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ABSTRACT

This paper considered an autoregressive time series where the slope contains random components with non-negative
values. The authors determine the stationary condition of the series to estimate its parameters by the quasi-maximum
likelihood method. The authors also simulate and estimate the coefficients of the simulation chain. In this paper, we

consider modeling and forecasting gold chain on the free market in Hanoi, Vietnam.
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1. Introduction

It is well-known that many time series in finance such as
stock returns exhibit leptokurtosis, time-varying volati-
lity and volatility clusters. The generalized autoregres-
sive conditional heteroscedasticity (GARCH) and the ran-
dom coefficient autoregressive (RCA) model have been
caturing three characteristics of financial returns.

The RCA models have been studied by several authors
[1-3]. Most of their theoreic properties are well-known,
including conditions for the existence and the uniqueness
of a stationary solution, or for the existence of moments
for the stationary distribution. In this paper, we address
the stationary conditions for the RCA model, the exis-
tence and the uniqueness of a stationary solution and
parameter estimation problem for the RCA model with
the coefficient have a non-negative random elements.

2. Stationary Conditions of the Series
Consider time series {Y,} satisfying
Y =(g+[a])Y +&

6 -N(0.0)b-N(0.02)

where {(b e )}t are random vectors with independent
identical dlstrlbutlon defined in a certain (Q, F, P)
probability space 2)

Firstly, we consider the property of the stochastic vari-
able

Y =ie_i

=0 j=0

pebl) o

Copyright © 2012 SciRes.

Let log" x =max(logX,0).
Lemma 1. Suppose that condition (2) satisfied,

Elog"|e,| <o and Elog” |b0||<oo 4)

If
—0 < Elog|g+|b]| < 0 )

Y determined by (3) will be absolute convergence with
probability 1.

Proof.

Assume —oo < E10g|¢+|b0|| <0, according to the law
of great numbers, existing stochastic variable i, such
that:

log|¢+|b71||+10g|¢+|b72||+---+10g|¢+|b7i|| S%i}/ ©)

with every i1,

where —oo<y = Elog|¢+|b || <0. Then

UEba [y (| o] (33 (]
()
<z[|e ol £

|e |e|y/2)

We will prove P {Z|ei | e <oo} =1. Indeed, due to
i=0

0<e”? <1 and in accordance with lemma Borel-Cante-
11i, sufficient condition here means proving

iP{|e7k|>;"‘}<oo with ¢ >1. We have:
k=1
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}

ip{le—k|>§k}:

k=

P

P{log+ |e0| >k logé’}

Me T

=~
l

< Elog |eo| o
log<&
From (7), we have P {|Y| < oo} =1.
If E log|¢ +|b0|| =—o0, (6) can always correct with
some ¥ < 0. Therefore, (7) is always true.
Lemma 2. Suppose that (2) and (5) meet
E|b | < o0 and E|e0| <o with some &£>0 .

existing o >0 such that E|Y| < o0,
Proof.

Then,

Suppose M (t)= E|¢+|b0||t ,0<t<¢

We have M (0)=1, and owing to (5):M'(0+)<0,
M (t) is a decreasing function in the neighborhood of 0.
Hence, existing 6 >0 such that M (&) <1. Generally
less, suppose that 0<&<1. Due to the convex, we
have (a+b) <a’+b’ véi a,b>0.

|Y|5 < (g|e_i|§‘¢+|b_j|0

Use condition (2) and M (&) <1, we obtain:
. s » -l s
Ewrsﬂ%r;EqV+hm
i= j=
—Ele,[ SM(5) <0
i=0

Lemma 3. Assume (2) and (5) are satisfied with
a>1:Ele,|" <w,Elb|" <oo and E|g+]o,
EY[" <oo.

Proof.

Due to condition (2) and inequality Minkowski

(E|Y|a )l/a < (E|e0|a )Va .g(E|¢+|b0||a )i/a <. Hence,

ENV[ <oo.
Theorem 1: Suppose that (1), (4) and (5) satisfied
with the almost sure convergence of

Y, —Zek , (¢+ |bk J|) and process {Y,;keZ} is
i=0 ':
the stationary solution of (1)

Proof.
Y, s convergent absolutely, acording to Lemma 1

We have: Y, _Zek' (¢+|bk J|).Therefore.
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VRS (|
i=1 j=0
=6 +€._, (¢+|bk|)+ek—z (¢+|bk|)'(¢+|bk—1|)
+ee €, (¢+|bk|)(¢+|bk 1|)"'(¢+|bk—m+l|)
=e + (¢+|b |) Zek 1-i (¢+|bk - J|)

=e +(g+[0])Yy
=Y, is the single solution of (1)
Obviously, {Y,} is a stationary series and {Y,} is

independent of e,,b,,t>k.

3. Estimation of Model Parameters

Suppose that

o, >0,07 >0.

In this section, we care about estimating vectors of
t9=(¢5,of,o-e2 ) based on Quasi-Maximum Likelihood
method.

With k € Z, we have:

E(Yk |}l<-1): E<(¢+|bk|)Yk-1 + € |-7:k-1)
= (¢+ E|bk|)Yk—1

but E|b|—\/7 o, , S0
(Y |7 1) (¢+GD\EJY“

2
2
Var(Yk |.7:k,1)= E|:[Yk _(¢+O—b\/;JYk1]
{(|b | O'b\/7J Y, +ek2|}—k—1}
— |:(1 +£jo—§ —Zo'b\/zE |bk|:|Yk21 + O-e2
T T

:[1_3)035_] vol.
T

Therefore, we have following likelihood function

.|
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n 1 Indeed,

i=1 2
\/27T Kl _nj XY+ Y} Esup|log [[1—3] XYy + y}‘
uell T
2 2 )
Y, —| s+ /gx Yo, (I_JYO 1
1 T <El|log| ————+—|+E

L, (u)=

log{[l —Ej XY, + yo}
T

"CXpy 2 : XO yo
(l —j XY, +y
" +[log(y, )| <o
2
Maximum likelihood estimators determined by: |:Y1 _ ( s+ /% X jYO }
supL, (u)=L,(4,) ®) Einf g, (u) = Einf 5
"= (1 —j XY, +y
n

where T is a certain optional appropriate area of R’

el
(1) =13 0,w) {Y(FM
B e

gi(u)= 2 .,
[1—”:) XY,5, +y — Esup log{(l—zj XY, + y:| > —00
2 uel’ T
+log (1——ijﬁ +y}.
{ T 1 On the other hand,
. . A 2
Then (8) can be written as inf H, (u)= Hn( n) |:Y1 —(s+ /ZX]YO}
T
Assume Eg, (u)= E
2) 2
1 1 1-= XY, +Y
I=4(s,%Y):=s, <5<, — < X< X,—<y<y, ( EJ ‘
X m ©) ,
with s, > 0,%, >1,y, >1 +ElogK1——j XY, + y}
T

Now, the consistence of maximum livelihood esti-
mates 6, is said.

Theorem 2. Suppose (2), (4), (5), (8), (9) satisfied and 2
P{(#+h,)e, =0} <1 and T . We have {Yl_(“ /EXJYO}
6, >0 as(n—x»). T

Proof. 20s 2 ) s
Let =(¢-1) Yy +| o] - = Yo

Yot

Ym(“:“:ﬂ): i-1 ,a=0,1,---,2y,7 N +2(¢—S)~(|b]|—\/2—7]Y02+05
T

V4
((1—2) XY, + yj
T
2
a B S I O
and ﬂ((l,}/)zE YO 7,(120,1,"‘,2}/. E(|b1| \/:] _(O-b+7'[x nab\/;)
2) 5
1-= XY, +y) % )
& bl |- )

We will prove Einf g, (u)>—o and Eg, (u) be con-

But

tinuouson T . Then
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\

[l—zj XY, +y
I

.{(¢_s)z+ 5 +2_nx_4§b\/;}r2 Z((;b_&)@;_s)}

(L T

2

+E25—e+ ElogKl—gijoz + y} <
(l—ij02+y g

(L

Eg,(u) is a continuous function in acordance with
u=(s,x ). Next, we will prove:

Eg, (u)>Eg,(6) Yu=O,uel.

In fact,
\
(1 - 2) XY, +y
b

~{(¢—s)2 +| 52 +2—nx—45b‘/;J+2 3(51; —«/;)(gﬁ—s)}

Eg,(u)=E

n

2
B2 ElogKl—gj XYZ + y}
T

(l—zijoz+y
T
2 ’ v2
:|:¢—S+\/;(O'b—x):| EW
n

Yo +Y

(1 - 2] oY) +o;
n

(l—zjoﬁYoz +o;
+E I 5
(1 —jdeoz +y

T

(I—ZJXYOZ +y
T
+Elog Kl—gj oY, +0':}
T
2 Y2

1—)XY02+y
T

+E log[(l—zjof%z + 0'92}
T

—Elog

(1 —2j oY, +o;
+Eh T

(1 —2j XY, +y
(L

where
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h(z)=z—Inz, 2>0

h’(z)zl—%, W(z)=0ez=1
= h(z)>h(l)=1 V2 >0
= Eg, (u) > Eg, (0)

and Eg, (u)>Eg,(8) ifand only if

3 (l—zjaéYoz +o;
¢—s+\/:(0'b—x)=OandP T =1;=1
T

(l—zj XY, +y
I

=>X=0.,y=0.,5=¢
If
(l—gjo—onz +o; =[1_£j XY, +y as
(L (L

(l—zj(aj -x)Y; =y-o; as

n

>

If op #x or yzo;, P{Y) =c|=I
But Y7 =(g+[0])Y; +e +2(g+|n])eY, (as)
But {Y,,k €Z} is a stationary series

= P(¥ =c)=1

= c=(p+|b|)c+e’ +2(s+n])eY, (as)

But EY, =0, take conditional expectations (e,,b,)
in both sides, we have:

c=(g+b|)c+ef (as)

But [Y,|=+/c as=(g+|b|)e, =0 as

Return to theorem inf, (u)<1,(8),s0
lim supinf |, (u)< limsupl, (0).as

But series {gi(é’),i eZ} is stationary and ergodic
with E|g1 (9)| <, according to Ergodic theorem, we
have:

liml, (0)=Eg, (0) as
= lim supinﬁln (u)<Eg,(0) as

n—oo ue

With each positive integer n,l (u) is a continuous
function in compact set G, so

6, €T = limsupl, (6,)<Eg,(9) as

n—o

Let C -compact set in I" with positive distance to
6. Owing to g;(u) being continuous in I, existing an
open sphere U(u) with center u with r < Eg, (u),u eC
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such that:
r<E inf 91( ).

teU(u
Sets U (u),ueC are open covers of C, so C holds
such finite open covers, are called
U(y,),U(u,),---,U(u,) of C. In accordance with Er-
godic thoerem, with every 1< j <k, we have:
n

imLY inf g, (u)=E in(f)gl(u)>r as
ueu (uj

n—»nig ueU(uj)

See that

n

> inf g;(u)

1
infl (u)>min inf 1 (u )>erl<nkH| . nf

ueC 1<j<k UEU( )

3,11igloinf£2gln( )>m1n11m1nf Z inf g;(u)>r

1< j<k n—>0 1ueU(u])

In out of events B, with P(B,)=0 with r satis-
fying: r <inf Eg, (u).

Therefore, liminfinfl, (u )>trelg Eg,(u) as

But Eg,(u) is continuous and #¢C is singly
minimum of Eg, (u)

= lim infinf, (u)>Eg,(0) as

Let U is a open sphere with center & and enough
small radius and U"=UNT . If 6, ¢U", existing a
random subseries n, such that with C*=T/U"
have:

liminf inf |, (u) < liminf |, (énk )

n—wo uec” k—o0

<limsupl, (6,) a:s

n
n—oo

But limsupl, ( )< Eg, (6 )<11m1nf1nf| (u)

n—o n—o ueC
hence, with each above U”, existing random variable
n, suchthat 6, eU”,vnxn,.

This completes the proof. [

4. Simulation

In this section, we simulate series (1) with different val-
ues of 6= (¢ o.,0. ). These simulations show station-
ary and non- statlonary series cases.

We simulate series (1) with different values of
0= (¢, of,o-ez) and in each case we can check the sta-
tionary conditions of the series (1) by Lemma 1. In Fig-
ure 1, we see that the series is not stationary with the
negagtive slope ¢=-1.07 and in Figures 2 and 3 we
simulate the not stationary series with positive slope
$#=0.9 and ¢=0.93. Figure 4 presents a stationary but
clustering series, Figures 5-7 present stationary series with
parameters are ¢=-0.7, ¢=0 and ¢=0.7.

Copyright © 2012 SciRes.
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Figure 1. Simulation for series ¥, defined by (1) with
¢=-1.09;6,=0.1;6,=0.1.
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0 50 100 150 200 250 300 350 400 450 500
Figure 2. Simulation for series ¥, defined by (1) with
$=09;0,=0.1;6,=0.1.
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Figure 3. Simulation for series ¥, defined by (1) with
¢=093;6,=0.1;6,=0.1.
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10720 40 60 80 100 120 140 160 180 200

Figure 4. Simulation for series ¥, defined by (1) with
¢$=-1.07;0,=0.1;6,=0.1.
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Figure 5. Simulation for series ¥, defined by (1) with
$=-0.7;6,=0.1;6,=0.1.
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Figure 6. Simulation for series ¥, defined by (1) with
$=0;0,=0.1;6,=0.1.
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Figure 7. Simulation for series ¥, defined by (1) with
$=0.7;6,=0.1;6,=0.1.

5. Application for Real-Time Series

In this section, we use model (1) for the model of return
series of the price of gold on the free market in Hanoi,
Vietnam. Figure 8 show the Return series of Gold price
r,.
From the data series we estimate for vector
0=(¢.07,07) is 6=(0.0004,0.0002,0.0069) . So, we

e

can use the following model to forecast the future value
of gold price:
r, =(0.0004+|b|)r,_, +e,

& ~ N (0,0.0069),b, ~ N (0,0.0002).
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Figure 8. Return series of Gold price r,.

0.04 : :
0.03" 1
0.02- ‘ ‘ ]
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~0.05+ :

=055 50 100 150 200 250 300

Figure 9. Simulation for series ¥, defined by (1) with
0= (0.0004,0.0002,0.0069) .

Figure 9 below is a simulation of the process (1) with
parameters 6 = (0.0004,0.0002,0.0069) .

6. Conclusion

This paper has solved some problems relating to a kind
of first order time series with coefficient regression af-
fected by non-negative random elements. In subsequent
studies, the author will consider the asymptotic estimates
of the parameters.
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