those 
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reported in three complementary articles accompanying the present proposal. 
The derivation of the asymptotic standard errors was based on general statisti-

cal principles. However, further methodological work grounded in formal statis-
tical theory would facilitate more rigorous derivations under restrictive assump-
tions, particularly for the MEID and, more specifically, for the Merce-type relative 
measure (ICV). 

7. Conclusions 

It is concluded that the R script is appropriate for its intended purposes and func-
tions correctly with samples drawn from both continuous and discrete distribu-
tions. The large sample drawn from a non-normal continuous distribution with 
finite moments allows verification of the convergence of asymptotic and bootstrap 
standard errors and confidence intervals. The medium-sized sample drawn from 
a discrete distribution illustrates the difficulty of generating the sampling distri-
bution for the MEID, which in this case becomes nearly degenerate (i.e., almost 
constant), a problem that did not arise with the continuous data sample. This dis-
crete-data example also shows approximate convergence to normality for several 
absolute measures of interindividual variation. 

In the two empirical illustrations presented here, the relative measure based on 
the range (ICV) does not exhibit convergence to normality. This behavior is con-
sistent with the fact that the statistic depends on the sample range, whose sampling 
distribution is governed by extreme-order statistics and may remain highly 
skewed, especially in moderate samples or in the presence of discrete data. Never-
theless, approximate normality may be plausible under more regular conditions, 
such as large samples drawn from smooth continuous distributions with stable 
extremes. Therefore, the present observation should be interpreted as illustrative 
of the examples analyzed rather than as a general property of the ICV. 

8. Suggestions 

It is recommended to apply these measures of variation in the descriptive analysis 
of quantitative variables using the R script developed for this purpose and to ex-
plore their extension to ordinal variables. Likewise, it is advisable to deepen their 
study by employing simulated samples drawn from known continuous and dis-
crete probability distributions, as well as empirical samples derived from hypoth-
esized or unknown distributions. The type of distribution, the type of bounds 
(bounded, semi-bounded, and unbounded), the nature of the data (continuous 
quantitative, discrete quantitative, or ordinal), the degree of skewness, and the 
level of kurtosis may be considered design factors for examining the convergence 
between the asymptotic and bootstrap approaches in estimating the standard er-
ror and constructing the confidence interval, as well as for assessing the approxi-
mation to normality of the sampling distribution of the statistics. Moreover, this 
type of study would allow for the establishment of more precise interpretive in-
tervals for the relative measure (ICV). 
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Appendix: Script to Compute Interindividual Variation 
Statistics 

# This R script is also available in the following GitHub repository:  
https://github.com/josemoraldelarubia579/R_script_for_IV_Measures.git 

# Generate the random sample of the first example presented in the article. 
library(mc2d) # Required package to generate a sample from the PERT distri-

bution. 
set.seed(123) # A fixed seed is used to ensure reproducibility of the random 

sample. 
x <- rpert(n = 1000, min = 0, mode = 8, max = 10) # PERT (0, 8, 10) distribution. 
# Generate the random sample of the second example presented in the article. 
# set.seed(123) # A fixed seed is used to ensure reproducibility of the random 

sample. 
# x <- rbinom(n = 100, size = 10, prob = 0.25) # Binomial (10, 0.25) distribution. 
# Replacing the example data with your own sample 
# Option 1: Define your sample manually. For example: x = {8.097046, 

7.485967, ..., 6.630036} ⊂ X = "Test scores". 
# x <- c(8.097046, 7.485967, ..., 6.630036) 
# Option 2: Load a plain text file (e.g., college_data.csv). 
# data <- read.csv("C:/Users/YourName/Documents/college_data.csv") 
# x <- data$test_score # Extract the random variable test_score and rename it x. 
# Option 3: Load an Excel file (e.g., mydata.xlsx) using the ‘readxl’ library. 
# library(readxl) 
# data <- read_excel("C:/Users/YourName/Documents/college_data.xlsx") 
# x <- data$test_score # Extract the random variable test_score and rename it x. 
# Option 4: Load an SPSS file (e.g., college_data) using the ‘haven’ library. 
# library(haven) 
# data <- read_sav("C:/Users/YourName/Documents/college_data.sav") 
# x <- data$test_score # Extract the random variable test_score and rename it x. 
# Load the required R packages. 
# If you don’t have one, install it from a nearby Comprehensive R Archive Net-

work (CRAN) mirror. Select a mirror from the R toolbar (e.g. Mexico (Mexico 
City)). 

# Remove the hash symbol (#) to this line to enable the code. 
library(boot) 
# install.packages("boot") 
# install.packages("moments") 
library(moments) 
# install.packages("nortest") 
library(nortest) 
# Round results to 4 decimal places. 
# Change 4 to the desired decimals, such as 2, 3, or 6. 
rnd <- function(z, k = 4) round(z, k) 
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# Represent sample distribution using a box plot 
# The graph is displayed in the console by default. 
# Remove the next three hash symbols to save it as a JPG file. 
# jpeg("Boxplot_sample_distribution.jpg", width = 3, height = 2, units = "in", 

res = 300) 
# par(mar = c(4, 1, 1, 1)) 
boxplot(x, horizontal = TRUE, notch = FALSE, col = "darkolivegreen2", xlab = 

"X values", cex.axis = 0.7, cex.lab = 0.7) 
# dev.off() 
# --------------------------------------------------------------------------------------

---------------------- 
# Point estimates of the variation statistics based on interindividual differences 
# --------------------------------------------------------------------------------------

---------------------- 
# Compute the interindividual differences 
diffs <- as.vector(dist(x)) 
# Compute the variation statistics based on interindividual differences 
# Mean Interindividual Difference (MID) 
MID <- mean(diffs) 
# Median Interindividual Difference (MEID) 
MEID <- median(diffs) 
# Interindividual Variance (IVAR) 
IVAR <- mean(diffs^2) 
# Interindividual Standard Deviation (ISD) 
ISD <- sqrt(IVAR) 
# Interindividual Coefficient of Variation (ICV) 
ICV = 100 * ISD /(max(x) - min(x))  
# --------------------------------------------------------------------------------------

---------------------- 
# Asymptotic Standard Errors and Wald-type 95% confidence intervals 
# --------------------------------------------------------------------------------------

---------------------- 
alpha <- 0.05 # Significance level. This value can be changed to 0.1 for small 

samples. 
z <- qnorm(1 - alpha/2) # Critical value 
n <- length(x) # Sample size 
## MID = mean(diffs) 
# Kernel h(x_i, x_j) = |x_i - x_j|, a symmetric second-order U-statistic 
# Estimation of the influence function: 
# phi_i = E[h(X_i, X_j) | X_i = x_i] - theta ≈ (1 / (n - 1)) * sum_{j != i} |x_i - 

x_j| - MID 
abs_row_means <- vapply(seq_len(n), function(i) { 
mean(abs(x[i] - x[-i])) 
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}, numeric(1)) 
phi <- abs_row_means - MID 
# Asymptotic variance: Var(MID) ≈ 4 * Var(phi) / n 
asympt_se_MID <- sqrt(4 * var(phi) / n) 
asympt_ci_MID <- c(MID - z * asympt_se_MID, MID + z * asympt_se_MID) 
asympt_width_MID = asympt_ci_MID[2] - asympt_ci_MID[1] 
 
## MEID = median(diffs) 
den <- density(diffs, bw = "nrd0", kernel = "gaussian") 
fhat_MEID <- approx(den$x, den$y, xout = MEID, rule = 2)$y 
# Symmetric second-order U-quantile. 
# Influence function estimator: psi_i = P(|x_i - X’| <= MEID | X_i = x_i) - 1/2 
psi <- vapply(seq_len(n), function(i) { 
mean(abs(x[i] - x[-i]) <= MEID) - 0.5 
}, numeric(1)) 
asympt_se_MEID <- sqrt(4 * var(psi) / (n * fhat_MEID^2)) 
asympt_ci_MEID <- c(MEID - z * asympt_se_MEID, MEID + z * 

asympt_se_MEID) 
asympt_width_MEID = asympt_ci_MEID[2] - asympt_ci_MEID[1] 
 
## IVAR = mean(diffs^2) = 2 * var(x) 
# SE(var) ≈ sqrt((m4 - (n - 3)/(n - 1) * s^4) / n) 
m4 <- mean((x - mean(x))^4) 
se_var <- sqrt(max(m4 - (n - 3)/(n - 1) * var(x)^2, 0) / n) 
asympt_se_IVAR <- 2 * se_var 
asympt_ci_IVAR <- c(IVAR - z * asympt_se_IVAR, IVAR + z * 

asympt_se_IVAR) 
asympt_width_IVAR = asympt_ci_IVAR[2] - asympt_ci_IVAR[1] 
## ISD = √IVAR = √[mean(diffs^2)] = sqrt[2*sd(x)] 
asympt_se_ISD <- asympt_se_IVAR / (2 * ISD) 
asympt_ci_ISD <- c(ISD - z * asympt_se_ISD, ISD + z * asympt_se_ISD) 
asympt_width_ISD = asympt_ci_ISD[2] - asympt_ci_ISD[1] 
# --------------------------------------------------------------------------------------

---------------------- 
# Bootstrap standard error and 95% BCa confidence intervals 
# --------------------------------------------------------------------------------------

---------------------- 
# Compute all pairwise absolute differences 
boot_stats <- function(data, index) { 
xb <- data[index] 
d <- as.vector(dist(xb)) 
c( 
MID = mean(d), 
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MEID = median(d), 
IVAR = 2 * var(xb), 
ISD = sqrt(2) * sd(xb), 
ICV = 100 * (sqrt(2) * sd(xb)) / (max(xb) - min(xb)) 
)} 
# Generate the bootstrap distribution of each statistic 
set.seed(123) # # A fixed seed is used to ensure reproducibility of the results. 
bd <- boot(data = x, statistic = boot_stats, R = 1000) 
## -------------------------------------------------------------------------------------

--------------------- 
# Jackknife standard error and jackknife confidence interval (for discrete dis-

tributions) 
## -------------------------------------------------------------------------------------

--------------------- 
# Leave-one-out MEID 
T_loo <- numeric(n) 
for (i in seq_len(n)) { 
xi <- x[-i] 
T_loo[i] <- median(as.vector(dist(xi))) 
} 
# Pseudovalues and t-type CI 
pseudo <- n * MEID - (n - 1) * T_loo 
jack_MEID <- mean(pseudo) 
jack_se_MEID <- sd(pseudo) / sqrt(n) 
t_crit <- qt(1 - alpha/2, df = n - 1) # Hendi (2017) 
jack_bias_MEID <- (n-1) * (mean(T_loo) - MEID) 
jack_ci_MEID <- c(jack_MEID - t_crit * jack_se_MEID, 
jack_MEID + t_crit * jack_se_MEID) 
jack_width_MEID <- diff(jack_ci_MEID) 
# --------------------------------------------------------------------------------------

----------------- 
# Mean Interindividual Difference (MID) 
# --------------------------------------------------------------------------------------

----------------- 
# Tests for symmetry, kurtosis, and normality for the bootstrap distribution of 

MID 
# D’Agostino skewness test 
sq_b1_MID <- agostino.test(bd$t[,1]) 
# Anscombe–Gynn kurtosis test 
b2_MID <- anscombe.test(bd$t[,1]) 
# Shapiro–Francia normality test 
w_MID <- sf.test(bd$t[,1]) 
# D’Agostino–Belanger–D’Agostino normality test 
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k2_MID <- sq_b1_MID$statistic[2]^2 + b2_MID$statistic[2]^2 
p_value_MID <- pchisq(k2_MID, df = 2, lower.tail = FALSE) 
# Display or save the normal QQ plot to evaluate normality graphically 
# QQ-plot normal. The graph is displayed in the console by default. 
# Remove the next three hash symbols to save it as a JPG file. 
# jpeg("QQ_plot_MID.jpg", width = 3, height = 2, units = "in", res = 300) 
# par(mar = c(4, 4, 1, 1), cex.main = 0.8, cex.axis = 0.75, cex.lab = 0.7) 
qqnorm(bd$t[,1], main = "Normal QQ plot for MID", xlab = "Theoretical 

quantiles: normal", ylab = "Sample quantiles: boot", cex.main = 0.8, cex.axis = 0.7, 
cex.lab = 0.7) 

qqline(bd$t[,1], col = "darkblue") 
# dev.off() 
# Display or save density histogram with overlaid density curve. 
# Remove the next three hash symbols to save the graph as a JPG file. 
# jpeg("Histogram_MID.jpg", width = 3, height = 2, units = "in", res = 300) 
# par(mar = c(4, 4, 1, 1)) 
hist(bd$t[,1], breaks = 50, probability = TRUE, col = "lightyellow", main = "", 

xlab = "MID", cex.axis = 0.8, cex.lab = 0.7) 
lines(density(bd$t[,1]), col = "orange", lwd = 2) 
x_values <- seq(mean(bd$t[,1]) - 4 * sd(bd$t[,1]), mean(bd$t[,1]) + 4 * 

sd(bd$t[,1]), length = 1000) 
y_values <- dnorm(x_values, mean = mean(bd$t[,1]), sd = sd(bd$t[,1])) 
lines(x_values, y_values, col = "darkred", lwd = 2) 
legend("topright", title = "Density curves", legend = c("Empiric", "Normal"), fill 

= c("orange", "darkred"), cex = 0.6, bty = "n") 
# dev.off() 
# 95% BCa confidence interval for MID 
boot_ci_MID <- boot.ci(bd, type = "bca", index = 1) 
boot_width_MID <- boot_ci_MID$bca[5] - boot_ci_MID$bca[4] 
# Print the results 
cat("\nSample size: n =", n, ".\n") 
cat("Sample minimum: min =", rnd(min(x)), ".\n") 
cat("Sample maximum: max =", rnd(max(x)), ".\n") 
# Print the results about the MID on the console. 
cat("\nMean Interindividual Difference: MID = mean(|xi - xj|):\n") 
cat(" MID =", rnd(MID), ".\n") 
cat(" Asymptotic standard error:", rnd(asympt_se_MID), ".\n") 
cat(" 95% Wald-type confidence interval: (", rnd(asympt_ci_MID[1]), "," , 

rnd(asympt_ci_MID[2]), "); width =", rnd(asympt_width_MID), ".\n") 
cat(" Bootstrap standard error:", rnd(sd(bd$t[,1])), ".\n") 
cat(" Bootstrap bias:", rnd(mean(bd$t[,1]) - MID), ".\n") 
cat(" 95% BCa confidence interval (", rnd(boot_ci_MID$bca[4]), ",", 

rnd(boot_ci_MID$bca[5]), "); width =", rnd(boot_width_MID), ".\n") 
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cat(" D’Agostino skewness test for the bootstrap distribution of MID:\n") 
cat(" √b1 =", rnd(sq_b1_MID$statistic[1]), ", z =", rnd(sq_b1_MID$statistic[2]), 

", p-value =", rnd(sq_b1_MID$p.value), ".\n") 
cat(" Anscombe-Glynn kurtosis test for the bootstrap distribution of MID:\n") 
cat(" b2 =", rnd(b2_MID$statistic[1]), ", z =", rnd(b2_MID$statistic[2]), ", p-

value =", rnd(b2_MID$p.value), ".\n") 
cat(" Shapiro-Francia normality test for the bootstrap distribution of MID:\n") 
cat(" W’ =", rnd(w_MID$statistic[1]), ", z =", rnd(qnorm(w_MID$p.value, 

mean = 0, sd = 1, lower.tail = FALSE)), ", p-value =", rnd(w_MID$p.value), ".\n") 
cat(" D’Agostino-Belanger-D’Agostino (DBD) normality test for the bootstrap 

distribution of MID:\n") 
cat(" K^2 =", rnd(k2_MID), ", p-value =", rnd(p_value_MID), ".\n") 
# --------------------------------------------------------------------------------------

---------------------- 
# Median Interindividual Difference (MEID) 
# --------------------------------------------------------------------------------------

---------------------- 
# Tests for symmetry, kurtosis, and normality for the bootstrap distribution of 

MEID 
# D’Agostino skewness test 
sq_b1_MEID <- agostino.test(bd$t[,2]) 
# Anscombe–Gynn kurtosis test 
b2_MEID <- anscombe.test(bd$t[,2]) 
# Shapiro–Francia normality test 
w_MEID <- sf.test(bd$t[,2]) 
# D’Agostino–Belanger–D’Agostino normality test 
k2_MEID <- sq_b1_MEID$statistic[2]^2 + b2_MEID$statistic[2]^2 
p_value_MEID <- pchisq(k2_MEID, df = 2, lower.tail = FALSE) 
# Display or save the normal QQ plot to evaluate normality graphically 
# Remove the next three hash symbols to save the graph as a JPG file. 
# jpeg("QQ_plot_MEID.jpg", width = 3, height = 2, units = "in", res = 300) 
# par(mar = c(4, 4, 1, 1)) 
qqnorm(bd$t[,2], main = "Normal QQ plot for MEID", xlab = "Theoretical 

quantiles: normal", ylab = "Sample quantiles: boot", cex.main = 0.8, cex.axis = 0.7, 
cex.lab = 0.7) 

qqline(bd$t[,2], col = "darkblue") 
# dev.off() 
# Display or save density histogram with overlaid density curve. 
# Remove the next three hash symbols to save the graph as a JPG file. 
# jpeg("Histogram_MEID.jpg", width = 3, height = 2, units = "in", res = 300) 
# par(mar = c(4, 4, 1, 1)) 
hist(bd$t[,2], breaks = 50, probability = TRUE, col = "lightyellow", main = "", 

xlab = "MEID", cex.axis = 0.8, cex.lab = 0.7) 

https://doi.org/10.4236/ojs.2026.162004


J. Moral de la Rubia 
 

 

DOI: 10.4236/ojs.2026.162004 83 Open Journal of Statistics 
 

lines(density(bd$t[,2]), col = "orange", lwd = 2) 
x_values <- seq(mean(bd$t[,2]) - 4 * sd(bd$t[,2]), mean(bd$t[,2]) + 4 * 

sd(bd$t[,2]), length = 1000) 
y_values <- dnorm(x_values, mean = mean(bd$t[,2]), sd = sd(bd$t[,2])) 
lines(x_values, y_values, col = "darkred", lwd = 2) 
legend("topright", title = "Density curves", legend = c("Empiric", "Normal"), fill 

= c("orange", "darkred"), cex = 0.6, bty = "n") 
# dev.off() 
# 95% bootstrap and jackknife confidence interval for MEID 
# Add the hash symbol (#) to the beginning of the following two lines to disable 

the code in case of an error caused by a degenerate bootstrap distribution. This 
error typically occurs when samples are drawn from discrete distributions or or-
dinal variables. 

boot_ci_MEID_bca <- boot.ci(bd, type = "bca", index = 2) 
boot_width_MEID_bca <- boot_ci_MEID_bca$bca[5] - 

boot_ci_MEID_bca$bca[4] 
# 95% bootstrap PERC confidence interval for MEID 
boot_ci_MEID_perc <- boot.ci(bd, type = "perc", index = 2) 
boot_width_MEID_perc <- boot_ci_MEID_perc$perc[5] - 

boot_ci_MEID_perc$perc[4] 
# Print the results about the MEID on the console. 
cat("\nMedian Interindividual Difference: MEID = median(|xi - xj|):\n") 
cat(" MEID =", rnd(MEID), ".\n") 
cat(" Asymptotic standard error:", rnd(asympt_se_MEID), ".\n") 
cat(" 95% Wald-type confidence interval: (", rnd(asympt_ci_MEID[1]), "," , 

rnd(asympt_ci_MEID[2]), "); width =", rnd(asympt_width_MEID), ".\n") 
cat(" Bootstrap standard error:", rnd(sd(bd$t[,2])), ".\n") 
cat(" Bootstrap bias:", rnd(mean(bd$t[,2]) - MEID), ".\n") 
cat(" 95% BCa confidence interval (", rnd(boot_ci_MEID_bca$bca[4]), ",", 

rnd(boot_ci_MEID_bca$bca[5]), "); width =", rnd(boot_width_MEID_bca), ".\n") 
# Prepend the hash symbol (#) to the previous line to disable the code in case 

of an error. 
cat(" 95% bootstrap percentile confidence interval (", 

rnd(boot_ci_MEID_perc$perc[4]), ",", rnd(boot_ci_MEID_perc$perc[5]), "); 
width =", rnd(boot_width_MEID_perc), ".\n") 

# Prepend the hash symbol (#) to the previous to disable the code in case of an 
error. 

cat(" Jackknife standard error:", rnd(jack_se_MEID), ".\n") 
cat(" Jackknife bias:", rnd(jack_bias_MEID), ".\n") 
cat(" 95% jackknife T-type confidence interval: (", rnd(jack_ci_MEID[1]), "," , 

rnd(jack_ci_MEID[2]), "); width =", rnd(jack_width_MEID), ".\n") 
cat(" D’Agostino skewness test for the bootstrap distribution of MEID:\n") 
cat(" √b1 =", rnd(sq_b1_MEID$statistic[1]), ", z =", rnd(sq_b1_MEID$statis-
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tic[2]), ", p-value =", rnd(sq_b1_MEID$p.value), ".\n") 
cat(" Anscombe-Glynn kurtosis test for the bootstrap distribution of MEID:\n") 
cat(" b2 =", rnd(b2_MEID$statistic[1]), ", z =", rnd(b2_MEID$statistic[2]), ", p-

value =", rnd(b2_MEID$p.value), ".\n") 
cat(" Shapiro-Francia normality test for the bootstrap distribution of MEID:\n") 
cat(" W’ =", rnd(w_MEID$statistic[1]), ", z =", rnd(qnorm(w_MEID$p.value, 

mean = 0, sd = 1, lower.tail = FALSE)), ", p-value =", rnd(w_MEID$p.value), ".\n") 
cat(" DBD normality test for the bootstrap distribution of MEID:\n") 
cat(" K^2 =", rnd(k2_MEID), ", p-value =", rnd(p_value_MEID), ".\n") 
# --------------------------------------------------------------------------------------

---------------------- 
# Interindividual Variance (IVAR) 
# --------------------------------------------------------------------------------------

---------------------- 
# Tests for symmetry, kurtosis, and normality for the bootstrap distribution of 

IVAR 
# D’Agostino skewness test 
sq_b1_IVAR <- agostino.test(bd$t[,3]) 
# Anscombe–Gynn kurtosis test 
b2_IVAR <- anscombe.test(bd$t[,3]) 
# Shapiro–Francia normality test 
w_IVAR <- sf.test(bd$t[,3]) 
# D’Agostino–Belanger–D’Agostino normality test 
k2_IVAR <- sq_b1_IVAR$statistic[2]^2 + b2_IVAR$statistic[2]^2 
p_value_IVAR <- pchisq(k2_IVAR, df = 2, lower.tail = FALSE) 
# Display or save the normal QQ plot to evaluate normality graphically 
# Remove the next three hash symbols to save the graph as a JPG file. 
# jpeg("QQ_plot_IVAR.jpg", width = 3, height = 2, units = "in", res = 300) 
# par(mar = c(4, 4, 1, 1)) 
qqnorm(bd$t[,3], main = "Normal QQ plot for IVAR", xlab = "Theoretical 

quantiles: normal", ylab = "Sample quantiles: boot", cex.main = 0.8, cex.axis = 0.7, 
cex.lab = 0.7) 

qqline(bd$t[,3], col = "darkblue") 
# dev.off() 
# Display or save density histogram with overlaid density curve. 
# Remove the next three hash symbols to save the graph as a JPG file. 
# jpeg("Histogram_IVAR.jpg", width = 3, height = 2, units = "in", res = 300) 
# par(mar = c(4, 4, 1, 1)) 
hist(bd$t[,3], breaks = 50, probability = TRUE, col = "lightyellow", main = "", 

xlab = "IVAR", cex.axis = 0.8, cex.lab = 0.7) 
lines(density(bd$t[,3]), col = "orange", lwd = 2) 
x_values <- seq(mean(bd$t[,3]) - 4 * sd(bd$t[,3]), mean(bd$t[,3]) + 4 * 

sd(bd$t[,3]), length = 1000) 
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y_values <- dnorm(x_values, mean = mean(bd$t[,3]), sd = sd(bd$t[,3])) 
lines(x_values, y_values, col = "darkred", lwd = 2) 
legend("topright", title = "Density curves", legend = c("Empiric", "Normal"), fill 

= c("orange", "darkred"), cex = 0.6, bty = "n") 
# dev.off() 
# 95% BCa confidence interval for IVAR 
boot_ci_IVAR <- boot.ci(bd, type = "bca", index = 3) 
boot_width_IVAR <- boot_ci_IVAR$bca[5] - boot_ci_IVAR$bca[4] 
# Print the results about the IVAR on the console. 
cat("\nInterindividual Variance: IVAR = mean((xi - xj)^2) = 2 * var(x):\n") 
cat(" IVAR =", rnd(IVAR), ".\n") 
cat(" Asymptotic standard error:", rnd(asympt_se_IVAR), ".\n") 
cat(" 95% Wald-type confidence interval: (", rnd(asympt_ci_IVAR[1]), ", ", 

rnd(asympt_ci_IVAR[2]), "); width =", rnd(asympt_width_IVAR), ".\n") 
cat(" Bootstrap standard error:", rnd(sd(bd$t[,3])), ".\n") 
cat(" Bootstrap bias:", rnd(mean(bd$t[,3]) - IVAR), ".\n") 
cat(" 95% BCa confidence interval (", rnd(boot_ci_IVAR$bca[4]), ",", 

rnd(boot_ci_IVAR$bca[5]), "); width =", rnd(boot_width_IVAR), ".\n") 
cat(" D’Agostino skewness test for the bootstrap distribution of IVAR:\n") 
cat(" √b1 =", rnd(sq_b1_IVAR$statistic[1]), ", z =", rnd(sq_b1_IVAR$statis-

tic[2]), ", p-value =", rnd(sq_b1_IVAR$p.value), ".\n") 
cat(" Anscombe-Glynn kurtosis test for the bootstrap distribution of IVAR:\n") 
cat(" b2 =", rnd(b2_IVAR$statistic[1]), ", z =", rnd(b2_IVAR$statistic[2]), ", p-

value =", rnd(b2_IVAR$p.value), ".\n") 
cat(" Shapiro-Francia normality test for the bootstrap distribution of IVAR:\n") 
cat(" W’ =", rnd(w_IVAR$statistic[1]), ", z =", rnd(qnorm(w_IVAR$p.value, 

mean = 0, sd = 1, lower.tail = FALSE)), ", p-value =", rnd(w_IVAR$p.value), ".\n") 
cat(" DBD normality test for the bootstrap distribution of IVAR:\n") 
cat(" K^2 =", rnd(k2_IVAR), ", p-value =", rnd(p_value_IVAR), ".\n") 
# --------------------------------------------------------------------------------------

---------------------- 
# Interindividual Standard Deviation (ISD) 
# --------------------------------------------------------------------------------------

---------------------- 
# Tests for symmetry, kurtosis, and normality for the bootstrap distribution of 

ISD 
# D’Agostino skewness test 
sq_b1_ISD <- agostino.test(bd$t[,4]) 
# Anscombe–Gynn kurtosis test 
b2_ISD <- anscombe.test(bd$t[,4]) 
# Shapiro–Francia normality test 
w_ISD <- sf.test(bd$t[,4]) 
# D’Agostino–Belanger–D’Agostino normality test 
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k2_ISD <- sq_b1_ISD$statistic[2]^2 + b2_ISD$statistic[2]^2 
p_value_ISD <- pchisq(k2_ISD, df = 2, lower.tail = FALSE) 
# Display or save the normal QQ plot to evaluate normality graphically 
# Remove the next three hash symbols to save the graph as a JPG file. 
# jpeg("QQ_plot_ISD.jpg", width = 3, height = 2, units = "in", res = 300) 
# par(mar = c(4, 4, 1, 1)) 
qqnorm(bd$t[,4], main = "Normal QQ plot for ISD", xlab = "Theoretical quan-

tiles: normal", ylab = "Sample quantiles: boot", cex.main = 0.8, cex.axis = 0.7, 
cex.lab = 0.7) 

qqline(bd$t[,4], col = "darkblue") 
# dev.off() 
# Display or save density histogram with overlaid density curve. 
# Remove the next three hash symbols to save the graph as a JPG file. 
# jpeg("Histogram_ISD.jpg", width = 3, height = 2, units = "in", res = 300) 
# par(mar = c(4, 4, 1, 1)) 
hist(bd$t[,4], breaks = 50, probability = TRUE, col = "lightyellow", main = "", 

xlab = "ISD", cex.axis = 0.8, cex.lab = 0.7) 
lines(density(bd$t[,4]), col = "orange", lwd = 2) 
x_values <- seq(mean(bd$t[,4]) - 4 * sd(bd$t[,4]), mean(bd$t[,4]) + 4 * 

sd(bd$t[,4]), length = 1000) 
y_values <- dnorm(x_values, mean = mean(bd$t[,4]), sd = sd(bd$t[,4])) 
lines(x_values, y_values, col = "darkred", lwd = 2) 
legend("topright", title = "Density curves", legend = c("Empiric", "Normal"), fill 

= c("orange", "darkred"), cex = 0.6, bty = "n") 
# dev.off() 
# 95% BCa confidence interval for ISD 
boot_ci_ISD <- boot.ci(bd, type = "bca", index = 4) 
boot_width_ISD <- boot_ci_ISD$bca[5] - boot_ci_ISD$bca[4] 
# Print the results about the ISD on the console. 
cat("\nInterindividual Standard Deviation: ISD = √(IVAR) = √[mean((xi - 

xj)^2)] = √(2) * sd(x):\n") 
cat(" ISD =", rnd(ISD), ".\n") 
cat(" Asymptotic standard error:", rnd(asympt_se_ISD), ".\n") 
cat(" 95% Wald-type confidence interval: (", rnd(asympt_ci_ISD[1]), "," , 

rnd(asympt_ci_ISD[2]), "); width =", rnd(asympt_width_ISD), ".\n") 
cat(" Bootstrap standard error:", rnd(sd(bd$t[,4])), ".\n") 
cat(" Bootstrap bias:", rnd(mean(bd$t[,4]) - ISD), ".\n") 
cat(" 95% BCa confidence interval (", rnd(boot_ci_ISD$bca[4]), ",", 

rnd(boot_ci_ISD$bca[5]), "); width =", rnd(boot_width_ISD), ".\n") 
cat(" D’Agostino skewness test for the bootstrap distribution of ISD:\n") 
cat(" √b1 =", rnd(sq_b1_ISD$statistic[1]), ", z =", rnd(sq_b1_ISD$statistic[2]), 

", p-value =", rnd(sq_b1_ISD$p.value), ".\n") 
cat(" Anscombe-Glynn kurtosis test for the Bootstrap distribution of ISD:\n") 
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cat(" b2 =", rnd(b2_ISD$statistic[1]), ", z =", rnd(b2_ISD$statistic[2]), ", p-value 
=", rnd(b2_ISD$p.value), ".\n") 

cat(" Shapiro-Francia normality test for the Bootstrap distribution of ISD:\n") 
cat(" W’ =", rnd(w_ISD$statistic[1]), ", z =", rnd(qnorm(w_ISD$p.value, mean 

= 0, sd = 1, lower.tail = FALSE)), ", p-value =", rnd(w_ISD$p.value), ".\n") 
cat(" DBD normality test for the Bootstrap distribution of ISD:\n") 
cat(" K^2 =", rnd(k2_ISD), ", p-value =", rnd(p_value_ISD), ".\n") 
# --------------------------------------------------------------------------------------

---------------------- 
# Interindividual Coefficient of Variation (ICV) 
# --------------------------------------------------------------------------------------

---------------------- 
# Tests for symmetry, kurtosis, and normality for the bootstrap distribution of 

ICV 
# D’Agostino skewness test 
sq_b1_ICV <- agostino.test(bd$t[,5]) 
# Anscombe–Gynn kurtosis test 
b2_ICV <- anscombe.test(bd$t[,5]) 
# Shapiro–Francia normality test 
w_ICV <- sf.test(bd$t[,5]) 
# D’Agostino–Belanger–D’Agostino normality test 
k2_ICV <- sq_b1_ICV$statistic[2]^2 + b2_ICV$statistic[2]^2 
p_value_ICV <- pchisq(k2_ICV, df = 2, lower.tail = FALSE) 
# Display or save the normal QQ plot to evaluate normality graphically 
# Remove the next three hash symbols to save the graph as a JPG file. 
# jpeg("QQ_plot_ICV.jpg", width = 3, height = 2, units = "in", res = 300) 
# par(mar = c(4, 4, 1, 1)) 
qqnorm(bd$t[,5], main = "Normal QQ plot for ICV", xlab = "Theoretical quan-

tiles: normal", ylab = "Sample quantiles: boot", cex.main = 0.8, cex.axis = 0.7, 
cex.lab = 0.7) 

qqline(bd$t[,5], col = "darkblue") 
# dev.off() 
# Display or save density histogram with overlaid density curve. 
# Remove the next three hash symbols to save the graph as a JPG file. 
# jpeg("Histogram_ICV.jpg", width = 3, height = 2, units = "in", res = 300) 
# par(mar = c(4, 4, 1, 1)) 
hist(bd$t[,5], breaks = 50, probability = TRUE, col = "lightyellow", main = "", 

xlab = "ICV", cex.axis = 0.8, cex.lab = 0.7) 
lines(density(bd$t[,5]), col = "orange", lwd = 2) 
x_values <- seq(mean(bd$t[,5])-4*sd(bd$t[,5]), mean(bd$t[,5])+4*sd(bd$t[,5]), 

length=1000) 
y_values <- dnorm(x_values, mean = mean(bd$t[,5]), sd = sd(bd$t[,5])) 
lines(x_values, y_values, col = "darkred", lwd = 2) 
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legend("topright", title = "Density curves", legend = c("Empiric", "Normal"), fill 
= c("orange", "darkred"), cex = 0.6, bty = "n") 

# dev.off() 
# 95% BCa confidence interval for ICV 
boot_ci_ICV <- boot.ci(bd, type = "bca", index = 5) 
boot_width_ICV <- boot_ci_ICV$bca[5] - boot_ci_ICV$bca[4] 
# Print the results about the ICV on the console. 
cat("\nInterindividual Coefficient of Variation: ICV = 100 × ISD / (max(x) - 

min(x)):\n") 
cat(" ICV =", rnd(ICV), ".\n") 
cat(" Bootstrap standard error:", rnd(sd(bd$t[,5])), ".\n") 
cat(" Bootstrap bias:", rnd(mean(bd$t[,5]) - ICV), ".\n") 
cat(" 95% BCa confidence interval (", rnd(boot_ci_ICV$bca[4]), ",", 

rnd(boot_ci_ICV$bca[5]), "); width =", rnd(boot_width_ICV), ".\n") 
cat(" D’Agostino skewness test for the Bootstrap distribution of ICV:\n") 
cat(" √b1 =", rnd(sq_b1_ICV$statistic[1]), ", z =", rnd(sq_b1_ICV$statistic[2]), 

", p-value =", rnd(sq_b1_ICV$p.value), ".\n") 
cat(" Anscombe-Glynn kurtosis test for the Bootstrap distribution of ICV:\n") 
cat(" b2 =", rnd(b2_ICV$statistic[1]), ", z =", rnd(b2_ICV$statistic[2]), ", p-

value =", rnd(b2_ICV$p.value), ".\n") 
cat(" Shapiro-Francia normality test for the Bootstrap distribution of ICV:\n") 
cat(" W’ =", rnd(w_ICV$statistic[1]), ", z =", rnd(qnorm(w_ICV$p.value, mean 

= 0, sd = 1, lower.tail = FALSE)), ", p-value =", rnd(w_ICV$p.value), ".\n") 
cat(" DBD normality test for the Bootstrap distribution of ICV:\n") 
cat(" K^2 =", rnd(k2_ICV), ", p-value =", rnd(p_value_ICV), ".\n") 
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