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ABSTRACT

A Student’s #-distribution is obtained from a weighted average over the standard deviation of a normal distribution, o,
when 1/ is distributed as chi. Left truncation at g of the chi distribution in the mixing integral leads to an effectively

truncated Student’s ¢-distribution with tails that decay as exp (—qzt2 / 2) . The effect of truncation of the chi distribution

in a chi-normal mixture is investigated and expressions for the pdf, the variance, and the kurtosis of the #-like distribu-
tion that arises from the mixture of a left-truncated chi and a normal distribution are given for selected degrees of free-
dom <5. This work has value in pricing financial assets, in understanding the Student’s f-distribution, in statistical

inference, and in analysis of data.
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1. Introduction

A Student’s ¢-distribution is used for statistical inference
for small sample sizes [1,2]. Nadarajah [3] states that the
Student’s t-distribution is the second most popular dis-
tribution, second in popularity only to the normal distri-
bution.

In addition to statistical inference, the Student’s #-dis-
tribution has application in finance, wherein the #-distri-
bution is found to fit the distribution of the logarithms of
daily returns better than a normal distribution or indeed
better than most any other distribution [4-9]. The number
of degrees of freedom, v, is found by least squares fit-
ting to historical returns to be around 3 for daily returns
of the DJIA and S&P 500 indices [9], with increasing v
for n-day returns, n>1.

The Student’s #-distribution also has application wher-
ever a Cauchy (Lorentzian) distribution is employed, since
a Student’s #-distribution with one degree of freedom is a
Cauchy distribution.

The Student’s #-distribution offers support from —oo
to +oo and has tails that decrease as "' for £ >>v .
This causes problems in finance as integrals needed to
price financial instruments diverge for the logarithm of
returns distributed as a Student’s ¢-distribution [9-11] and
the frequency of occurrence of the logarithms of daily
returns is fit well by Student’s #-distribution.
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Truncation, capping, and modification of the #-dis-
tribution have been put forth as means to deal with the
divergence [8,9,12]. Moriconi [8] multiplied the Stu-

dent’s z-distribution by an exp(—tz) to keep integrals

finite in pricing options. Lim ef al. [12] used a gene-
ralized #-distribution [13], which has a multiplicative
term of exp —t4). Lim et al. [12] reported that the
generalized r-distribution fit currency options better than
any other probability density function (pdf) that was used.
The results presented here provide a physical basis for
understanding the origin of a multiplicative factor.

Praetz [4] and Gerig et al. [7] pointed out that a
Student’s ¢-distribution is obtained from a mixture of a
normal distribution with a standard deviation o that is
distributed as an inverse chi distribution. If the support
for the inverse chi distribution is taken to be zero to
infinity, then a Student’s z-distribution is obtained from
the mixture. For convenience, in this paper the reciprocal
of o is denoted as a, a=1/c, and a is distributed
aschi, y(a;v,p):

(Vﬂz )(v—l)/Z av—le—vﬂzaz/Z
r(v/2)2"*"

Using chi as defined above and a normal distribution
with zero mean and standard deviation of o =1/a, the
mixing integral, when evaluated from a=0 to a=+w

x(a;v, B)da = Bvda. (1)
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yields a Student’s #-distribution
7a2t2/2
(v, ) j (a;v, B)da
_ ((v+1>/2>v“ﬂv ©
«/%F(v/2)(t2 +vp’ )(M)/z

with a mean of zero, v degrees of freedom, and a scale
parameter of S . The parameters for the chi distribution
were chosen to yield a Student’s r-distribution, £, (£;v, ),
with a mean of zero, v degrees of freedom, and a scale
parameter of /3.

If a chi distribution for the reciprocal of o is left
truncated, then the result of the mixing integral with the
left-truncated chi distribution is a ¢-like distribution that
has exponentially decaying tails. This result is demon-
strated for v =3. The integrals involved can be eva-
luated analytically for odd v . Small values of v are of
interest.

The contribution to a v =3 Student’s #-distribution,
f, (t;v =34 ) , from values in the left-hand wing of the
chi distribution for a <g 1is given by

—a2t2/2

I(t;v=3,8,9) J-qae
e (zeq sy —2—q2t2]e"2(’2*3"2)/2
h n (2 +38°)

a v :3,ﬁ)da

E}

(3)
whereas the contribution from values in the right-hand
wing of the chi distribution for a > ¢ is given by

—0212/2

r(tv =3,5.9) j“’e z(a;v=3,8)da

NEYA (3,32612 +2+q2t2)e_q (o) )

n (2 +34°)

It is interesting to note that the sum of the contribu-
tions from Equations (3) and (4) form a full Student’s
t-distribution (in this case the mixing integral has been
written as the sum of two exhaustive and exclusive re-
gions: a<g and a>gq), and that the right-hand con-
tribution has an exponentially decaying tail. As a result,
any pdf that does not include the left-hand contribution
from the chi distribution for the reciprocal of the standard
deviation in a chi-normal mixture will have tails that
decay as exp (—q2t2/2) )

Figure 1 is a plot of a Student’s #-distribution with
v =3 degrees of freedom and the contributions to the
t-distribution from the right-hand wing of the chi dis-
tribution and from the left-hand wing of the chi dis-

2
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Figure 1. Semi-log plots of a Student’s #distribution with v
= 3 and scale parameter g = 1 and of the contributions to
the #-distribution from the left- and right-hand wings of the
chi distribution in the chi-normal mixture that produces the
Student’s #distribution.

tribution. Figure 1 clearly shows that large values of the
standard deviation o in the mixture give rise to the fat
tails of the ¢-distribution. The large values of the standard
deviation occur for small values of the reciprocal of the
standard deviation. For Figure 1, the wing of the chi
distribution was truncated for an area of 0.01 in the wing.
The small values of the standard deviation (large reci-
procal; right wing) make a negligible contribution to the
value of the Student’s ¢-distribution. The long tic mark at
t =5.841 marks the point where the area in each tail of
the Student’s z-distribution equals 0.005, for a total area
0f 0.01.

The slowly decaying power tails of the z-distribution
with increasing ¢ results in the divergence of moments
and of integrals required to price financial instruments
that are based on a log Student’s ¢-distribution. The
results presented in Figure 1 are interesting on two levels.
One level is intrinsic interest in understanding the
Student’s #-distribution and the other level is use. The
results show the origins of the slowly decaying power
tails of Student’s #-distributions and suggest an approach
to deal with the divergence of moments and integrals
based on the #-distribution.

Left truncation of the chi distribution for the reciprocal
of the standard deviation to allow for only physically
possible values of the standard deviation o will impart
exponentially decaying tails to the resulting #-like distri-
bution from the chi-normal mixture. It is unlikely that
0<o <. Avalue of o=0 implies no variability and
avalue of o =c0 implies infinite variability.

In the following sections, expressions for the proba-
bility density function (pdf), the variance, and the kur-
tosis are given for several small values of v for t-like
distributions that are obtained by left truncation of a chi-
normal mixture. In addition, the first several terms for
power series expansions of the variance and kurtosis
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are given. These power series demonstrate the effect of
the left truncation on the moments. Since the power
series are valid only for small amounts of truncation,
Figure 2 is presented. This figure shows the magnitude
of the parameters involved for a left truncation of the chi
distribution, y(a;v, ). After Figure 2, some general
definitions are given.

Figure 2 plots the cumulative density function (CDF)

F(x)=j§;((a;v,ﬂ=1)da for small values of the in-

dependent variable x for the chi distribution in the mix-
ing integral that yields a Student’s #-distribution with v =
1, 2, 3, 5 and 9 degrees of freedom. The long tic marks
give the values (¢ = 0.0125, 0.10, 0.196, 0.333, 0.482)
for which the CDF F(g)=0.01. Figure 2 allows an ap-
preciation of the differences amongst the chi distributions
for different degrees of freedom and of the magnitudes of
the numbers involved.

The probability that x>g¢ , P,(x>gq;v,f) ,
needed to normalize properly a truncated chi distribution.
A left-truncated chi distribution y(a;v,f) is zero for
values a<gq:

P, (x>qv. )= "z (xv.B)dx. )

f (t;v, ﬂ,q) is the pdf for a mixture of a left-truncated
chi and normal distribution. If ¢=0 then f (t;v, /)’,q)
would be a Student’s #-distribution with v degrees of
freedom and scale parameter . An explicit expression

for f(;v.B.q) is

Q)

at/2
f(tv.B.q) _[wae 2(av.f)

da
V2rn P,(x>qv.p)

V(v,B.q) isthe variance of the pdf f(#;v,5.q),

V(v.8.q)=] 21 (t:v.B.q)dt, (7)
and K(v,f.q) isthekurtosis of the pdf f(#;v,5.q),

K(v,ﬂ,q):;zf £ f (v, f.q)de. (8)
V(iv.B.q) "~

This paper provides information on the effective trun-
cation of a Student’s #-like distribution when the chi dis-
tribution for the reciprocal of the standard deviation is
left-truncated. It is shown that the tails of the effectively
truncated z-distribution go as exp (—qzt2 /2) The con-
tribution r(#;v,B,9) to an odd v Student’s ¢-distri-
bution from values of a@>g for a chi-normal mixture,
i.e., Equation (4) evaluated for odd v, is given by (see
Equation (9) below).

0.2

X

Figure 2. Plot of F(x)= I:)((a;v,ﬁ' =1)da for small values
of x and for v = 1, 2, 3, 5 and 9. The long tic marks on the
abscissa mark the values for which the area to the left
equals 1%, i.e., Pl(x <qv,p :1) = F(q) =0.01.

The expression, which decreases with 7 as exp(—q2t2 / 2),
was obtained from an examination of the expressions for
r(t;v,B,q) for v <11 and by comparison with the ge-
neral case for odd v. Clearly, left truncation of the chi
distribution for the reciprocal of the standard deviation in
a chi-normal mixture removes the fat tails of the Stu-
dent’s #-distribution.

2. Results

Expressions for some of the low v, effectively truncated
Student’s #-distributions and moments are given in the
following subsections. For a Student’s ¢-distribution the
variance equals A°v/(v—2) and exists only for v >2.
The kurtosis equals 3(v—2)/(v—4) and exists only for
v >4 . For effectively truncated Student’s ¢-distributions
(i.e., truncation of the large values of the standard devia-
tion in the chi mixing distribution), the moments exist for
all v.

2.1. v =1 (Cauchy or Lorentzian Distribution)

The pdf for a mixture of a left-truncated chi distribution
for v=1 and a=1/c and a normal distribution is

f(tv=1,8.4q)
o o)
(245 (1—erf(,3q/ﬁ))

21,‘2/2) for

The tails of the pdf decrease as exp (—q
non-zero q.

Jj=0

e (BT e 12

(v-2)'=n (t2 +v
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+1)/2 (9)
)V )/

oJS



522 D. T. CASSIDY

The first moment for ¢ >0 exists for the effectively truncated v =1 t-distribution and is given by
pE(1.5°G2)  Blr+in(B¢*/2)) Bly+(pq)2))
Zn(l—erf(ﬂq/x/z)) 2n V2

ﬂ(—n+4}/ + 41n(ﬂ2q2 /2))
- 4n?

where y =0.5722--- is Euler’s contant and Ei() is the exponential integral. The series expansion is valid for fg <<1.
The series expansion shows a logarithmic divergence as g approaches zero, as expected for a Cauchy distribution.
The v =1 variance is given by

[ (v =1,B.q)dt =
(1

ﬁ2q2+0(ﬂ3q3)

ﬁe‘ﬂz"z/z(—,b’ﬂ:eﬂz‘lz/zq+ﬁneﬂ2"2/zerf(q,b’/x/§)q+\/E)
qm (l—erf(qﬂ/\/z))

2P (n+2) B B2 (n-4)

- \/;ﬂq T 21

is proportional to A3, remains finite for ¢ >0, and diverges as 1/¢g as g approaches zero.
An exact expression for the v =1 kurtosis can be found, but the expression is long and cumbersome. The series
expansion

V(V zl,ﬂ,q):
(12)

9+0(B¢),

K(v=1,ﬁ,q>z%+n_1+3m(n_3)ﬁq+o(ﬁzqz) (13)

shows that the v =1 Kkurtosis is proportional to 1/¢ and hence stays finite for g >0. Both the variance and the
kurtosis are not defined for a Cauchy distribution, i.e., for a Student’s z-distribution with v =1 and a region of

support from —oo to +oo.

22.v=2
The pdf, f (t;v =2, ,b’,q) , for a mixture of a left-truncated chi distribution for v=2 and a=1/c with a normal pdf

I3 (qﬁme(l—erf( \/Tﬂ/z)j (2 )/) 22

JE(tz+2ﬁ2) (14)

PP 2p) (- (P s ))(ﬂ w28°) 2 pg +0(Bq ).

The first term in the series expansion is equal to f tv =
f (t v=2,0, q) has tails that decrease as exp(—q t ) for non Zero ¢, since N (l erf ( )) ~ exp(—xz) x for
large x. For large ¢t,

f(t;v:Z,ﬂ,q)z[ﬂ\/%f+0(t )J ) (15)

Simple, analytic expression for the moments for even values of v could not be found.
23.v=3
The v=3 pdf, £, (v =3,8),equals
3e_qz,l/z (3/5'2q2 +2+q212)ﬂ3\/§
Ju(2+38° )2 (x/;eyzﬂzqz +6 Bq —«/;erf(\/gﬂqh)eywzqz )

(16)
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and has tails that decrease as exp (—qz

q.
The v =3 variance is given by

V(v=3,8.9)
i 352 (1—erf(1/2«/€ﬂq))
= \/;ﬁq\/ge,yzﬂzqz +n(1_erf(l/2\/gﬂ(]))

320 g N o o)
=R

and approaches 35” as ¢ approaches zero. This is ex-
pected since the variance for a Student’s f-distribution
exists for v>2 and equals p’v/(v-2) or 34 for
v=3.

A series expansion for the v =3 kurtosis (the exact
expression is long and cumbersome) is

J6  4-m 9N6(4-m)
ﬁ’q\/_ Y M
o(Aq),

and diverges as 1/¢q as g approaches zero. The kurtosis
for a Student’s 7-distribution is defined only for v >4 .

2/ 2) for non-zero

(17)

K(v=3,p,q9)~

(18)
_48(n_23)ﬂ2q2+
(L

24.v=5

The series expansion for the v =5 variance shows a
weak dependence on the left truncation. To lowest order
in g, the v =5 variance has a cubic dependence on q.
The curves of Figure 2 show that the chi distribution has
decreasing area in the left for small g as v increases.

V(v=5p84q)~ ﬂ _25/3\#_ }

The series expansions for the v =5 kurtosis is given
by

B¢ +0(B¢*) (19)

K(V=5,ﬂ,q)z9—9% q

75\/733 30044
2\/’ nﬁ ('B)

The v =5 Kkurtosis is finite for ¢ =0. The series ex-
pansion is a linear decrease in ¢ for small g.

For v =7, the first two terms of the alternating series
for the expansion of the kurtosis are 5(1—4.93/33(]3).
For v >5 the kurtosis is not impacted by a truncation
for small fq .

(20)

3. Application

Application of the effectively truncated Student’s #-dis-
tribution to pricing a European call option is given in this

Copyright © 2012 SciRes.

section.
The value of a European call option at the time of
expiration, C;, is the expectation of the maximum value

of {S,-K,,0}, CT:E{(ST—KT)+}, where S, is

the price of a stock at time 7, K, is the strike price at
time 7, T is the time when the option expires, and E{}

is the expectation operator [9]. It is not necessary to solve
a partial differential equation to find the price of an
option [9-11]. The desired quantity C,, which is the
value of the option at time ¢=0, is obtained from the
expected time value of money. If r(t) is the risk free
rate as a function of time ¢, then C, = C, xexp(—rxT)

when the risk free rate is assumed to be time independent.
This is a standard assumption in the derivation of the
Black-Scholes formula.

Let S, =4, exp(o,&) be the value of the stock at
time 7 where & is a random variable, and where both
A, and the volatility o, do not depend on the random
variable &.

In terms of the pdf for &, f. (&), the value of the op-
tion at time 7' is

C = l,,(KT] o (47 exp(076)-K, ) f:(£)dg  @1)
A

The value of 4, is determined by the requirements
that the process be fair (i.e., the process is a martingale)
and that the development in time of the price include the
time value of money [9]. This requires that
E{AT exp(argf)} =exp(rT)S, where S, is the value
of the stock at time 0.

If & is normally distributed, then S, follows a log
normal distribution, 4, =S, exp(rT exp(—ch / 2) , and
the price for the option is given by the Black-Scholes for-
mula.

If & follows a Student’s #-distribution, then C, is infi-
nite. The exponential growth of S, with & dominates
the § *))" tails of the Student’s dlstrlbutlon Equation
(2). However, if an effectively truncated Student’s #-dis-
tribution is used, then the tails of the effectively trun-
cated ¢-distribution diminish with & as exp(—q2§2 /2) ,
and the value of the European call option remains finite.
Both the effectively truncated Student’s ¢-distribution
and the normal distribution have a multiplicative
exp<—§2 / 2) factor that dominates the exponential
growth of S, for large &. In general, the integral to
price the European call option must be evaluated numeri-
cally. Equation (21) is perhaps the simplest manner in
which to write the cost of the call option.

The Student’s ¢-distribution is found (over the subin-
terval of the infinite region of support where returns are
observed) to fit the distribution of the logarithms of daily
returns better than a normal distribution or indeed better
than most any other distribution [4-9]. It would be
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prudent to price options using a distribution that matches
the data. The effectively truncated #-distribution that is
described in this paper is a distribution that matches the
observed data, as demonstrated in Figure 3.

Adaptive bins widths were used to generate the fre-
quency of occurrence data for Figure 3. The bin width
was increased until at least 5 counts were obtained in the
bin. The normal distribution fits the data well only in the
neighbourhood of ¢#=0 and does not fit the fat tails of
the data. The quality of the fit of a Student’s #-distri-
bution to the 15 491 data points that constitute the fre-
quency of occurrence of ranges of values for the logari-
thms of the daily returns is remarkably good over all the
returns, including the infrequent, low-probability events
in the tails.

A fit of a Student’s f-distribution to the logarithm of
the daily returns over the period of January 1950 to 27
July 2011 for the S&P 500 Index gives v =3.3+£0.2
and a scale parameter [ = (6.06i0.3)x10_3. The data
show a kurtosis of 25 and a maximum 22-day volatility
of 0.0573. The approximation for the kurtosis for a
v =3 effectively truncated t-distribution equal to 25,
K(v=3,B8,9)=25, is solved for fq=0.057. The chi
distribution in the mixing integral is, assuming that
v =3, truncated for volatilities >0.1=/3/0.057 to ob-
tain the same kurtosis as the data. This level of truncation
is roughly twice the maximum 22-day volatility of
0.0573 that was obtained from the daily returns. Note
that the kurtosis exists only for v >4 for Student’s t-
distributions. In contrast, the kurtosis is defined for
v<4 for an effectively truncated ¢-distribution, in
agreement with the data.

The area in the left wing for truncation of the chi dis-
tribution at Sq =0.057 to match the kurtosis of the ob-
served daily returns of 25 is 2.6x10™*. This level of
truncation of the chi distribution has a minor effect on
the effectively truncated Student’s ¢-distribution for
|t| <20, as can be observed in Figure 4. This is con-
sistent with the data; all 15 491 data points lie in the
interval —0.205 to +0.116. When the scale parameter
B=(6.06+0.3)x10" is taken into account, the data lie
in the region —33.7<¢<19.1 The truncation to match
the kurtosis is not severe (c.f. Figure 4), but the trun-
cation is sufficient to keep finite the integrals required to
price options with a log Student’s #-distribution.

4. Conclusions

A Student’s #-distribution arises from an averaging over
the standard deviation of a normal distribution when the
reciprocal of the standard deviation is distributed as chi.
The Student’s #-distribution offers support over —o to
+o0 . The slowly decaying power tails and infinite
support region mean some moments for the Student’s
t-distribution do not exist. This divergence of integrals

Copyright © 2012 SciRes.
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log(frequency of occurrence)

1-day return

Figure 3. Plots of the best fit Student’s #distribution and
normal distribution to the frequency of occurrence of the
logarithms of daily returns for the S&P 500 index. The
Student’s #distribution fits the data well.

0 20 40 60

Figure 4. Plot of a v = 3 Student’s #distribution (red) and an
effectively truncated v = 3 Student’s ¢distribution (green).
The truncation was chosen to match the observed kurtosis
of the daily returns for the S&P 500 index over the period
of January 1950 to 27 July 2011.

can cause problems, particularly in the pricing of options
where the logarithm of returns is distributed as a Stu-
dent’s #-distribution. One approach to deal with the di-
vergence is to truncate the Student’s #-distribution [9].
Data typically fit well to the central region of the z-distri-
bution and are nonexistent far from the central region of
the Student’s #-distribution. Other approaches are to mul-
tiply the #-distribution by an envelope function that re-
duces the impact of the tails [8] or to use a generalized
form that includes an envelope function that reduces the
impact of the tails [12]. The approach presented here is to
left-truncate a chi distribution for the reciprocal of the
standard deviation. The chi distribution is used in a mix-
ing integral with a normal distribution to yield an effec-
tively truncated Student’s #-distribution. Left truncation
of the chi distribution at ¢ yields tails for the effectively
truncated Student’s t-distribution that decay with in-
creasing ¢ as exp(—q2t2 / 2). The approach adopted here
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supports the envelope multiplication of Moriconi [8] by
showing that the envelope modification is similar in ef-
fect to a left truncation of a chi distribution for the reci-
procal of the standard deviation, and then mixing the
truncated chi distribution with a normal distribution of
the same standard deviation.

Expressions or power series expressions for the pdf,
variance, and kurtosis for several low number of degrees
of freedom, effectively truncated Student’s ¢-distributions
are given. These expressions demonstrate the exponential
tails of the effectively truncated -distribution and show
that the variance and kurtosis remain remain finite for the
effectively truncated distributions. In addition, it is shown
that it is the large values of the standard deviation in the
mixing integral that give rise to the fat tails of the
Student’s #-distribution. The small values of the standard
deviation in the mixing integral do not contribute to the
tails of the Student’s ¢-distribution and only weakly con-
tribute to the core of the Student’s ¢-distribution.

The effective truncation of the Student’s z-distribution
means that integrals required to price financial instru-
ments such as European call options remain finite. This
permits pricing with a distribution, the log Student’s
t-distribution, that describes well returns for stocks.

Simple expressions were not found for the effectively
truncated 7-distributions with even numbers of degrees of
freedom. Given the importance of the Student’s z-distri-
bution in the description of returns and data in general, it
would be helpful to find accurate approximations that
smoothly approach the expressions for the odd numbers
of degrees of freedom. These approximations could then
be used to model data where it is unphysical to assume
support over —oo to +oo. The exp(—q2t2/2) enve-
lope modification of Moriconi [8] might be a sufficiently
good approximation for all degrees of freedom. It is
shown that the envelope modification of Moriconi is func-
tionally equivalent to a truncation of large values of the
volatility (standard deviation) in the chi distribution of
the chi-normal mixing integral that leads to a Student’s
t-distribution.
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