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Abstract 
Various models for time series of count data account for discreteness, over-
dispersion and serial dependence. In addition to these, accounting for covari-
ates incorparation pattern are the complexities that arise while dealing with 
data which involve seasonality aspects. Specifying a model that can handle 
such kind of time series of count data is very important in several real-life 
application. However in this paper, we present a non-stationary autoregressive 
model where covariates information are incorporated in the Branching Nega-
tive Binomial (bNB) autoregressive model in order to assess the seasonality in 
the process of time series event. A simulation study is done to evaluate how 
well the proposed strategy performs, and inference is based on maximum like-
lihood estimate. The model is used to analyse a real-world dataset, which is an 
infectious disease with covariates information, including temperature and 
rainfall.  
 

Keywords 
Non-Stationary Time Series, Covariates, Branching Process, Time Series of 
Count Data, Overdispersion 

 

1. Introduction 

Various models for time series of count data account for discreteness, overdisper-
sion and serial dependence. Among those applications that require these aspects, 
road accident counts (see e.g. [1]), sandstorm counts (see e.g. [2]), stock market 
application (see e.g. [3]; [4]), crime analysis (see e.g. [5]; [6]), among others. Sev-
eral models have been presented by scholars to handle the analysis of such kind of 
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data. Those models include Zero truncated Poison INAR, INARGH, NGINAR, 
GLM, Zero-modified geometric INAR, bNB, INAR etc., (see [7]-[10]). In addi-
tion, complexities arise while specifying a modeling strategy that is able to deal 
with count time series data which are not stationary. Some of the nonstationary 
data involve trend, seasonal, cyclical patterns. It is common to encounter time 
series of counts that are observed together with covariate information. These 
kinds of data commonly arise in fields of application such as epidemiology, acci-
dent analysis, ecology, forest fires among others. A large number of studies re-
vealed that, these nonstationary aspects are due to some natural phenomena in 
time series event process such as temperature, rainfall, whether, humidity, etc. In 
particular, weather variables may affect accident counts (see e.g. [11]), environ-
mental factors influence species counts recorded over time (see e.g. [12]), occur-
rence of wildfires over time is influenced by meteorological variables (see e.g. 
[13]), etc. In such case non-stationarity needs to be incorporated into the model-
ing framework as well as mechanisms to capture dependence and other distribu-
tional characteristics. There are various modeling strategies that have been pro-
posed to deal with the issues arising when handling time series of counts observed 
with covariate information. 

Studying the effect of weather conditions on daily crash counts using a discrete 
time-series model is proposed in this paper [14]. The model was applied to daily 
car crash data, metereological data and traffic exposure data from the Netherlands 
to analyze the risk impact of weather conditions on the observed counts. Accord-
ing to the authors of [15], count data time series may have non-stationarity from 
trends or covariates. While modelling count data time series with Markov pro-
cesses based on binomial thinning, they proposed an extension of stationary time 
series based on binomial thinning such that the univariate marginal distributions 
are always in the same parametric family, such as negative binomial. In order to 
conduct a statistical analysis of data collected by the Massachusetts Water Re-
sources Authority (MWRA) between 1996 and 2002 to evaluate the effects of 
court-mandated improvements in sewage treatment, [16] proposed a nonstation-
ary negative binomial time series with time-dependent covariates. Utilizing finan-
cial and economic variables as exogenous covariates, [17] developed a class of 
Poisson autoregressive models with exogenous covariates (PARX) that can be 
used to model and forecast monthly corporate defaults in the US from 1982 to 
2011 using these variables as time series attributes. The results showed the effec-
tiveness of their model in capturing the time series dynamics of corporate defaults, 
including the well-known clustering of default counts in the data. Furthermore, 
they discovered that while generally speaking, current defaults do affect the like-
lihood that other firms will experience default in the future, in recent years, eco-
nomic and financial factors at the macro level have been able to explain a signifi-
cant portion of the correlation of US firm defaults over time. [18] presented pa-
rameter time series models with covariates for integer Z. The used real data appli-
cations on accidents and financial returns are given. [19] presented a Bayesian 
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analysis of a time series of counts to assess its dependence on an explanatory var-
iable. As application, they analyse the incidence of an infectious disease with an 
explanatory variable which is he number of grams of antibiotic (third generation) 
cephalosporin. Statistically, they realized that there is significant relationship be-
tween disease occurrence and use of the antibiotic, lagged by three months. A 
popular approach entails developing regression models by introducing covariates 
in the marginal distribution, dependence component or both. Typical examples 
where the parameters are models as a function of covariates include Integer Au-
toregressive and Generalized Linear Modeling frameworks. However, we extend 
the Branching Negative Binomial Autoregressive model presented by the authors 
in [10] to a NonStationary model, where covariate information is incorporated to 
the dependence parameter. 

The rest of the paper is organized as follows; Section 2 outlines the approach 
adopted in developing the non-stationary branching negative binomial (bNB) 
autoregressive model as well the procedure for inference, Section 3 provides the 
results for the simulation of stationary bNB autoregressive model, Section 4 pre-
sents the results from the application of the model to real-life data, Section 5 
performs the goodness-of-fit tests of models. Finally, Section 6 concludes the 
work. 

2. Methods and Materials   

The existing stationary model presented in [10] is defined by  

1t t tY N E−= +                           (1) 

where  

1 1 1~ , and ~ ,
1 1t t t tN Bin Y E NB m Nρπ π

ρ ρπ ρ ρπ− − −
   

+   − + − +   
 

They denote the model as ( ), ,bNB m π ρ . 
The branching concept is that, since 1tN −  is generated from 1tY − , which is 

considered as previous observation. The generating process follows binomial law  

with probability 
1

ρπ
ρ ρρ− +

. In terms of dependence parameter ρ , it’s the rate  

to determine how many offsprings are generated from the previous 1tY −  which 
also specifies the dependence in the autoregressive process from tY . 

The marginal distribution of the arising process is Negative Binomial because 
the error component tE  has a Negative Binomial distribution. 

In this framework, we extend the model (Equation 1) proposed in [10] by incor-
porating covariates information in the dependence parameter to obtain a non-sta-
tionary model capable to handle seasonal pattern in times series of count data.  

2.1. Model Specification 

Incorporating covariates into the dependence parameter, we considered the logit 
function in order to preserve the nature of the parameter ( [ ]0,1ρ ∈ ) from the 
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stationary model. Hence, it will be a time varying function, denoted by tρ ; and 
it follows  

( )T

1
1 expt X

ρ
β

=
+ −

                     (2) 

where 

0

1

2

p

β
β
ββ

β

 
 
 
 =
 
 
 
 



, 
1

2

1

p

X
XX

X

 
 
 
 =
 
 
 
 



 

where 1 2 ,, , pβ β β  are regression coefficients and 1 2 ,, , px x x  the covariates. 
The derived non-stationary bNB  model is given in (Equation 3) with parame-

ters ( ), ,mθ π β= .  

1t t tY N E−= +                           (3) 

where 

1 1 1~ , and ~ ,
1 1

t
t t t t

t t t t

N Bin Y E NB m N
ρ π π
ρ ρ π ρ ρ π− − −

   
+   − + − +   

 

We denote the obtained model as ( ), , tbNB m π ρ  for tρ  defines in (Equation 
2). 

In this process (Equation 1), distribution of the two components are given bellow;  

( )
1

1
1 1

1 1

tk Y k
t t t

t
t t t t

Y
P N k

k
ρ π ρ π
ρ ρ π ρ ρ π

− −
−

−

    
= = −     − + − +    

       (4) 

( ) ( ) ( )1
1 1

1
1 1

tm N r
t

t
t t t t

m N r
P E r

r
π π

ρ ρ π ρ ρ π

−+

−     + + −
= = × −     − + − +    

 (5) 

2.2. Model Estimation  
2.2.1. Likelihood Function 
Let { }0 1 nT t t t= < < <  be an increasing set of times and  

{ }0 1, , , ny y y y= ⊂   an arbitrary set of non-negative integers with covariates 
{ }1 2, , , nX X X X= ∈  . Then the joint pmf for ( )~ , , tY bNB m π ρ  is the prod-

uct of the marginal and the conditionals.  

( ) ( )1
1

, , , ,
n

o t t t
t

P Y y X m p y P y x yπ β −
=

 =  =  ∏            (6) 

where 0m > , [ ]0,1π ∈ , and 1Nβ +∈ .  
Conditional or transition probability mass function (pmf)  

( )

( )( )

1 1 1

1

1

1 1 1

1

0 1

1

1
1 1

1 1 1
1 1

t t t

t

tt

t t t t t t

N y N
t t t

N t t t t t

Em N
t t t

t t t t

p y y P Y y Y y

y
N

m N E
E

ρ π ρ
ρ ρ π ρ ρ π

ρ ππ
ρ ρ π ρ π

− − −

−

−

− − −

−
∞

−

= −

+
−

 = = = 

     −
= ×     − + − +    

 + + − − −  
× ×     − + − +    

∑  
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          (7) 

where 
( ) ( )

2

21 1
t

t

z
ρ π

ρ π
=

− −
 and ( )2 1 , ; ;F a b c k  is Gauss’ hypergeometric function 

with parameters , ,a b c  and k . 
Marginal distribution 
The marginal distribution for oy  is:  

( ) ( )
( ) ( )

Γ
1

Γ !
oyo m

o
o

m y
p y

m y
π π

+
= −                  (8) 

Substituting (Equation 7) and (Equation 8) in (Equation 6), the likelihood is 
defined as follow  
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where 
0

n

t
t

y y+
=

= ∑ , 
( )T

1
1 expt X

ρ
β

=
+ −

, 
( ) ( )

2

21 1
t

t

z
ρ π

ρ π
=

− −
 

2.2.2. Log-Likelihood Function 
Taking log (natural logarithm) of the previous equation (Equation 9), we obtain 
the log-likelihood (Equation 10)  
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( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( ) ( )

2 1 1
0 1

log , ,

log 1 log log , ; ;

1 log log 1 2 log 1

2 log 1

n n

t t t
t t

o n t

o n t t

L m Y y

m y n m F y y m z

n m y y y y

nm y y y

π β
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ρ ρ π

−
= =

+ +

+

=

= Γ + + + + − −

− + Γ + − + − − −

− + − − − +

∑ ∑      (10) 

The parameters to be estimated are the marginal, the dependence and regres-
sion parameters. The parameter vector is ( )0, , , , pmθ π β β=  , which are ob-
tained by optimizing the log-likelihood function using the optim() routine in R 
software. 

In statistical modeling, the maximum likelihood estimation (MLE) method is 
commonly used to estimate the parameters of a probability distribution based on 
a given set of data. The MLE method involves finding the values of the parameters 
that maximize the log-likelihood function, which is the logarithm of the probabil-
ity of observing the data given the parameter values. 

However, in this case it is not easy to differentiate the log-likelihood function 
with respect to every parameter because of the presence of special functions such 
as the Gauss hypergeometric function. The derivative of the log-likelihood func-
tion with respect to a parameter may not have a closed-form solution, making it 
challenging to find the parameter value that maximizes the log-likelihood func-
tion. 

Furthermore, the presence of the Gamma function in the expression of the de-
rivative of the log-likelihood function can make it difficult to obtain a closed-form 
solution for the derivative of the log-likelihood function with respect to the pa-
rameter. The derivative of the Gamma function involves the digamma function, 
which does not have a closed-form solution in general. 

Therefore, when there is a difficulty in deriving the log-likelihood function with 
respect to every parameter because of the Gauss hypergeometric function in the 
expression and its derivative has difficulty exhibiting a parameter because of the 
Gamma function, we can use numerical optimization techniques such as the op-
tim() function in R software to estimate the parameters that maximize the log-
likelihood function. The optim() function uses numerical methods to find the 
minimum or maximum of a given function, which in this case is the negative log-
likelihood function. 

By using the optim() function in R, we can estimate the parameter values that 
maximize the log-likelihood function, even when closed-form solutions for the 
derivative of the log-likelihood function with respect to the parameter are not 
available. This allows us to perform statistical inference and make predictions 
based on the estimated parameter values. 

In the next section, the R software package is used in the simulation process to 
estimate parameters of the non-stationary bNB  models. 

3. Simulation Study 

In this simulation study, our target is bear on one covariate variable where 
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( )11,X X=  and ( )0 1,β β β= . Base on this restriction, the Monte Carlo experi-
ments have been conducted several time to evaluate the performance of the 
Branching Negative Binomial estimators for the parameters. The experiment en-
tails generating n  time series of size N  from the models and then estimating 
the parameter vector ( )0 1, , ,mθ π β β= . For each combination (θ , N ), we com-
pute the mean, bias, and the mean-squared error (MSE) given by,  

( ) ( ) ( ) ( )2

1 1 1

1 1 1, andˆ ˆ ˆ ˆ ˆ ˆ
n n n

i i i
i i i

Bias MSE
n n n

θ θ θ θ θ θ θ θ
= = =

= = − = −∑ ∑ ∑  

where îθ  is the estimated parameter vector values from the thi  simulated series. 
Using the software package R, we generate by Monte Carlo replicates n = 1000 

random samples of length N = 250, N = 500 and N = 1000 from the non-stationary 
bNB, then calculate the mean, bias and mean-squared error of the estimator.   

Simulation Results   

To assess the performance of the proposed approach of incorporating covariates 
in terms of estimation, we focused on the case in which the covariates are intro-
duced in the dependence parameter as it is more promising in terms of accom-
modating non-stationary patterns in both the marginal distribution m  and the 
dependence parameter, ρ . We take motivation from epidemiology and biosta-
tistics where harmonic functions are commonly employed within regression mod-
els as standard tools for capturing seasonal patterns (Equation 11) where we con-
sider sinusoidal term ( )sin 2 12X t= π  as covariates information in this simula-
tion. Then the corresponding time dependence correlation parameter is given by  

( )( )0 1

1
1 exp sin 2 12t t

ρ
β β

=
+ − − π

               (11) 

 

 
Figure 1. Time series plot and autocorrelation functions from a sample size of 200 simulated data 
with parameter 15m = , 0.6π = , 0 0.7β =  and 1 0.8β = . 
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Figure 1 shows plots of time series data generated from the nonstationary bNB 
model and the corresponding autocorrelation functions. Particularly, we display 
seasonal effects by considering parameters 15m = , 0.6π = , 0 0.7β =  and  

1 0.8β = .  
  
Table 1. Summary statistics for the estimator for different parameter values  

( )0 1, , ,mθ π β β=  and different sample sizes N . These statistics are obtained from 1000 

Monte Carlo replications of the developed model.  

N 
True m  π  0β  1β  m  π  0β  1β  

value 5 0.6 0.7 0.8 9 0.4 0.7 0.8 

250 

Mean 4.1815 0.7363 0.8087 0.9935 7.6554 0.3429 1.2013 1.2368 

Bias 0.8184 −0.1363 −0.1087 0.1935 1.3446 0.0370 −0.5013 −0.4368 

MSE 1.3186 0.0323 2.9049 1.8290 3.2177 0.0091 3.0909 0.6041 

500 

Mean 4.4659 0.5512 0.6475 0.7201 8.6720 0.4380 0.6081 0.9928 

Bias 0.5340 0.0487 0.0524 0.0799 0.3279 −0.0380 0.0918 −0.1928 

MSE 0.6013 0.0045 1.9056 0.0100 2.5721 0.0025 0.0133 0.0378 

1000 

Mean 5.4009 0.6278 0.7227 0.8090 8.8609 0.3998 0.7503 0.7119 

Bias −0.4009 −0.0278 −0.0227 0.0090 0.1391 0.0001 −0.0503 0.0881 

MSE 0.3939 0.0018 0.0101 0.0019 0.3703 0.0024 0.0059 0.0002 

  15 0.6 0.7 0.8 9 0.7 0.7 0.8 

250 

Mean 16.5319 0.7894 0.9432 1.0074 8.2435 0.6001 1.0011 1.0918 

Bias −1.5319 −0.1894 −0.2432 0.2074 0.7565 0.0999 −0.3011 −0.2918 

MSE 17.4271 0.0377 6.9168 1.5804 24.5055 0.0128 2.0281 1.4447 

500 

Mean 13.8483 0.5788 0.6450 0.7065 8.4458 0.6614 0.6478 0.9225 

Bias 1.1517 0.0212 0.0549 0.0935 0.5542 0.0386 0.0521 −0.1225 

MSE 12.4995 0.0071 0.0034 0.7118 8.0693 0.0100 0.0073 0.2582 

1000 

Mean 14.4685 0.6074 0.6645 0.7651 9.0618 0.6677 0.6907 0.7415 

Bias 0.5314 −0.0074 0.0354 0.0349 −0.0618 0.0322 −0.0093 0.0585 

MSE 9.4144 0.0040 0.0015 0.0118 1.6766 0.0088 0.0054 0.0146 

  25 0.6 0.7 0.8 9 0.9 0.7 0.8 

250 

Mean 27.1642 0.5721 1.2894 1.1879 7.0774 0.8243 0.6385 0.9203 

Bias −2.1642 0.0278 −0.5894 −0.3879 1.9226 0.0756 0.0614 −0.1203 

MSE 60.9869 0.0035 0.0139 0.6961 5.9608 0.0102 0.0109 0.8631 

500 

Mean 26.3776 0.5732 0.4264 0.7033 8.2728 0.8456 0.6683 0.6875 

Bias −1.3776 0.0268 0.2736 0.0967 0.7271 0.0544 0.0317 0.1124 

MSE 52.0151 0.0026 0.0066 0.0077 3.6435 0.0044 0.0063 0.0774 

1000 

Mean 25.4659 0.6229 0.6206 0.7237 9.1964 0.8564 0.7042 0.7974 

Bias −0.4659 −0.0229 0.0793 0.0763 −0.1964 0.0435 −0.0042 0.0025 

MSE 12.3419 0.0008 0.0044 0.0073 1.7976 0.0023 0.0036 0.0150 
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Table 2. Summary statistics for the estimator for different parameter values  
( )0 1, , ,mθ π β β=  and different sample length of the series N . These statistics are ob-

tained from 1000 Monte Carlo replications of the non-stationary developed model by var-
ying regression parameters.  

N 
True m  π  0β  1β  m  π  0β  1β  

value 5 0.6 1 1 5 0.6 0.5 1 

250 

Mean 5.8119 0.6654 0.7984 1.4729 6.2676 0.6428 0.9018 1.2708 

Bias −0.8119 −0.0654 0.2016 −0.4729 −1.2676 −0.0428 −0.4018 −0.2708 

MSE 6.6358 0.0061 3.4765 5.7167 4.8348 0.0061 6.9498 13.8970 

500 

Mean 4.5136 0.6160 1.0958 1.3729 6.0625 0.6387 0.7070 0.7603 

Bias 0.4863 −0.0160 −0.0958 −0.3729 −1.0625 −0.0387 −0.2070 0.2397 

MSE 6.1471 0.0054 2.4043 2.3425 3.2988 0.0056 5.9714 4.7617 

1000 

Mean 5.3241 0.6119 1.0543 1.1611 5.6854 0.6042 0.3083 0.8388 

Bias −0.3241 −0.0119 −0.0543 −0.1611 −0.6854 −0.0043 0.1917 0.1611 

MSE 2.3754 0.0049 1.1717 2.1101 2.4359 0.0039 2.1392 2.9154 

  5 0.6 1.5 1 5 0.6 0.5 1.5 

250 

Mean 5.5564 0.6162 1.1633 0.5722 6.0423 0.6482 0.9887 2.4237 

Bias −0.5564 −0.0162 0.3367 0.4278 −1.0423 −0.0482 −0.4887 −0.9237 

MSE 4.1024 0.0208 15.3164 8.8735 4.5660 0.0128 12.1446 9.8083 

500 

Mean 5.5288 0.5914 1.4095 1.2854 5.5250 0.5850 0.9780 1.7037 

Bias −0.5288 0.0086 0.0905 −0.2854 −0.5250 0.0142 −0.4780 −0.2037 

MSE 3.6067 0.0079 7.7356 5.5361 3.1858 0.0070 5.8914 3.3913 

1000 

Mean 5.3571 0.6041 1.5397 1.1176 5.2954 0.5893 0.7162 1.5644 

Bias −0.3571 −0.0041 −0.0397 −0.1176 −0.2954 0.0107 −0.2162 −0.0644 

MSE 2.6119 0.0062 4.0269 1.0375 2.6133 0.0067 2.7755 2.5546 

  5 0.6 2 1 5 0.6 0.5 2 

250 

Mean 6.3143 0.5692 1.6288 1.7211 6.4382 0.6199 0.8669 2.2124 

Bias −1.3143 0.0307 0.3711 −0.7211 −1.4382 −0.0199 −0.3669 −0.2124 

MSE 9.1454 0.0251 22.1182 10.6959 6.4997 0.0167 17.1612 21.8346 

500 

Mean 5.5721 0.5797 2.3411 1.2618 5.6294 0.5856 0.8481 2.1570 

Bias −0.5721 0.0203 −0.3411 −0.2618 −0.6294 0.0143 −0.3481 −0.1570 

MSE 8.4854 0.0236 12.1728 7.2615 3.6445 0.0068 14.2013 6.0848 

1000 

Mean 5.1711 0.6039 1.9794 0.8534 4.7419 0.6104 0.5570 2.0005 

Bias −0.1711 −0.0039 0.0205 0.1466 0.2581 −0.0104 −0.0570 −0.0005 

MSE 4.0622 0.0098 4.2468 3.4275 2.6811 0.0041 1.4188 2.3650 
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Figure 2. Boxplots with results from the simulation experiment for 250N = . 

 

 
Figure 3. Boxplots with results from the simulation experiment for 1000N = . 

 

 
Figure 4. Boxplots with results from the simulation experiment for 250N = . 

 
In Table 1 and Table 2, we report the mean, bias and mean-squared error with 

parameters ( )0 1, , ,mθ π β β=  obtained using 1000 Monte Carlo replications of 
time series of length 250, 500 and 1000. As expected, the results indicate that the 
biases decrease as the sample size increases. We realized that in this scenario, when 
the parameter m  varies by increasing, its mean square error increases while for 
rest of parameters decrease; and its bias increase while for the rest of parameters 
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decrease. Also, when parameter π  varies by increasing, its bias decreases with 
mean square errors of 0β  and 1β . These results are also illustrated in the box-
plots via Figure 2, Figure 3, Figure 4, Figure 5, Figure 6 and Figure 7. All these 
show that there is an improvement in the results as the sample size increases. 
 

 
Figure 5. Boxplots with results from the simulation experiment for 1000N = . 

  

 
Figure 6. Boxplots with results from the simulation experiment for 250N = . 

  

 
Figure 7. Boxplots with results from the simulation experiment for 1000N = . 
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The following figures are the boxplots of the simulation experiment by using 
parameters from Table 1, where the black line is the median and the red is true 
parameter. 

4. Application to Real-Life Data   

The purpose of this application is to assess : (1) the effect of temperature, and (2) 
the effect of rainfall on the Dengue fever count series. Therefore we applied the 
nonstationary Branching Negative Binomial model to the weekly data from Thai-
land over the period January 2006 to February 2013, which is 373 observations in 
total. 

Table 3 is the summary statistic of the temperature data and Figure 8 is its time 
series plot. The temperature is higher in the middle of the year while lower be-
tween the end and the beginning of two consecutive years, respectively. In partic-
ular, higher from April to September, and lower from October to March. 
  
Table 3. Summary statistics for the weekly mean temperature of Thailand from January 
2006 to February 2013. 

Var Min 1st Quartile Median Mean 3rd Quartile Max 
7.15 17.87 25.61 27.54 26.85 28.50 33.11 

 

 
Figure 8. Weekly plot of Thailand temperature over the period of January 2006 to October 
2013. 

 
Here, Table 4 displays the summary statistic of the rainfall data and Figure 9 is 

its time series plot. The rainfall quantity seems to increase in the middle of the 
year while decreases between the end and the beginning of two consecutive years, 
respectively. In particular, higher from April to September, and lower from Octo-
ber to March. 
  
Table 4. Summary statistics for the weekly rainfall mean of Thailand from January 2006 to 
February 2013. 

Var Min 1st Quartile Median Mean 3rd Quartile Max 

1640.14 0.00 0.00 7.20 26.29 36.10 244.80 

 
Table 5 is the summarize statistic of the Dengue Fever Counts data and Figure 

10 is its time series plot. The variance and the mean are respectively 17.68 and 
3.20, which implies the existence of overdispersion in the data since the variance 
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is greater than the mean. This is one of the requirements of our developed models. 
So far, in addition to the Seasonality pattern in the data (Figure 10), the partial 
autocorrelation functions (Figure 11) displayed that data is autoregressive of or-
der one. Therefore our model is suitable to apply to this particular data.   
 

 
Figure 9. Weekly plot of Thailand rainfall volume over the period of January 2006 to 
February 2013. 

 
Table 5. Summary statistics for the weekly mean temperature of Thailand from January 
2006 to February 2013. 

Var Min 1st Quartile Median Mean 3rd Quartile Max 

17.68 0.00 0.00 2.00 3.20 5.00 21.00 

 

 
Figure 10. Time series plot of weekly Dengue Fever counts data from Thailand, over the 
period of January 2006 to February 2013. 

 

 
Figure 11. Plot of autocorrelation functions.  

   
This application is to fit our developed model and the seasonality in Dengue 
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Fever counts data, where temperature is an effect factor (Figure 12). By fitting the 
Data to the nonstationary bNB model, we obtained the parameters in Table 6.   

 
Table 6. Estimate parameters obtained by fitting Dengue Fever and temperature data in 
the nonstationary bNB model. 

parameters m π  0β  1β  

Estimate values 1.00 0.32 6.623 −0.29 

 

 
Figure 12. Time series plots of Dengue Fever observations in blue and its estimates values 
from the model in red when covariate is temperature. 

  
This application is to check how best our developed model can capture the sea-

sonality in Dengue Fever counts data, where Rainfall is also an effect factor (Fig-
ure 13). By fitting the Data to the nonstationary bNB model, we obtained the pa-
rameters and their corresponding Standard error in Table 7. The fitting plot of 
Dengue Fever process and its estimates. 
  
Table 7. Estimate parameters obtained by fitting Dengue Fever and rainfall data in the 
nonstationary bNB model. 

parameters m π  0β  1β  

Estimate values 1.5 0.29 0.19 0.06 
Standard error 0.101 0.024 0.026 0.004 

 

 
Figure 13. Time series plots of Dengue Fever observations in blue and its Estimates values 
from the model in red when covariate is rainfall. 

5. Goodness-of-Fit Test  

The chi-square test of goodness of fit is a statistical test used to determine if there 
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is a significant difference between the observed data and the expected data. In the 
case of time series of count data model, the chi-square test can be used to assess 
whether the observe counts follow a specified distribution or if there are any sig-
nificant deviations from the expected counts. To perform a chi-square test for 
goodness of fit on this study, we first need to define the expected distribution. This 
is done by fitting bNB models to the observed data in order to determine the pa-
rameters of the models, which are displayed in Table 6 and Table 7. Having the 
expected counts for each time point in the time series via estimate parameters, the 
observed counts and expected counts are compared using the chi-square test sta-
tistic as follows 

( )2
2

0

ˆ
ˆ

n
t t

t t

y y
y

χ
=

−
= ∑                        (12) 

where the ∑  is taken over all time points in the series. The test statistic follows a 
chi-square distribution with ( )1n −  degrees of freedom, where n  is the number 
of time points in the time series. To determine whether the observed counts signif-
icantly differ from the expected counts, the test statistic is compared to the critical 
value of the chi-square distribution at a specified significance level, 0.05α = . In 
this case, the null hypothesis (the observed counts follow the nonstationary bNB 
model) is rejected if the test statistic is greater than the critical value and it can be 
conclude that there are significant deviations from the expected counts.  

Non-Stationary Branching Negative Binomial Autoregressive 
Model  

Formulation of the null and alternative hypotheses   
• Null hypothesis 0H : Dengue Fever data follow the models 
• Alternative hypothesis aH : Dengue Fever data does not follow it 
Test Statistic 2χ  

 

 
Figure 14. Chi-square goodness of fit test outcome of the non-stationary bNB model to 
Dengue Fever count data with covariable, temperature. 

   

 
Figure 15. Chi-square goodness of fit test outcome of the non-stationary bNB model to 
Dengue Fever count data with covariable, rainfall. 

   
In this case, two chi-square statistics are determined, including the one where 

temperature is used as covariate and the one where rainfall is used as covariates, 
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since they generate different expected data for Dengue Fever counts. Then Figure 
14 and Figure 15 show the test outcomes from those two cases. 

Critical Value  
Knowing level of significance 5%α =  and the degree of freedom  

1 372df n= − = , qchisq ( )1 ,dfα−  allowed us to get the critical value, which is 
2 417.9735χ = , by use of R software. 
As result, it’s seeing in Figure 14 that the 2χ  value ( 393.83χ = ) is less than 

the critical value ( 0 417.9735χ = ), which implies that the non-stationary bNB 
model fits well the Dengue Fever with covariate temperature. 

Bearing Figure 15, it’s seeing that the 2χ  value ( 343.83χ = ) is less than the 
critical value. This also proves that the non-stationary bNB model fits well the 
Dengue Fever count data when rainfall is the covariate. 

6. Conclusions and Suggestions   

The findings from both the simulation study and the analysis of the real-world 
dataset have significant implications for the proposed nonstationary autoregres-
sive model for time series count data with covariates. Starting with the simulation 
study, it provides a controlled environment to evaluate the performance of the 
proposed modeling strategy. By simulating count time series data with known 
characteristics, researchers can assess how well the model captures the underlying 
seasonality and incorporates the covariate information. The simulation study al-
lows for comparisons between the true values and the estimates obtained through 
maximum likelihood estimation. The results of the simulation study can provide 
insights into the accuracy and robustness of the proposed model in capturing the 
complex dynamics of count data with seasonality and covariate effects. Moving 
on to the analysis of the real-world dataset, which focuses on an infectious disease 
with covariates such as temperature and rainfall, the application of the proposed 
model provides insights into the relationship between the disease occurrence and 
the covariate variables. The findings can shed light on how weather factors impact 
the incidence of the infectious disease. By considering nonstationarity and incor-
porating the covariate information into the model, the analysis can provide a more 
comprehensive understanding of the factors influencing the disease occurrence 
and improve the accuracy of predictions or assessments. However, it is important 
to acknowledge the limitations of the study. One limitation may be the assump-
tions made in the proposed model. While the nonstationary autoregressive model 
with covariate incorporation offers an innovative approach, the assumptions un-
derlying the model may not fully capture the complexities of the realworld data. 
Additionally, the generalizability of the findings might be limited to the specific 
context of the dataset used in the analysis. Different datasets with varying charac-
teristics and applications may yield different results. Furthermore, the proposed 
model’s performance depends on the quality and availability of the covariate in-
formation. In some cases, the covariates may not be accurately measured or may 
contain missing data, which can introduce uncertainties and affect the model’s 
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performance. It is crucial to address such limitations and explore techniques to 
handle missing or imperfect covariate data. Overall, the findings from both the 
simulation study and the analysis of the realworld dataset provide valuable in-
sights into the proposed nonstationary autoregressive model’s effectiveness in 
capturing seasonality and incorporating covariates in count time series data. 
These findings pave the way for further research and refinement of the modeling 
approach, considering potential limitations and exploring alternative methodolo-
gies to enhance the analysis of count data with covariate information and season-
ality aspects. 
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