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Abstract

Many controlled processes, such as biochemical ones, are repetitive, similar to
batch-organized processes. They generate Optimal Control Problems (OCPs)
solved by optimal controllers, which often predict the best control values over
a prediction horizon using a process model (PM). The latter can encompass
imprecise, incomplete, and uncertain knowledge, nonlinearities, or may rep-
resent a distributed-parameter system, among other features. Using metaheu-
ristics like the Evolutionary Algorithm (EA) within control structures is a
practical approach for specific OCPs. The main drawback of this solution is
its high computational demands, which can exceed the sampling period. Pre-
viously, the authors explored a new topic: whether a machine learning (ML)
algorithm could “learn” the optimal behavior of the couple (EA and PM). Mul-
tilinear regression functions were trained and utilized within the ML control-
ler, leading to a significant reduction in its execution time. This article extends
the research and proposes using Regressive Neural Networks (RNN’s) instead
of regression functions, because they have limited capacity to capture nonlin-
earities. RNNs are more complex regression models, with a greater capacity to
model EA-PM couples. The article meticulously describes how the training
data is obtained. Algorithms for constructing the RNNs, developing the RNN
predictor, and simulating the closed-loop are also proposed. The results are
convincing: a) the control-loop dynamic was practically identical with that us-
ing the EA predictor; b) the performance indices were practically the same; c)
the controller’s execution time decreased remarkably. Using MATLAB for the
Park Ramirez Problem, this time was 38 seconds, with the multilinear regres-
sion functions, it was 0. 08 seconds, and now with the RNN predictor, it is
0.0549 seconds. This outstanding reduction in prediction time opens the pos-
sibility to apply Receding Horizon Control (RHC) not only to slow processes
but also to fast ones, which have small time constants.
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1. Introduction

Many controlled processes, such as biochemical ones, are repetitive, similar to

batch-organized processes. They generate Optimal Control Problems (OCPs)

solved by optimal controllers, which often predict the best control values over a

prediction horizon using a Process Model (PM).

A control structure that can implement closed-loop optimal solutions for OCPs
is Receding Horizon Control (RHC). The essential characteristics of this control
structure are:

- Itincludes a predictor for estimating the future optimal control values required
to complete the optimization task.

- It also encompasses a Process Model that the predictor harnesses to generate
its predictions.

The predictor implicitly implements a specific method to solve the optimization
problem. That is why a metaheuristic algorithm [1]-[3] can be a practical choice,
such as the EA, Particle Swarm Optimization, etc. Many articles highlight the abil-
ity of metaheuristic algorithms to solve complex problems in the field of dynamic
optimization [4]-[9]. A systematic way to use metaheuristics in solving OCPs is
presented in [10] [11].

The EA predictor has some characteristics:

- The main strength is that the EA can solve difficult optimization problems
with imprecise, incomplete, and uncertain knowledge, nonlinearities, or in a
distributed-parameter system [12].

- The main drawback is its computational complexity. The EA is called at each
single sampling period to find a partial solution and perform many numerical
integrations.

- The execution time is significant; sometimes it can be slightly less than the
sampling period. That is why the EA predictor is typically used in control
structures for slow processes.

- In this context, there are possibilities to reduce its execution time [13]-[15],
but unfortunately, they diminish the solutions’ accuracy.

Another way to address the main possible drawback of the EA predictor is to
look for Machine Learning-based solutions [16]-[19].

In a previous study [20], the authors explored a new topic: whether a machine
learning algorithm could “learn” the optimal behavior of the EA-PM pair. Multi-
linear regression functions [21]-[23] were trained and utilized within the so-called
ML controller, leading to an outstanding reduction in its execution time.

In this paper, we extended the research in line with [20] and proposed replacing

the regression functions with Regressive Neural Networks. What would be the
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benefit of using RNNs instead of multilinear regression functions? The regression
functions proposed in the previous article have limited ability to capture nonlin-
earities, for example. RNNs are more complex regression models, with a greater
capacity to model EA-PM couples. The price to pay will be the model size, but not
always.

The novelty of our approach, to the best of our knowledge, is that ML can learn
even the EA’s behavior within the control structure.

The control structure used in this work is known as Receding Horizon Control
(RHC) [10] [24]-[26], a type of Model Predictive Control [27] [28]. This time, its
prediction module uses an EA. It predicts, at each sampling moment, the optimal
control sequence until the final time of the control horizon, using the process
model. Then, the controller sends the first element of this sequence to the process
and discards the other elements. After a sampling period, the controller picks up
the process’s next state and resumes the control action. The EA employs a PM and
other blocks for numerical integration and different computations.

We shall consider RHC structures with two types of predictors: (a) one using
an EA and (b) one employing Regression Neural Networks. The two structures
control the same process to solve the same optimization problem. The controller
(b), which will be called the RNN-controller in the sequel, is designed in a specific
way that assumes the EA-controller (a) has already been implemented (at least to
the simulation level).

The main objective of our work, presented in this article, is to develop the RNN-
controller such that it emulates the EA-controller in optimizing the process mod-
eled by the PM.

In article [20], the authors developed a controller called ML-controller that also
emulates the EA-controller but uses a set of multilinear regression functions. The
results were very good because the process’s evolutions were practically identical;
moreover, the ML-controller’s execution time decreased significantly.

Briefly, the training data for the RNNs is collected from simulations of the
closed-loop system equipped with the EA-controller. The optimal behavior of the
EA-PM couple is “learned” by the RNNs, which are then used in the new control-
ler.

The main contribution of this work is the complete design process of the RNN-
controller, from data collection to closed-loop simulation.

Several algorithms were also proposed, and their corresponding programs were
used to yield the results presented here. To write programs and to initially train
and analyze the RNNs, we used the MATLAB system.

To exemplify our presentation, we needed a case study, which is a well-known
Optimal Control Problem called the Park-Ramirez problem (PRP) (Appendix A,
A.1.4). This serves as a benchmark problem [29] [30] that can illustrate a final
cost OCP. We need to specify the following aspects:

- This research does not specifically aim to solve this problem.

- Solving this benchmark problem enables a comparison between previous work
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using regression functions and current work using RNNs.

- The PRP has a simple structure that does not complicate the presentation.

As in [20], replacing thousands of PM’s numerical integrations with a single
RNN call, during the current sampling period, leads to a significantly shorter ex-
ecution time than the EA predictor. Section 2 discusses some aspects of using EAs
in optimal control systems. It also connects this article to our previous work by
referencing appendices that review important theoretical elements and make the
presentation self-contained. The concepts of optimal control profile and optimal
trajectories are defined within the context of a discrete-time solution of PRP; the
latter employs a version of EA. A general overview, Algorithm 1, of the RHC Con-
troller is also included.

The sequence of activities needed to conduct the research is presented at the
beginning of section 3, Materials and Methods. Subsection 3.1 is devoted to the
collection of data needed for training, harnessing the programs already developed
in the previous research. Then the data is split into datasets for each sampling
period in Subsection 3.2; the training using these datasets will generate just as
many RNNs. Construction sessions using an application of the MATLAB system
will generate, as described in Subsection 3.3, RNN models, which are adequate for
each sampling period.

The algorithm for constructing the RNNs-Algorithm 2 is described in Subsec-
tion 3.4. Algorithm 3 in Subsection 3.5 describes the simulation of the closed-loop
over the control horizon using the new controller with an RNN predictor.

The results obtained in this work and the related discussions are the subject of
Section 4, including the possible improvements. The overall conclusion is that the
results are convincing:

e The dynamics of the control loop were practically the same as those generated
by the EA predictor, including the state trajectory and the optimal control pro-
file.

e The performance indices were practically the same.

e The controller’s execution time decreased remarkably; it is even smaller than
that of the controller using regression functions.

The RNN predictor succeeded in emulating the EA-PM couple. This fact shows
that RHC can extend its applicability.

2. Optimal Control Using Evolutionary Algorithms

Since it is essential for our approach, the control structure is recalled in Figure 1;
at the same time, this also helps us to define the main objective and contribution
of our work more clearly. In short, the goal is to define the structure in Figure
1(b) capable of emulating the one in Figure 1(a).

The objective of this work and the description of our method require many
theoretical elements and notations that are used in our presentation. To reduce
references to other works and make the presentation self-contained, the annexes
of this article provide the necessary information to make it easier to follow the

presentation.
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Figure 1. The Receding Horizon Control structure using (a) EA and (b) Regression
Neural Networks.

Appendix A provides a short OCPs formulation, which is adequate for our
presentation but is not a contribution of this work. This annex also presents the
case study, the Park-Ramirez problem (PRP), which is a benchmark problem.

Regarding the PRP, Appendix B shows a discrete-time solution using a version
of EA; this solution was also presented in [20]. At each sampling period &, the EA
calculates the optimal sequence of control outputs, V{4), for the remaining con-
trol horizon [4; H]. Finally, the first value of the sequence (%), becomes the con-
troller’s best output, denoted U’ (k) , sent toward the process:

U (k)2V (k)

The optimal control U’ (k) is also a function of the current state X (k) ,
which does not appear above as a distinct argument, to keep the notation simple

and easy to follow. Nevertheless, this dependence is essential for the machine
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learning models as well.
We name a “control profile” (CP) a complete sequence of H control vectors,
U (0) , U (1) U (H - 1) . It will generate the transfer diagram drawn in Figure 2.

X0 X1 X(k) X(k+1) X(H-1) X(H)
O O — O @O ®
) U Uk k) O uw-n

Figure 2. The state trajectory yielded by a control profile.

The controller, based on the EA, constructs the quasi-optimal CP for the initial
state Xo = X(0) and the considered control horizon by concatenating the optimal
controls (U” (k) , k=0,---,H —1). It forces the process to go through a sequence
of “optimal states” known as the optimal trajectory, F(X 0) :

Q(X,)&(U"(0),U°(1),+,U" (H 1)) o
F(Xo) £ <X0»X* (l)"”’X* (H)>

These two sequences fully define the optimal evolution of the closed loop
throughout the control horizon. Ideally, the optimal cost function will reach the
value J if the process and its model are identical. In practice, this value will be
very close to j, making Q(X;) a quasi-optimal solution of our OCP.

Algorithm 1 provides the pseudocode for the RHC Controller, which is struc-
tured as shown in Figure 1. Regardless of the prediction type, the optimal control

profile is found step-by-step using the following predictions:
U (0) = predict(O, XO); U (1) = predict(l,X(])); e

2
U'(H -1)= predict(H -1, X (H —1)) @

We considered the predictor to be modeled by a function predict(k, X), where
kis the index of the sampling period, and Xis the current state vector of the pro-

cess.

Algorithm 1. General implementation of the RHC Controller.

/* This is the function that the controller executes at each sampling period */
begin

Get the current value of the state vector, X(&);

1a /* Update kand X(4) by simuation using PM*/

b “Read” the state vector of the real process, X(4);
/* Read physically X(4) */

2 U (k) “— predict(k,X(k)) /* see equation (2) */

3 Send U (k) towards the Process. /Send in simulation or physically */

4  Wait for the next sampling period.

end
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We need to make a decision. When the controller is simulated, as in this work,
instruction #la is considered, while instruction #1b only applies to a real-time
implemented controller.

The implementation of the predict function depends on the choice made. We
can use an EA like in Appendix C, a set of multilinear regression functions as in

[20], or a set of RNN's as shown in this work.

3. Materials and Methods

It is important to emphasize the main goal of our work: to implement the predic-
tor of the RHC structure using RNN’s that emulate the optimal behavior of an EA
operating within this framework. We expect the new controller to operate the
same but more quickly.

The research activities will adopt the same approach as described in [20]. Table
1 provides the sequence of activities for conducting the research in this work. The
activities are numbered from 1 to 6. The blue lines display the results from per-
forming the activities. These results may be structured data, objects as RNNs,
functions and programs.

The first two activities are already addressed in the previous work [20], from
which we can utilize the algorithms and programs already developed. Therefore,
these algorithms and programs, together with the MATLAB system and its appli-
cations, can be regarded as the materials used in this work.

Table 1 presents a list of general activities guiding our research, which are fur-

ther explained in the sequel to specify the methods developed in this work.

Table 1. Sequence of activities for conducting the research.

1. Collect data by simulating M closed-loop operations across the full control horizon [0, H].

Results:  statel (H X n), state; (H X n), ..., statex (H x n); UstarRHC (M x n)

2. Extract from the data collected at step 1 the dataset for each sampling period, k=0, ..., H— 1.

SOCSK e R 5 SOCSK, «[ (x; (k)" (U, (k)" ]

Results:
SOCSK =| x, (k)'

1

x, (k)

i

S0 n®) n®) ()

3. Conduct multiple construction sessions using the Regression Learner application with two main objectives: to determine the
dataset size and to identify the best RNN model for each 4.

The best RNN model for each &k, where k=0, ..., H— 1.
Results:  The size of the dataset used for training the RNNy, dimdata(%).
The training function for every RNN«.
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Continued

4. Develop an algorithm and a program to build the RNN for each kas objects that can be utilized for predictions, using the
data and training functions obtained in the previous step.

- Cell array MODELNN{H,1}; The cell #& contains a reference to the object RNN«
Results: - Cell array DATAKTest{4;1}; The cell #k contains the table datakTest used to test the RNNx
- Cell array DATAKTrain{#,1}; The cell #4 contains the table datakTrain used to train the RNNx

5. Develop an algorithm and the corresponding program that implements the optimal controller and simulates the evolution of
the closed loop; it will predict the optimal control values using the RRNs built earlier.

Results: The ControlLoop_RNN algorithm and its corresponding MATLAB function.
6. Conduct multiple simulations for the closed-loop functioning to solve PRP, harnessing the ControlLoop_RNN.

Statistics, execution time, and solution quality.
Results: . . . . . .
- Comparison with previous solutions, especially the controller developed in [20].

3.1. Step 1—Collection of Data

We need data describing the quasi-optimal behavior of the RHC structure func-

tioning with the EA-PM couple. RNNs will use this to learn this behavior.

The main idea is to simultaneously record the optimal control outputs that the
controller provides and the optimal PM’s trajectories, which this one is forced to
follow.

Remark 1: The RHC controller calculates the optimal control outputs using the
PM; it does not depend on the actual process. That’s why we are al-
lowed to simulate the control loop’s evolution over a control horizon
and collect the control and state values for each sampling period.

In other words, to collect more data for training, we might simulate the closed-
loop functioning over multiple control horizons and record the trajectories and
the CPs.

Simulation of the closed-loop evolution

Appendix C recalls the prediction algorithm based on the EA, and an algorithm
that simulates the closed-loop operation over the control horizon; both algorithms
are detailed in [20], but are recalled here to make this presentation easier to follow.

Figure Al in Appendix C shows the flowchart of the prediction function called
Predictor_EA, which uses an EA for the control horizon [4, H]. Its inputs are &
and the current state during this sampling period, denoted as X;. The function
returns a quasi-optimal predicted sequence that maximizes the performance in-
dex j.

To control the actual process in real-time throughout the entire control horizon
[0, H], we can use the algorithm described by Figure A2 in Appendix C. The
ControlLoop_EA algorithm is the version used for simulations when the real pro-
cess matches the process model. It calls, for each sampling period, the functions
Predictor_EA and RHC_RealProcessStep. The latter function is used to simulate

the PM for a single step; this way, the next process state is determined by numer-
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ical integration, and the simulation can continue. Finally, the simulation program
will store the two sequences, Q(X 0) and F(X o) , in the vector uRHC and the
matrix state, as well as the value of the performance index /.

As in our previous work, we have executed M times the ControlLoop_EA pro-
gram to collect the sequences shown in equation (1). The Predictor_EA function
has a stochastic character because the EA is so. Consequently, the Con-
trolLoop_EA program inherits the stochastic character. Therefore, the A execu-
tions give different results, even if the process starts in the same state X;. Practi-
cally, the control profiles and the quasi-optimal trajectories are different at each

run but are very close to each other.

3.2. Step 2—Extraction of Datasets Characterizing Each Sampling
Period

The M matrices, such as state, (H x n), state, (Hx n), ..., statey;(Hx n), are stored
in a cell array called STATE{1, M}, and the vectors of type uRHC are stored in a
matrix UstarRHC(M, H).

Considering &, 0<k < H -1, which is already fixed, we create a matrix
SOCSK e R "™ that collects the States and Optimal Control values concern-
ing step k from all the A experiences. Line 7, 1<i< M , concatenates data from

experience 7

SOCSK, «| (x; (k) (v} (k)" |

i

Considering the data defined before, it holds:

SOCSK, <[ STATE, (k,1:n) UstarRHC (i,k)].

STATE;is the ith element of the cell array STATE. In the PRP case, we obtained
the matrix SOCSK presented as a result of activity 2 in Table 1.

3.3. Step 3—Construction Sessions for RNN Models

Using the Regression Learner application in MATLAB, we have conducted mul-

tiple sessions called Construction Sessions for each k; with two related objectives.

- Determining the dataset size for each k=0,---,H —1. From the available M/
data points collected in step 1, we chose the number of data points that yielded
the best accuracy for RNN;.

- Determining the best RNN model for the dataset chosen at this step k. Usually,
the optimal model was the “optimizable” RNNs, which provided the best ac-
curacy.

After a thorough analysis of the results, the best RNN was identified, and the
training function was saved. The size of the training dataset was also stored in a
vector called dimdata(1 x H).

As a general rule, for each k, the first 60 values of column 4 from the matrix
SOCSK were used for the testing set, and the values from 61 to 60 + dimdata(k)

were assigned to the training set.
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Algorithm 2. Models_Construction.

3.4. Step 4: Algorithm to Build the RNN for Each k

The pseudocode below mainly describes the Algorithm 2 that generates the RNNs
associated with each of the A sampling periods.

/* This pseudocode outlines the data generation, training, and testing processes of the RNNs for each sampling period.*/
Input: cell array STATE {M x 1} and the matrix UstarRHC (MxH); dimdata = [140,190,290,290,...190,190,290,290];

Output: cell array MODELNN{H x 1},

for each sampling period

DATAKTest, and DATAKTrain storing objects that are RNNs and tables, respectively,

begin

1 fork=0..H1

2 fori=0..M

3 SOCSK, <[ STATE, (k,1:n) UstarRHC (i.k)]

4 end

5 #Convert the matrix SOCSK into the table datak

6 dataTest<¢lines #1 - #60 of tatak

7 dataTrain<lines #61 - #[dimdata(4&+1)+60] of tatak

8 DATAKTest{k}<dataTest

9 DATAKTrain{k}«dataTrain

10 [mdIRNN, vrmse] ¢ trainRNN(k,datakTrain);

11 MODELNN{k+1}¢-mdIRNN

12 #compute the Root Mean Squared Error for the testing phase (RMSE).
13 #display vrmse (rmse for the validation phase) and RMSE
14 end

15  #Save MODELNN, DATAKTest, DATAK Train in workspace file Models&Data.

end

The RNN models are stored in a cell array {1} similar to their training and
testing data. The dimdata array is determined at step 3, within the Construction
Sessions.

The trainRNN function from instruction 10 takes the value of k& as an input
argument; it selects from the /A training functions.

RMSEtest and vrmse represent the Root Mean Squared Error values for testing
and validation phases. Instruction #12 stores the models in a file for further utili-

zation.

3.5. Step 5-Simulation of the Closed-Loop with RNN Predictor

This section proposes the ControlLoop_RNN algorithm, which simulates Reced-
ing Horizon Control with a predictor that employs RNNSs; the latter emulates the

behavior of the EA-PM couple. This simulation over the control horizon is carried
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out by a program unit, which is a function described in Algorithm 3. Calling this
function repeatedly allows us to generate statistics.

Algorithm 3. ControlLoop_RNN.

/* This pseudocode simulates the RHC functioning equipped with a controller that predicts using RNNs */
function [uRNN, FinalState, J/f]<ControlLoop_ RNN(MODELNN, X00)
Input: cell array MODELNN{ Ax1}; it contains a number of H trained RNN models;
Outputs: zRNN- the sequence of the optimal control values;
FinalState- the final state at the moment k = 5
JE the value of the performance index.

begin
1. #Initializations: A, umin, umax,
2. #Allocate memory space for two arrays: uRNM1, H) and state( H+1, n); /*n=5%/.

X0<XO00; /* X0 is the current state of the process during the simulation, X00 is the initial state at the start of
the control horizon. */

4, state(1, —)<XO0; /*Store the first state*/
5. for kk=1...H;/* k=0,...,H-1; kk=k+ 1%/

mdIRNN<MODELNN({kk}; /* mdIRNN stores objects of type RNN, which are trained for the current

6 sampling period*/

7. uRNN(kk)< The value predicted by the mdIRNN for the current state X0.

8. #The value of uRNN(kK) is constrained within established limits: umin and umax.
9. X0<«step_PP_RH(uzRNM kk), X0);

10. state(kk+1, -)<XO0;

11. end

12. FinalState<state( H+1, -);
13. Jf<state(H+1, 1) x state( H+1, 5);
14.  #Display uRNN, FinalState, Jf

return

The vector uRNN(1, H) is gradually filled with the optimal control values cal-
culated by the predictor and sent to the process. Before the return instruction, this
vector indicates an optimal control profile. The matrix “state” records the states
through which the process passes, ultimately resulting in an optimal trajectory.

Mainly, the simulation is accomplished through an interaction in the loop be-
tween the RNN_Controller and the PM.

Remark 2: The RNN_Controller is realized through instructions #6-#8; the
mdIRNN loads based on the value of kkand predicts the optimal con-
trol value according to the current state of the process, X0.

Instruction #9 determines the next state of the process by using the function
step_PP_RH. The latter calculates the next state of the process through numerical

integration based on the current state and the previous control value.
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Instruction #13 calculates the performance index Jf. In our case, Jf corresponds
to PRP.

4. Results and Discussion

The first two activities from Table 1, which make up step 1 and step 2 of our work
were covered in the previous article [20]. Their programs and results were carried
over in this work as available materials. The simulations of the closed-loop evolu-
tions over the entire control horizon [0, H] produced M = 400 optimal CPs and
their state trajectories. Therefore, for each sampling period, the corresponding

RNN could be trained with datasets having a maximum of 400 data points.

4.1. Results of Constructing Regression Neural Networks

In step 3, we conducted multiple Construction Sessions using the Regression
Learner application from MATLAB, aiming to develop a Regression Neural Net-
work for each of the A sampling periods (k =0,:--,H —1). The total number of
RNNss trained exceeded 200. For each of them, we pursued two main objectives:
e to determine the dataset size for the training phase
¢ to identify the most suitable RNN model.

For each & we decided by comparison what is the best RNN that can be further
used in our work to develop an RHC controller.

Table 2 specifies for each & the size of the training data.

Table 2. The size of the training data for the best RNNs.

k 0

1 2 3 4 5 6 7 8 9 10 11 12 13 14

dimdata 140

190 290 290 290 240 290 190 290 190 190 190 190 290 290

After several Construction Sessions, we have identified the key characteristics
of the models—things we need to leverage in our Construction Sessions. Table 3

summarizes these characteristics.

Table 3. Characteristics of the Construction Sessions used to identify and train the RNNs.

Significant training data sizes 140, 190, 240, and 290 data points;

The testing data size

60 unseen data points established at the beginning

The most used RNN model Optimizable Neural Network

Optimization method

Bayesian optimization

The first quality criterion used to rank the RNNs Root Mean Square Error in training

The second quality criterion taken into account. R-Squared

For example, for k= 10, the RNN that gives the best accuracy is the “optimizable
Neural Network” trained with 190 data points, and tested with 60 unseen data
points. The chosen optimizer was Bayesian optimization. The resulting optimiza-

ble hyperparameters and the training results are given in Table 4.
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Table 4. The optimized hyperparameters and the training results for &= 10.

Optimized hyperparameters

Training results

LayerSizes
Activations
Lambda
Iteration Limit

Standardize

1 RMSE
tanh R -Squared
0.00167 MSE

200 MAE

false MAPE

Training time

Model size (Compact):

0.0874
0.84
0.007655
0.069985
104.2%
44.09 sec
5kB

The accuracy performance of each RNN, across the sampling periods, is given

in Table 5, considering the 60 data points of the testing set.

Table 5. The accuracy metrics across sampling periods.

k Median test error
0 0.0543
1 0.1529
2 0.1609
3 0.2562
4 0.4181
5 0.5753
6 1.1669
7 1.2750
8 1.4489
9 1.3357
10 0.2001
11 0.6639
12 0.6733
13 0.6884
14 1.0103

Mean Absolute Error
0.0783
0.1784
0.1656
0.3079
0.3996
0.5396
1.0580
1.2664
1.4223
1.2762
0.2326
0.6435
0.6550
0.6743
1.0036

RMSE
0.1035
0.1025
0.1198
0.1835
0.3039
0.3280
0.3821
0.3455
0.3705
0.5578
0.0936
0.0828
0.0731
0.0556
0.0061

For each k, we have also obtained a training function that was called in step 4

to create the RNN object. This action was accomplished by running the program

Models_Construction, which implements Algorithm 2.

4.2. Optimal Control Profiles and State Trajectories-Comparison

with Previous Results

To see the new RNN controller in action, we have run the ControlLoop_RNN

simulation program multiple times. Of interest were the shape of the control pro-

files and of the state trajectories, as well as the performance index achieved in the

final state.

We made the comparison among the three evolutions of the closed-loop sys-
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tem, using the three controllers:

- EA_controller: RHC with predictions made by EA.

- ML_controller: the control laws are actually the multilinear regression func-
tions developed in the previous article [20]; each function is associated with a
specific sampling period of the control horizon.

- RNN_controller: the RNNs predict the optimal control values; each RNN is
associated with a specific sampling period of the control horizon.

The comparison among the CPs developed using machine learning is given in

Figure 3. Figure 3(a) is taken from our article [20].

) Control profile - with linear regression 2 Coptrol profile - with RIIVN
1.8F 1.8 1
16F 1.6
1.4}F 1.4+
= L
> 1.2f Z 1.2
5 H
ER : 1
s £
= i=1
=
g0.8f $ 0.8
06k 0.6
4
0.4F 0
0.2
0.2F
. 0 . L
% 5 10 15 0 5 10 15
time [h] time [h]

(b)

Figure 3. The CP achieved by (a) the ML_controller, linear regression version; (b) the RNN_controller.

The CPs are very similar, which explains why the two performance indices are
almost equal. The three state evolutions associated with the three controllers are
shown in Figure 4. Figure 4(a) and Figure 4(b) are recalled here for comparison
from our article [20].

The resemblance between the three processes’ responses is very high and proves
that
- The set of functions % successfully replicated the optimal behavior of the pair

EA PM couple, as previously shown in [20].
- The set of RNNs also succeeded in emulating the optimal behavior of the EA-
PM couple, which was our goal to demonstrate.

Furthermore, the performance index value (J,,, =32.0986 ) achieved by the CP
in Figure 4(b) is very good because it matches the maximum value ( J, = 32.0936)
recorded in the M data points generated by the EA. Therefore, the PRP’s solution
identified by the ML model is also nearly optimal. The performance index’s value
achieved by the CP in Figure 4(c) is also very good J,, =32.106, and very close
to .
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Figure 4. State evolution comparison: (a) Prediction with EA using RHC, (b) Machine learning prediction with a set of linear

regression functions, (c) Machine learning prediction with a set of RNNs.

To evaluate the execution time of the closed-loop evolution over the control
horizon, we ran the ControlLoop_RNN simulation program 50 times—due to its
stochastic nature—under the same conditions as in our previous works. Table 6
compares these results with those obtained using the other two controllers.

The typical value is the execution time of a specific simulation out of the 50,
which is closest to the average. We also note that, from this perspective, the pre-

dictor with RNN is faster even than the predictor with regression functions.
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Table 6. Duration of the controller action during the evolution of the closed loop.

Execution time - RNN controller

Minimum value 0.0342 sec
Average value 0.0548 sec
Maximum value 0.1143 sec
Typical value 0.0549 sec
Standard Deviation 0.0150

Execution time - controller with multilinear regression functions  0.08 sec

Execution time - EA controller 38.0 sec

4.3. Aspects of Designing and Validating the RNN Controller

There are a few aspects that we need to emphasize in the sequel.

4.3.1. The Design Procedure of the RNN Controller Is Carried out Offline
In this subsection, our perspective is that the design procedure develops an RNN
controller that will be used in real-time.

1) An important aspect of the design procedure is that the data used for training
is collected offline through simulation of the closed-loop over multiple control
horizons (see Remark 1). We want to emphasize that this is not due to the fact
that our work, presented in this paper, is a simulated study.

Remark 3: Even if the RNN controller will physically control a real process, the
data will be collected through simulation. The latter is achieved by a
program like ControlLoop_EA.

2) When it is used within the RHC structure, the EA predictor makes its pre-
dictions using only the PM.

Remark 4: The RNNs involved in this work must “learn” the behavior of the EA-
PM couple. The actual process is not involved in collecting data.

The Construction Sessions, the selection of the RNNs, and the preliminary sim-

ulations are also carried out offline.

4.3.2. The Predictions Rely on the States of the Actual Process

The RNN controller, in its control action, will predict the control output accord-

ing to the actual process’s state. What is the process involved in? Either the PM or

the real process, like in Algorithm 1, which provides for both possibilities (in-
structions #1a or #1b).

Remark 5. The state vectors presented to the RNNs to make predictions are not
the same as those used in training. In particular, the states “read” from
the current process have nothing to do with the training data because
the PM is at least a little different from the real process. The process
model can never perfectly model the real process.

In this paper, we used the RNN controller in simulations where the process

model is identical to the PM, a situation called the simulated regime. Even in a

simulated regime, the state vectors can be different from those of collected data,

due to numerical perturbations and inherent numerical integrations (to calculate
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the next state).
In what measure can the misfit between the PM and the actual process’s char-

acterization impact the quasi-optimality of the control loop?

4.3.3. Simulation of the Misfit between the PM and the Actual Process at
the Level of State Variables

In our simulations, the difference between the PM and the actual process’s char-
acterization will be perceived only at the level of state variables. We used a very
simple method to characterize this mismatch: the state variables are modified as
if they are affected by noise. We consider the actual process’s characterization to
be symbolically represented at the level of state variables by this expression:

actual process’s characterization = PM + an additive perturbation.

More specifically, each state variable x, (k) was perturbed by the value z, (k)
to produce the perturbed state variable xp, (k)

xp; (k)< x; (k)+z (k); i=1---,5 k=0, ,H-1;

The value z, (k) isakind of additive noise uniformly distributed in the range
[-Z, L], where it holds:

L:p~|x[(k)|.

The value of p gives the amplitude of the perturbation, for example, p = 0.5%.
The resulting range of the noise will be 1% of the absolute value of the state vari-
able at hand. We modified the simulation program ControlLoop_RNN to perturb
the PM and analyzed the effects on the control action.

Figure 5 illustrates the two optimal CPs when the controller commands the PM
or the actual process.

Control profile—RNN controller with PM / real process

with PM
with real process

1.6

1.4

1.2

0.8

control output: u

0.6

0.4

0.2

0 5 10 15
time [h]

Figure 5. Comparison: CP when the controller works with the PM
versus the actual process.
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For the state trajectories, the comparison between the two situations is pre-

sented in Figure 6.

State evolution - RNN controller with PM/real process

3x;
3x3 State evolution of the real process: dash—dotted line 4

state variables

time [h]

Figure 6. Comparison: CP when the RNN controller works with the PM versus the actual process.

The performance indexes are /i = 31.7701 and /4 = 31.5394, respectively. We
observe that the control loop has remained effective even with this deviation from
the PM, and the CPs and state trajectories are slightly different. Both evolutions
keep the quasi-optimal character.

Certainly, the deviation from the loop’s behavior when operating with PM in-
creases as the noise amplitude z grows larger. Beyond a certain value of Z, the
control loop will have a degraded behavior far away from a quasi-optimal charac-

ter.

4.4. Possible Improvements of the RNNs’ Generation

For each sampling period (#k), the RNN is stored in a workspace and used. This
situation is justified by the fact that each sampling period has its own training
data, and the RNN is relevant when using this data.

For H = 15, this situation is acceptable, even though the number of RNNs ana-
lyzed during the Construction Session is substantial. But how do we manage when
the number of sampling periods is much larger (e.g., 100)?

There are two possible solutions:
= A single RNN model that will be used for all sampling periods. The training to

obtain RNNy is achieved during the current sampling period. Then it is used
to predict according to the state vector.
= A single RNN for all sampling periods. This RNN will be trained offline with

DOI: 10.4236/0jop.2026.152002

40 Open Journal of Optimization


https://doi.org/10.4236/ojop.2026.152002

I. Arama, V. Minzu

the global collected data. Variable #4 could be added to the predictor variables.
The validation and testing sets will be selected in a more complex way. The
unique RNN will be used to generate predictions during each sampling period.

In this regard, further work remains.

4.5. The Relationship between the Controllers Using EA or RNN

If we need to modify the PM, even slightly, we have to redo the entire design pro-
cess, including the simulation of the M control horizons, to generate the new
training data. This happens even though the EA did not suffer any change. From
the beginning, it was mentioned that the RNNs emulate the EA-PM couple.
Therefore, this paper does not suggest entirely abandoning the EA predictor.
Remark 6. If we choose to solve an optimization problem with an EA, the starting
point would be the EA predictor. The faster RNN predictor will be de-
veloped once the EA-controller is designed and simulated to generate
the training data. The RNN-controller is only a fast implementation

variant for the EA-controller.

5. Conclusions

The work presented in this paper showed that a set of Regression Neural Networks
can also be used to emulate (“learn”) the optimal behavior of the couple EA-PM.
Consequently, they can implement the predictor of the optimal controller. In
comparison with the EA control loop, the simulated new control loop proved to
have very good features:

e Similar state trajectory and optimal control profile.

¢ Quasi-equal performance index, which means keeping the solution’s optimal-
ity.

¢ The controller’s execution time is even shorter than that of the controller using
regression functions.

Besides the qualitative features mentioned above, there are also positive and
non-negligible characteristics of the presented approach for constructing the
RNN-controller:

e The training data are obtained by simulations of the EA control loop working
only with the PM.

e Data from the actual process is not needed because only the EA-PM couple is
“learned”.

e The entire design process of the RNN controller is performed online.

e If the control loop works in real-time, the state vectors provided to RNNs for
predictions are those “read” from the actual process, not from the PM.

e Compared to linear regression functions, the main advantage of using RNNs
is their greater capacity to capture the behavior of the EA-PM couple, espe-
cially when the PM has essential nonlinearities.

RNNss have a greater capacity to model complex systems than multilinear re-

gressions. We have solved other OCPs whose process has essential nonlinearities.
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The price to pay for this greater capacity to model complex systems is additional
training effort, especially when each sampling period has its own RNN. The main
drawback of the proposed approach is the number of sampling periods in the con-
trol horizon, which can be much larger than in our case study. This situation in-
volves a huge number of RNNs that must be analyzed and trained. Therefore, we
can now consider the proposed approach as one that shows the feasibility of im-
plementation with RNNs. Managing a large value for H can be done through pos-
sible improvements of the current version, within future research. There are two
possibilities to consider:
= A single RNN model will be utilized across all sampling periods, with the train-
ing to obtain RNNk conducted during the current sampling period.
= A single RNN will be used for all sampling periods. This model will be trained
offline using the globally collected data. The unique RNN will generate predic-
tions during each sampling period.
Remark 6 highlights that the RNN-controller is merely a more efficient way to
implement the EA-controller. Therefore, the use of EAs in optimal control will

remain relevant.
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Appendix A

Formulation of Optimal Control Problems

This section reviews the formulation of OCPs used to state the Park-Ramirez
problem, the case study discussed in this paper. It can be used for many practical
OCPs.

A.1. Optimal Control Problems with Final Cost

Since the structure of an OCP is well-known, we focus only on the key elements
relevant to the problem used as an example in this section. Rigorous mathematical
details will be omitted to keep the presentation simple.

A.1.1. Process Model

Our approach involves a controller with a process model made up of algebraic

and ordinary differential equations.

X()=[x(t)x, (t)]T —a vector with 1 state variables;

U(t) = [u] (t)um (t)]T —a vector with m control variables.

The set of equations (A1) below exemplifies a process model.

A.1.2. Constraints

Although there are many constraint types, we mention only those used in this
paper.

Control horizon: te [zo,tﬁml] t,=0

Initial state. X (0)= X, eR"

min > ““max

Bound constraints. The values u’. ,u’  are the limits of the variable u ; (t) .

If Trepresents the sampling period of the control system, then the control hori-

zon can be divided into A sampling periods:

ot = HxT.

A.1.3. Cost Function
The problem is to identify the control function, U () , that optimizes (maxim-
izes or minimizes) a specific cost (objective) function J, whose general form is

shown below.
I(U0):X0)= [ LK (2).U () dr 4T g

The function L determines the integral component (Lagrange term) of the func-
tion /, while I tnat (Mayer term) rewards (or penalizes) the final state (in most
cases).

Remark Al. When the final cost is present, whether or not there is an integral
term, the prediction horizon must end at the final time, which in-
volves the greatest computational complexity.

Given Remark A1, we focus solely on the final cost, as it aligns with our OCP.
J(U()’XO ) é Jﬁnal = J(X(tﬁnal )) .

The solution to the problem is the function U(-), which generates the optimal
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value of the cost function known as the performance index.

Jy =mU?)xJ(X(tﬁml))érg?)xJ(U('),Xo).

A.1.4. An Example of OCP with a Final Cost
The Park-Ramirez problem (PRP) is a benchmark problem [26] [27] that can
illustrate a final cost OCP. The nonlinear model represents a fed-batch reactor
that produces secreted protein. PRP has been explored in many studies to analyze
integration methods.
(PM):
u

X =g '(xz _xl)_x_‘xl
5

. u
Xy =8y X3 = X%
s

. u
X3 =83 —— X
x5

Ky =73 g5 x, +—-(20—x,)

Xs (A1)
Xs=u
4.75- g,
& =5
0.12+ g,
Xy —5.0-x,
= -
£ 014 x,
21.87-x,

& T (5, 104)(x, +62.5)

The state variables have the following significance: x, (1) —concentration of
secreted protein, x, (7) —concentration of total protein, x;(¢) —density of cul-
ture cell, x, () —concentration of substrate, and x; () —holdup volume.

Itholds n=5m=1; U(t)=u(t)eR.

Constraints:

Control horizon: t e [to,tﬁm,] 5 6,=0, 1,,=15h.
Initial state: X (0)= X, =[0, 0, 1, 5, 1] e R°.
Bound constraints: u(t)eQ=2[0, 2];0<<  final

Performance index:

o= g () = g 50 (1) X5 (1)

An open-loop solution cannot be used in real time because the real process and
PM have different dynamics, even with small differences; this can lead to unpre-
dictable efficiency. Our goal is to develop a controlled, optimal process (a closed-

loop solution) starting from a given X, with the final cost being /.
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Appendix B

A Discrete-Time Solution of an OCP using EA

To use an EA, we add the following constraint to our OCP:

U(t)=U(kT),for k-T<t<(k+1)-T;k=0,---,H~1.

Therefore, the control variables are modeled as step functions. For simplicity,
the time instant 47'will be denoted as kin the following. For example, within the

sampling period [kT,(k +1)T), the control vector is
U(KT)=U (k)2 [u, (K)o, (k)]

We will call a “control profile” (CP) a sequence U (0),U (1),--+,U(H —1) that
spans the control horizon. It will produce the transfer diagram shown in Figure
2.

The EA produces candidate predictions over prediction horizons and evaluates
the cost function /. For the sampling period [4 &k + 1), a candidate prediction is a

control sequence with the following structure:
T (k)= (U (k),-U (H -1))

The vector X(X) is the current state of the process. It is also the initial state for
candidate prediction with H-k elements. This fact supports the name “Receding
Horizon Control”. The EA also calculates the corresponding state sequence (with
H - k+ 1 elements):

X (k) =(X (k), -, X (H)).
When EA converges, it returns the optimal prediction sequence:

7 (k)2 argnggg)(J(U(k),X(k)) =(V (k). ¥ (H-1)).

The first value of the sequence, V(%), becomes the controller’s optimal output,
denoted U” (k) , which is sent to the process. The remaining values in V(%) are
discarded. The controller will treat the next sampling period [k + 1, &+ 2).
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Appendix C

(Predictor_EA(k, XOD

v

# Initialization of
global parameters

# Initialization of
individuals number N,
generations number Ngen,

v

ngene & H-k
/*initialization of
genes humber */

v

<1

<1

# Cost function computation for
the initial population

pop (i, j) ¢ random(Umin(k+j), Umax(k+j))
/*each k has different limits */

v

i<l

No

i< i+l

es
N

o

v
g<CLFCO

# Chromosome Selection

#Crossover;

#Mutation;

#Replacement;

o
%

g& g+l
|

#Predicted_sequenceépop(1) [«

v
Return

Figure Al. The flowchart of the prediction function using an EA for the control horizon [4, H].
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( ControlLoop_EA )

Initializations:

- PM’s parameters, EA’s parameters and constants
- Set Xy, the initial state vector

- Hétgina /T; /*T: the sampling period*/

- Space allocation: uRHC and state

A 4

state(0) € X

'

ké0; /* Sampling moment counter */

> k<H-1 No

ves v
Final integration
Predictor_EA(k, Xo) of the PM
using URHC

URHC(k) = U (k) l

Save the trajectory: state

v and the CP: uRHC

Xnext € RHC_ReaIProcessStep(U*(k), Xo, k)

A\ 4
y Display simulation results:
Xo & Xnext ). state, uRHC
v

state(k+1) <& X,

A 4

k & k+1

Figure A2. An algorithm using EA that provides an optimal state trajectory and a CP for the control
horizon [0, H].

If we consider that the PM matches the real process, this algorithm can be used

to simulate the closed-loop functioning over an entire control horizon.

DOI: 10.4236/0jop.2026.152002 49 Open Journal of Optimization


https://doi.org/10.4236/ojop.2026.152002

	Regression Neural Networks for Emulating Evolutionary Algorithm Predictions in Optimal Control
	Abstract
	Keywords
	1. Introduction
	2. Optimal Control Using Evolutionary Algorithms
	3. Materials and Methods
	3.1. Step 1—Collection of Data
	3.2. Step 2—Extraction of Datasets Characterizing Each Sampling Period
	3.3. Step 3—Construction Sessions for RNN Models
	3.4. Step 4: Algorithm to Build the RNN for Each k
	3.5. Step 5-Simulation of the Closed-Loop with RNN Predictor

	4. Results and Discussion
	4.1. Results of Constructing Regression Neural Networks
	4.2. Optimal Control Profiles and State Trajectories-Comparison with Previous Results
	4.3. Aspects of Designing and Validating the RNN Controller
	4.3.1. The Design Procedure of the RNN Controller Is Carried out Offline
	4.3.2. The Predictions Rely on the States of the Actual Process
	4.3.3. Simulation of the Misfit between the PM and the Actual Process at the Level of State Variables

	4.4. Possible Improvements of the RNNs’ Generation
	4.5. The Relationship between the Controllers Using EA or RNN

	5. Conclusions
	Conflicts of Interest
	References
	Appendix A
	Appendix B
	Appendix C

