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Abstract

The Negative Binomial Multiple Change Point Algorithm is a hybrid change
detection and estimation approach that works well for overdispersed and equi-
dispersed count data. This simulation study assesses the performance of the
NBMCPA under varying sample sizes and locations of true change points.
Various performance metrics are calculated based on the change point esti-
mates and used to assess how well the model correctly identifies change points.
Errors in estimation of change points are obtained as absolute deviations of
known change points from the change points estimated under the algorithm.
Algorithm robustness is evaluated through error analysis and visualization
techniques including kernel density estimation and computation of metrics
such as change point location accuracy, precision, sensitivity and false positive
rate. The results show that the model consistently detects change points that
are present and does not erroneously detect changes where there are none.
Change point location accuracy and precision of the NBMCPA increases with
sample size, with best results for medium and large samples. Further model
accuracy and precision are highest for changes located in the middle of the
dataset compared to changes located in the periphery.

Keywords

Kernel Density Estimation, Precision, Changepoint Location Accuracy,
Sensitivity, Negative Binomial Multiple Change Point Algorithm

1. Introduction

The Negative Binomial Multiple Change Point Algorithm (NBMCPA) developed
by [1] was found to work well for count datasets that exhibit over-dispersion

where the variance exceeds the mean. The algorithm formulation also works well
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for discrete count data that are equidispersed, as an alternative to the Poisson
model for count data as discussed in [2]. The objective of this study is to conduct
an evaluation of the NBMCPA robustness across different data scenarios which
will mirror its applicability in real-life situations. As such, it is crucial to check
how well the change point algorithm detects and estimates change points across
varying data features prior to applying the model to real-life situations [3]. High-
lighting the strengths of the NBMCPA alongside its limitations and computational
complexities will provide users and future researchers in the evolving change
point analysis field with the necessary information to select the most suitable al-
gorithm available literature for their data requirements. Additionally, this work
provides a platform for potential research into the application of the NBMCPA
and the design of new algorithms for multiple change detection in over-dispersed
count datasets.

In this study, we illustrate through Monte Carlo simulations how the NBMCPA
behaves in different sample sizes and true change point locations. We check how
the algorithm performance is affected by altering sample size and varying the lo-
cation of known change points between the initial and last data point in a poste-
riori change setting.

Most change point models in available literature work well for medium-to-large
datasets, with biased estimates produced for small-sized data sets [3]-[5]. The cur-
rent study assesses the NBMCPA capability to correctly detect and locate a set of
known (pre-defined) change points for various small and medium over-dispersed
discrete data samples.

The sample sizes considered are »=12,20,60,100,200 and 500 while the
known change point locations are set at n/4, n/2,and 3n/4. The locations of
the change points are chosen so as to compare the performance of the algorithm
when true changes are located closer to the first data point (at position n/4),
midway through the data (at position /2 ), and farther away from the first data
point (at position 37n/4). Past studies on change detection models have indicated
that changepoints that are located near the middle of a dataset are detected with
the most accuracy [6]-[8].

The algorithm is fitted over 1000 iterations to synthetic data generated under
the Negative Binomial (7, p ) distribution. Two data scenarios are considered:
when there is no change in both distribution parameters, and when there exists a
single simultaneous change in the dispersion parameter, r,and the success prob-
ability, p. In the latter scenario, parameters for the first segment are chosen as
r=8, p=0.4 while the second segment takes the parameters r=5, p=02.
The choice of the parameters matches those selected in simulation study presented
in [1]. Many change point models in literature are capable of detecting changes in
mean or dispersion parameters where the changes between adjacent data seg-
ments are sufficiently large, or somewhat obvious to the human eye when the time
series is visualized. Further, changes are more easily detected when the dataset is

large compared to small and medium datasets [9].
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In this simulation study, we focus our investigations on the NBMCP algorithm’s
detection and estimation ability for small changes that are not immediately appar-
ent on a time plot, yet not too small to be easily missed as change points by the
algorithm. Visualization of changepoint estimates produced by the NBMCPA in
the simulation study allows for visual evaluation of the bias (systematic deviation
from the true change point) and precision (variability of the estimates) of the

model under different conditions of sample size and change locations.

2. Methodology

Evaluation of performance of the NBMCPA for detecting and locating change
points considers the view of changepoint detection similar to a binary classifica-
tion problem, where each data point is expected to belong to either the change-
point class or non-change point class as discussed in [5]. The step-wise recursive
binary segmentation procedure is applied to simulated datasets, and the change
detection test is conducted on each segment formed with the boundary at some
value k, the possible change point. If a variation in the dispersion parameter is
found to exist between the two data segments, then K falls into the detected
change-points class, otherwise it belongs in the non-change point class. The de-
tected change points may or may not coincide with the true changepoints that are
fixed in the data simulations; hence, there is a need to check how well the algo-
rithm estimates change points.

In this study, the NBMCPA is evaluated through the calculation of various met-
rics based on the concepts of a confusion matrix for the binary classification prob-
lem in the change-point detection setting. The metrics, including sensitivity or
recall, accuracy, precision, and empirical coverage, are used in the analysis of
change detection errors. In addition to numerical measures, the kernel density
estimate (KDE) of the distribution of estimated change points is obtained and vis-
ualized. The density curve is used to analyze the distribution of estimated change-
points in contrast to the true change points. The algorithm performance is
checked by visually inspecting the features of the KDE curve at varying locations
of true change points while controlling for the sample size and magnitude of the

distinction between data segments.

2.1. NBMCPA Performance Metrics

2.1.1. True Positive Rate (Sensitivity)

In the context of change point detection, a True Positive (TP) refers to a correctly
detected change point, while a False Negative (FN) is a missed changepoint or a
true changepoint that was not detected by the model. Sensitivity, evaluates how
well the model detects change points that are truly present. For each iteration, if
the model identifies a change point at position &, where k=n/4,n/2 or 3n/4
or within a defined tolerance, the change point estimate counts as a true positive.
If the algorithm fails to detect the preset change point, then the event counts as a
false negative. A high sensitivity indicates that the model is good at detecting
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change points. Mathematically, the true positive rate is calculated according to [10]

as:

True Positive Rate = Number of correctly detected change points

Total number of true change points 0

True Positives

" True Positives + False Negatives

2.1.2. False Positive Rate (FPR)

This metric determines the rate of false alarms in change point detection. It
measures how often the model incorrectly detects a change point where there is
none. In the simulation study, a false alarm is found to occur if the model detects
a change point outside of the expected region, so that the estimated change point
is not near positions k =n/4,n/2 or 3n/4 respectively. A low FPR is desirable,
meaning the model does not falsely locate a change point too frequently.

False Positive Rate — Number of false positives

Total number of iterations @)
2.1.3. Change Point Location Accuracy
This metric evaluates how well the algorithm locates a true change point, partic-
ularly when it correctly detects a change point. For each iteration, we calculate the
absolute difference between the estimated change point and the true change point,
then find the location accuracy as the average of these differences over all itera-
tions. Smaller values of mean absolute error (MAE) are more accurate in locating
the change points, and if there is a consistently low error, then the model is con-
sistently accurate. Mathematically, the MAE is calculated according to [10] and
[11] as:

e~ G

Mean Absolute Error(MAE) =%
i=1

where c¢ is the true/known change point, ¢, is the estimated changepoint for
iteration i,and I isthe total number of iterations where a change point is de-
tected.

In addition to MAE, the median and interquartile range of the absolute errors
are calculated. A narrow interquartile range and a median error close to 0 would
indicate that the model is precise and accurate. A wider range or a high median
error would indicate issues with precision or bias. Unlike the MAE, the Median
Absolute Error is less sensitive to outliers; hence it gives the typical magnitude of
error in a model’s predictions, providing a better measure of change location ac-

curacy in the presence of outliers.

2.1.4. Precision
In the context of change point analysis, precision measures how often the detected
changepoints are correct or rather, how often an estimated change point matches

the true changepoint. Precision is computed as the ratio of true positives to the
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total number of all detected change points (among true positives and false posi-
tives). High precision means that when the model detects a change point, it is
usually correct. Mathematically, the precision of the algorithm is computed ac-
cording to [10] as:

True Positives

Precision = — — (4)
True Positives + False Positives

2.1.5. F1 Score

The F1 score is a combined measure of precision and true positive rate, providing
a single metric to evaluate the model’s performance. An F1 score closer to 1 indi-
cates a good balance between precision and recall, suggesting that the model is
both accurate and reliable in detecting change points. Mathematically, the F1
score is computed from the model precision and sensitivity according to [5] [12]
as:

Precision x Sensitivity

F1Score =2x (5)

Precision + Sensitivity

2.1.6. Empirical Coverage

This is the proportion of times the true change point falls within a certain region,
or a window around the true change point, where the model estimates a change-
point. In the evaluation of the change point detection ability of the NBMCPA, or
other change detection models using classification metrics such as precision and
empirical coverage, it is common to define a margin of error or threshold around
the known change location to allow for minor discrepancies ([4] [12]). The toler-
ance level defines the allowable error in the change detection so that estimated
change points that are close, though not exact, to the real change point are not
classified as missed changes. Given a tolerance range, say within +4 positions of
n/2, we compute the proportion of iterations in which the model estimates a
change point within this range. A higher empirical coverage indicates that the
model correctly detects change points close to the true location most of the time.

Empirical coverage is computed according to [5] as:

. Number of detected change points within tolerance range
Empirical coverage =

(6)

Number of iterations

Selection of the threshold % depends on the scale of the data and magnitude
of changes. If data spans a wide range or if changes are subtle, a larger threshold
may be set to account for small variations that should not be penalized as false
detection. For smaller datasets or datasets where changes are more pronounced, a
smaller threshold could be used to ensure that the model’s detected change points
are very close to the true changepoint. The threshold can also be chosen based on
how it affects performance metrics such as the F1 score. In this study, the changes
considered are subtle with the Negative Binomial parameters remaining constant
throughout the simulation study. A threshold of k=1 is used for small samples of
size n <60, for sample, sizes between n=60 and 7#=200 athresholdof k=3
is used, while a tolerance of k=35 isapplied for sample sizes 200 <n <500.
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2.2. Visual Analysis of Estimation Results

2.2.1. Histograms of Estimated Change Points

Frequency histograms are plotted to show the general distribution of the esti-
mated change point locations across all iterations. The charts give an idea of the
scatter or spread of the model’s estimates around the true location. The tallest bar
on the chart shows the modal change point estimate(s), while the general shape of
the histogram helps to infer the distribution of estimated change points around
the true/known value. Bars located farther from the true value point to the exist-

ence of false positives.

2.2.2. Kernel Density Estimate of Change Points

A Kernel Density Estimate (KDE) is a non-parametric way to estimate the proba-
bility density function of a random variable. For the change point estimation
problem, when comparing the estimated change points against the true change
point, the KDE helps to visualize how the estimated change points are distributed
relative to the true change point [13]. In this study, we graph the Kernel density
estimate of the detected change points across all iterations to provide a smoothed
estimate of the data distribution. Mathematically, the KDE is computed as:

ﬂ(x):iiK[x‘thj @

i=1

where:

fh (x) is the estimated probability density function at point x.

n is the number of estimated changepoints.

X, is the estimated changepoint from iteration i.

h is the bandwidth parameter, controlling for the smoothness of the density
estimate.

K(-) isthe kernel function.

In this study, we used the Gaussian (Normal) kernel defined by:

K(u)=—te?" ®)

NP

Plunging the Gaussian kernel in Equation (8), the KDE in Equation (7) becomes:

fh(x)=nhjﬂée2( ") )

This kernel ensures that each estimated change point contributes to the density

estimate according to the normal distribution centered at X, , with a spread con-
trolled by the bandwidth # . If the model is performing well, the KDE will show
a peak near the true change point. The width of the peak depends on the chosen
bandwidth parameter /: a small bandwidth results in a more jagged estimate
(with sharper peaks and valleys), while a large bandwidth gives a smoother,
broader peak [14].

By visualizing the KDE, we assess whether the estimated change points are con-

centrated around the true change point or if there is significant bias or variability
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in the model’s estimates.

The bandwidth 7% is a critical parameter in KDE. Too small a bandwidth leads
to an over-fitting problem, where the density estimate is too noisy, while too large
a bandwidth results in under-fitting, where the estimate is too smooth. This study
utilities the Silverman’s Rule of Thumb to identify the optimal bandwidth param-
eter 4 as:

h:0.9-min(std(X),Mj-n‘/5 (10)
1.34

where std(X) is the standard deviation, IQR(X) is the interquartile range,
and n is the number of change points estimated.

3. Results and Discussion
3.1. Particulars of the Simulation Study

The Negative Binomial Change Point Algorithm was tested using synthetic data
from a Negative Binomial distribution ( 7, p ). Monte Carlo simulations were per-
formed using the R software to showcase the model performance in detecting
changepoints in a case of single change in both distribution parameters. The study
considered small and medium samples of sizes n=12, n=20, n=60,
n=100, n=200 and n=500. The change points were set at each of the loca-
tions: n/4, n/2, and 3n/4 where parameters » and p were assumed to
change simultaneously, while the distributional form remained the same through-
out the samples similar to [1].

The parameters for the two segments were chosen to ensure a clear but subtle
distinction between data segments as follows:

Segment1: »=8 and p=04

Segment2: ¥=5 and p=0.2

The choice of model parameters was such that the change is not visually obvious
on a time series plot, while still ensuring that the change is not too small so that it
is easily missed by the algorithm. This section gives a summary of results for the
simulation study and visual analysis showcasing performance metrics of the
NBMCPA given different sample sizes, as well as the location of change points.
For each sample size considered, the true changepoints are set at positions 7/4,
n/2 and 3n/4. The distribution of estimated change points is visualized using
histograms and plots of the kernel density estimates. The vertical red dashed lines

mark the position of the true change points on the kernel density curves.

3.2. When the Sample Size Is n =20

Figures 1-3 show the distribution of the estimated change points for a small sam-
ple of size n=20.From the histogram, the estimated change points are scattered
at different positions with a slight concentration around the true change point for
cases where the true changes are located at position n/4 and 3n/4. The data
distributions displayed on the histograms in Figure 1 and Figure 3 reveal that the

algorithm has lower accuracy and precision for small sample sizes when the true
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changes are located near the endpoints of the dataset. The KDE curves show two
relatively broad peaks, with the higher peaks showing a higher concentration of
the estimates around the true change points. The lower peaks are an indication of
false alarms in change detection. On the other hand, when the true change point
is located in the middle of the dataset (at 7n/2), the histogram shows a peak at
around the middle position, with fewer estimates in regions away from 7/2.In
addition, the KDE curve has a single peak near, but not coinciding with the true
change location. This result indicates that the model accuracy and precision is
higher for changes located at 7/2 compared to when changes are located at
n/4 and 3n/4. However, there is a notable misclassification rate, as evidenced
by the departure of the peak of the KDE curve from the true change point.

Histogram of estimated changepoints Kernel Density Estimate of estimated changepoints
for n=20 and true cp at n/4 for n=20 and true cp at n/4
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Figure 1. Distribution of change points for a case of a single change at n/4 for a sample size n=20.

Histogram of estimated changepoints Kernel Density Estimate of estimated changepoints
for n=20 and true cp at n/2 for n=20 and true cp at n/2
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Figure 2. Distribution of change points for a case of a single change at 1/2 for a sample size n=20.
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Histogram of Estimated Change Points
for n=20 and true cp at 3n/4

Frequency

T T T T 1
0 5 10 15 20

Estimated Change Points

Density

Kernel Density Estimate of Estimated Change Points
for n=20 and true cp at 3n/4

Estimated Change Points

Figure 3. Distribution of change points for a case of a single change at 3n/4 for a sample size n=20.

3.3. When the Sample Size Is n =200

Figures 4-6 show the distribution of the estimated change points for a sample of

size n=200. The histogram shows that estimated change points are concentrated

around the true change positions for all three locations, indicating a high precision

and accuracy of the model across all positions of actual change points. This finding

is further supported by the KDE curve which has a narrow peak in all three cases

indicating that there is no significant bias or variability in the model’s estimates for

the given sample size. However, the distribution of estimated change points has

longer tails to the right (for true change and n/4) and to the left (for true change

and 3n/4) pointing to the presence of false alarms and lower precision in the

change point detection before and after the true change points respectively.

Histogram of estimated changepoints
for n=200 and true cp at n/4
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Figure 4. Distribution of change points for a case of a single change at

Kernel Density Estimate of estimated changepoints
for n=200 and true cp at n/4
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n/4 for a sample size n=200.
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Histogram of estimated changepoints Kernel Density Estimate of estimated changepoints
for n=200 and true cp at n/2 for n=200 and true cp at n/2
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Figure 5. Distribution of change points for a case of a single change at 1/2 for a sample size n=200.
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Pigure 6. Distribution of change points for a case of a single change at 3n/4 for a sample size 1=200.

3.4. When the Sample Size Is » =500

Figures 7-9 show the distribution of the estimated change points for a sample of
size n=500. From the histogram, the estimated change points are concentrated
around the true change positions for all three locations indicating a high precision
and accuracy of the model. This finding is further supported by the KDE curve
which has a narrow peak in all three cases indicating that there is no significant
bias or variability in the model’s estimates for the given sample size.

Table 1 gives a summary of performance metrics based on estimated change
points for different sample sizes (7 =12,20,60,100,200,500 ) and true change

point locations (1/4,n/2,3n/4). The change point estimation error was calculated
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as the absolute difference between the estimated change point and the true
changepoint. The results showed that the NBMCPA locates changes with a me-
dian absolute error close to 0, with a narrow (between 2 and 7) interquartile range
irrespective of the sample size and true change location. Further, the mean abso-
lute error is fairly small (ranging between 1.7 and 14.9) across all sample sizes.
Therefore, the algorithm is found to be consistently accurate.

With regard to model precision, the model’s capability to detect changes and
correctly estimate changepoints increases with the sample size. In addition, true
changes located in the middle of the dataset (at position 7/2) were estimated
with higher precision in comparison to changes located at positions 7n/4 and
3n/4. The model performance in terms of the empirical coverage was similar to

the precision.

Histogram of estimated changepoints Kernel Density Estimate of estimated changepoints
for n=500 and true cp at n/4 for n=500 and true cp at n/4
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Figure 7. Distribution of change points for a case of a single change at n/4 for a sample size 7 =500 .

Histogram of Estimated Change Points Kernel Density Estimate of Estimated Change Points
for a sample size n=500 for a sample size n=500
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Figure 8. Distribution of change points for a case of a single change at 1/2 for a sample size n=500.
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Histogram of Estimated Change Points
for n=500 and true cp at 3n/4
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for n=500 and true cp at 3n/4
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Pigure 9. Distribution of change points for a case of a single change at 3n/4 for a sample size 1 =500 .
Table 1. Model performance metrics for varying sample sizes and change locations.
Sample size Truecpt IQRAE MedAE MAE  Precision Sensitivity = FPR F1 Score
n/4 3 2 2.53 0.385 0.096 0.614 0.154
n=12 n/2 2 1 1.77 0.503 0.137 0.497 0.162
3n/4 5 0 2.27 0.521 0.104 0.478 0.113
n/4 6 3 4.29 0.328 1 0.672 0.494
n=20 n/2 3 2 2.76 0.424 1 0.576 0.596
3n/4 6 2 4.08 0.403 1 0.597 0.574
n/4 7 2 7.17 0.407 1 0.593 0.579
n=60 n/2 4 2 4.79 0.455 1 0.545 0.625
3n/4 6 2 6.27 0.434 1 0.566 0.605
n/4 4 2 6.14 0.673 1 0.327 0.805
n=100 n/2 4 2 5.38 0.695 1 0.327 0.820
3n/4 5 2 5.52 0.669 1 0.331 0.802
n/4 3 1 4.94 0.730 1 0.270 0.844
n =200 n/2 3 1 6.43 0.737 1 0.263 0.849
3n/4 3 1 6.35 0.719 1 0.281 0.837
n/4 3 1 11.82 0.741 1 0.259 0.851
n =500 n/2 3 1 13.21 0.820 1 0.172 0.906
3n/4 4 1 14.96 0.806 1 0.194 0.893

The algorithm detects changes whenever true variations in model parameters

exist, irrespective of whether they are correctly located or not. The true positive

rate equals 1 across all sample sizes and true change positions, with the exception
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of very small sample sizes, n=12 where the sensitivity ranges between 0.096 and
0.137. Based on the simulation results, the algorithm misses true change points in
some iterations, which is attributed to a low signal-to-noise ratio given the subtle
change occurring in a few observations.

The false positive rate decreases with increasing sample size (FPR = 0.497 for n
=12 and FPR = 0.172 for n = 500 when the true change point is located at n/2).
However, similar to model’s accuracy, the FPR is lower for changes located in the
middle of the dataset compared to quarter-way and three-quarter-way.

The F1 score provides a balance, in terms of harmonic mean, between the sen-
sitivity and precision of the model. The results showed that F1 score increases with
the sample size, and similar to precision, it is highest for changes located midway
through the data compared to the true change locations of n/4 and 3n/4. lo-
cated further away from the initial data point were more accurately estimated for

small sample sizes.

4. Conclusion and Recommendations

This simulation study considered a single change detection problem for datasets
with sizes ranging between n=12 and 7 =500 while controlling for the mag-
nitude of change. Given the foregoing results, the NBMCPA consistently detects
and estimates change points across varying sample sizes and true change point
locations. In particular, model’s ability to accurately locate the true change point
varies depending on the location of the true change point, relative to the size of
the dataset, similar to the results discussed in [4]. In this study, the model perfor-
mance was compared across three different true change point locations: at 7/2,
n/4,and 3n/4.The simulation results revealed that the algorithm has the high-
est precision when the true changepoint is located at the middle (point 7/2) of
the dataset consistent with [6] [8] [10]. A symmetrical distribution with equal
amount of data on either side of the true change point makes it easier for the
model to detect the change point because the magnitude of change in the data
before and after the true change point is likely to be roughly similar, allowing the
model to detect subtle abrupt shifts.

When the true changepoint is located at position 7n/4 or 3n/4, thereis a data
imbalance such that the true change point is located closer to the beginning (at
n/4) or end (at 3n/4) of the dataset. The smaller data segments before or after
the change may have less data to provide evidence of the change, contingent on
the sample size, which could result in lower detection accuracy.

In a nutshell, the model performance is optimal when the true changepoint is
located at n/ 2 because the data is balanced, and the shift is clear on both sides
of the change point, which results in a high precision and detection accuracy, both
of which increase with sample size. Further, the rate of false alarms is highest for
changes located quarter-way, followed by changes at 3n/4, and lowest for
changes located midway through the dataset. This simulation study considered

model performance under a single-change setting. However, as the NBMCPA is
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designed to detect a single change at a time, starting with the most pronounced,

the results of this study may be generalized for the multiple changepoint setting.

Further investigations can be done to investigate the algorithm performance

where there are multiple subtle changes in close proximity to each other within

small and medium datasets.
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