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1. Introduction

In this paper, we deal with thermoelasticity problem by using shape and topological

optimization problem and their application in solar energy.

For what purpose, it is important to study one of many efficience criteria of the
materiel: we want to point out the geometrical and topological properties of the
materials. The performance of the used material is linked to its physical properties.
But there is a relationship between physical and machanical aspects of the material.
For the solids it is interesting to get information on the deformations field of the
solid studied.

The topology of the material may play a principal role for a selected efficience
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criteria. For instance, the homogenization theory allows us to get good physical
and topological properties for a material. For thermal solar or photo voltaic energy
one of the efficience criteria is to know which deformation for the used material
in order to get the best performance in the outpout sense.

Topological optimization gives an opportunity to get important informations
on the topology of the considered domain in order to optimize at least a criteria. For
our study, it permits us to know the optimal deformation in the geometrical and
topological point of view in order to have the best distribution of the temperature in
the domain. And then, the hope is to improve the output of thermal and photo
voltaic systems.

We study the geometrical and topological of solid materials by using tools of
partial differential equation (PDE) and the topological optimization. And this may
lead to a good selection for the choice of the material in physics, in industry.

Domain optimization is used today in many industrial environments, such as
Airbus, for the reduction of structures, the improvement of resistance to vibrations,
and many other areas of physics [1]-[3].

In [4], the authors address a shape optimization problem for a thermoelasticity
model with uncertainties in the Robin boundary condition. The problem was for-
mulated as the minimization of the volume of the body under an inequality con-
straint on the expectation. They derived analytical expressions of the shape func-
tional to obtain the shape derivative via second order correlations. An efficient
numerical method based on the low rank approximation was proposed. The so-
lution of the optimization problem was implemented numerically via the level
method.

The isogeometric approach has been adopted in research areas where sophisti-
cated geometric representations are demanding, such as shell analysis [5], fluid-
structure interaction [6], robust mesh [7] and shape design optimization [8] [9].
With respect with thermoelastic behavior, the thermomechanical contact of the
mortar problem [10] and material distribution of functionally graded structures
[11] [12] were studied using the isogeometric approach. For more information see
[13].

In 1995, Rodrigues and Fernandes [14] attempted for the first time solve the
problem of optimizing the topology of the thermoelastic structure. Focused on the
problem of minimum conformity, they used the homogenization method and the
augmented Lagrange method. Li e al [15] applied a scalable thickness design to
the displacement minimization problem. Cho and Choi [16] developed a design
sensitivity analysis method for weakly coupled thermoelastic elasticity problems
and applied this method to solve the minimum conformance topology problem.
In the same year, a similar method was used by Zuo et a/ [17] and was applied to
the topological design of thermally actuated folding micro-mechanisms. Xia and
Wang [18] applied the method of defining levels with the augmented Lagrange
multiplier method to the problem of minimal and comparative conformity results
with other methods. Sun and Zhang [19] used independent interpolation models

in mechanics and thermal fields for better results in 2009. For more informations
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see [20].

Chung et al. [21] studied the topological optimization of structures subjected
to large deformations due to thermal and mechanical loads, which demonstrated
how temperature changes affected the optimized design of large deformation
structures. Considering the effect of temperature changes, Deng ef al [22] and
Yan et al [23] multi-scale simultaneous use formulations to optimize macro-scale
topology and micro-scale material configurations. Li et al [24] studied multi-
scale optimization based on the level set approach in thermomechanics. Environ-
ment and indicated that the porous material proves systematically favored for a
coupled multi-physics problem. Zhu et al [25] proposed a temperature-constrained
topology optimization for coupled thermomechanical problems and revealed
that temperature constraints play an important role in relevant issues. For more
reviews on thermoelastic design optimization, readers can refer to Wu et al [26]
and [27].

The main objective in this article is to determine the shape and topological de-
rivative of the functional J(€,)=J(LQ,,u,), where the perturbed domain Q,
of Q is defined by Q,=7,(Q) or Q =Q\@, depending on the derivative
to be calculated.

The paper is organized as follows: In the first section we give the introduction.
In the second section we give a modeling of linear thermoelasticy problem and
the presentation of the models problem. The section 3 is devoted to shape and
topological optimization. This section gives theoretical results in asymptotic analysis.
These results allow us to get ideas and information about the topological variation
of the domain.

And in the section 4, we give the conclusion and some extensions.

2. Modeling

The model is essentially based on the principle of conservation of the mass and
the momentum and the general law of thermoelasticity.

Let € be a domain included in big ball D, at time #, which is in move-
ment and becomes at time ¢, Q, cD,. Let a=(a,a,,a,) be a point of Q
which is x=(x,x,,x;) in Q,. Let w=(u,u,,u;) the displacement vector
( the deformation) where u, is given by

a~ia*

u,(a,t)=x—a,d,

Using conservation of mass and the momentum we have

2
poaaT?:div§+f (2.1)

and

divu =2 inp, (2.2)
Yo

where p, (resp. p ) the volume mass of D, (resp D,).
Supposethat D isan homogenous medium. The general law of thermoelasticity
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is given by

0, = A&, 0, +2ue; —3kad;.

The general law of thermoelasticity, combining with law conservation gives di-

rectly in the permanent case

—pAu—(A+ ) grad (div(u)) +3kagrad@= f in Q. (2.3)

The equation (2.3) relates a thermoelasticity problem. We will add some bound-
ary condition. The temperature 6 is solution of a boundary value problem (in our
case it is solution of the Neumann Laplacian problem) see the following section.

In the following section we will study these partial differential equations with
boundaries conditions. In what follows, we consider the following optimization

problem
min{J(Q),QcR"} (2.4)
where J is the functional defined by

J(Q) = Juq | dr+ B Vugf ds (25)

with u, = (u;,u,,u;) is solution to:

— g —(A+ )V (divug ) +3kaVl, = f inQ

A, =g inQ

%zh on 0Q) (2.6)
on

%:vo on 0Q2

on

feHl(]R3),geH_l(Q).

3. Main Results

In this part, we give the main results of the paper. We first start with the theorem
giving the shape derivative and the theorem giving the topological derivative. For

this purpose, we rely on the work of the pioneers [28]-[33] on the minmax method.

3.1. Shape Derivative

3.1.1. Preliminaries for the Shape Derivative
We will need some notations. The reader can confer to [34]-[37] for further in-
formation.

Notations: For V e(C° ([O,r] :C (RN ,RY )) and the diffeomorphism
L(r)=T.

d7, =V(€e)oT, T, =1,
de

L 0=r(e1.(), ()=

where V(e)(X) = V(E,X) and 7 isthe identity matrix on RY . Moreover

iDT( =DV (€)oT.DT,, DT, =1, iJ( =divV (€)oT.J., J,=1,
de de
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where DV(E) and DT, are the jacobian matrix of V(e) and T .For k21,
(Cé‘ (RN ,RY )) is the space of k times continuously differentiable functions
from RY to R" going to zero at infinity; for k=0, (C(f (RN,RN)) is the
space of continuous functions from R" to R" going to zero at infinity. We
shall also use the notation

Vie)=V(e)oT, Ve(X)=V (e T (X)), g(e):=T.—1, g(e)(X)=T,(X)-X.

€

Lemma 3.1 Assume that V e C°, then f,€C".

For 7>0 sufficiently small, J, =detDT = |detDT€| = |J5|’ 0<e<r7, and
there exist constants O<a<f such that for all &eRY
a|§|2 < B(e)§-§ < ﬂ|c§|2 et a<J_<f.Moreover, one has:

(i) When e goes to zero, V. >V (0) in C) (RN,]RN) , DT -1 in
G (RY,RY), J.>1 in Cj(RY),

DT =1 s bounded in C) (RN,RN), J=1 s bounded in C; (RN) :
€ €

>

(ii) When € goes to zero,

B(e)—>1 in cg(RN,RN), &is bounded in cg(RN,RN),

B'(v)=divV,I-DV,—(DV,)
— B'(0)=divV’ (0)-DV (0)~(D¥(0)) in C(R",R").

where DV is the jacobian matrix of ¥, and DV, is the transpose of DV .

(iii) Given he H' (RN), as € goes to zero,

hoT —h

hoT. — hin I’ (Q), is bounded in 7 (Q), Vh-V, — Vh-V (0)in L’ (Q).

Proof. see [30] [31].

In this section, we recall the framework used in [37] and extended in [32] for
the multivalued case.

Definition 3.1 A Lagrangian is a function of the form:
(e,x,y) L(e,x,y):[0,7]x X xY >R, >0, (3.1)
where Y is a vector space, X 1is a non-empty subset of a vector space, and

y=L (e, X, y) is affine. Associate with the parameter ¢ the parametrized min-

imax:

g(e)=infsupL(e,x,y):[0,7] > R,
Y

xeX ye

3 (3.2)

dg (0) = lim M

e—>0" €
When the limits exist, we shall use the following compact notation:

d.L(0,x,y) = lim L(e’x’y)_L(O’x’y), (3.3)

e—>0" €
d.L(ex,y;p)=lim Lex+ 9%;) ~L{ex.y) , peX, (3.4)

050"
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. L(e,x,y+t91//)—L(e,x,y)
d,L(e,x,y;p)= lim

Y. 3.5
00" 2] V€ ( )

The notation ¢ —>0" and 6—>0" means that ¢ and 6 go to 0 through
strictly positive values. Since L(e,x,y) is affinein y, for all (e,x) € [O,T] xX,

Vy,wel, dyL(e,x,y;ly) =L(e,x,l//)—L(e,x,O)zdyL(e,x,O;l//). (3.6)

We define the state equation as follows : for all €>0

Find x“ € X such that forally €7, dyL(e,xf,O;t//) =0. (3.7)

The set of solutions (states) x° at €>0 is denoted:
E(e)={x e X:Vye¥,d,L(ex,0;y)=0}. (3.8)

The adjoint state equation is defined as follows: for all €>0 is:

Find p° €Y such that for all p € X, de(e,xE,pf;q)) =0, (3.9)

and the set of solutions is denoted Y (e, xf) . Finally, the set of minimizers for the
minimax is given by:
X(e)= {x6 eX:g(e)= in)f{supL(e,x,y) = supL(e,x‘,y)}. (3.10)
XEX yey yeY
Lemma 3.2 The following properties are satisfied
L. inf_ysup,, L(ex,y)=inf,_, ) L(€x,0).
2. The minimax g(e) =+00 if and only if E(e) =(J. Hence, X(e) =X.
3.If E(e) #, then g(e) <40 and
X(e) = {xf c E(e) : L(G,XE’O) = xiEIEfE)L(e,x,O)} c E(e) (3.11)

Proof. See [32] [37].
Theorem 3.3 Consider the Lagrangian functional

(e,x,y) L(e,x,y):[0,7]x X xY >R, >0, (3.12)

where X and Y are vector spaces, and the function y > L(e,x,y) is affine.
Let the following hypotheses be satisfied:

(HO) X isa vector space.

(Hl) Forall ce [0,2’] R g(e) is finite, X(e) = {x‘} and
Y (e,xo,xf ) = {y‘} are singletons.

(HZ) dEL(O, xo,yo) exists for all €€ [0,2’] and yeVY.

(H3) The following limit exists:

. 0 ) _ 0 .0
Hg}zn_wde(s,x Y )—d(L(O,x Y ) (3.13)
Then dg (0) exists and dg (0) = dEL(O, x’,y° ) (3.14)

Proof. See [32] [37].
Theorem 3.4 Consider the Lagrangian functional

(e,x,y) L(e,x,y):[0,7]xX xY >R, 7>0, (3.15)

where X and Y are vector spaces, and the function y+> L(e,x, y) is affine.
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Let the following hypotheses be satisfied:

(HO) X isa vector space.

(H1) Forall €€[0,7], g(e) isfinite, X ()= {x‘} and
Y (e,xo,f ) = {y6 } are singletons.

(HZ') a’fL(O, xo,yo) exists;

(H 3') the following limit exists

€ _ 0
R(xo,yo):lingdyL[e,xo,O,y J j

€

Then, the differential dg (0) exists and dg (0) =d L (O, x’,y° ) +R (xo,yo).
Notice that, under condition (H 2') , condition (H 3') is optimal since

dg (0) exists < l(i_r)roldyL[e,xO,O, y ;yo j exists.

Hypotheses (H2') and (H3') are weaker and more general than (H2)
and (H 3) . Indeed, it is readily seen that if (H 2) and (H 3) are verified, then
(H2') and (H3') are verified with R(xo,yo) =0.

Proof. See [32] [37].

In the folowing we wil use a new condition with the standard adjointat ¢=0.
The use of the averaged adjoint revealed the possible occurrence of an extra term
and provided a simpler expression for the former hypothesis (H 3) . It turns out
that the extra term can also be obtained by using the standard adjoint at €=0,
significantly simplifying the checking of that condition.

Theorem 3.5 Consider the Lagrangian functional

L(e,x,y):[O,r]xXxY—)R, 7>0,

where X and Y are vector spaces and the function y — L(e,x, y) is affine.
Let (H 0) and the following hypotheses be satisfied:

. (Hl) :Forall ee [O,T] ) g(e) is finite, X(e) = {x6 } ,and Y(O,xo) = {po}
are singletons.

. (HZ") : dEL(O, xo,yo) exists.

« (H3"): The following limit exists:

R(x’,p")= lim j;de(e,xo,H(xE _xo)’po’x( _XOJdQ.

€0 €
Then, dg (0) exists and dg(0)= d(L(O, xo,po) +R(x°,p°).
Proof.
Recalling that g(e)= L(e,xf,y) and g(0) :L(O,xo,y) for any yeV,
then for the standard adjoint state p°’ at €=0:

g(e)-g(0)= L(e,xg,po)—L(e,xo,p0)+(L(e,x0,p0)—L(O,xo,po)).
Dividing by €>0:

2()-2(0) _Lexsp’)-L(ex"p") L{ex'.p")-L(0".p")

€ € €
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Therefore, in view of Hypothesis (H 2") , the limit dg (O) exists if and only if

the limit of the first term exists. Thus,

x—x°

dg(O) =51ij(l)1+ .foldeﬁe,xo,H(xs —xo),po, - jd9+dFL(0,x0,p°)

and the existence of the limit of the first term replaces hypothesis (H 3").

3.1.2. Shape Derivative for Funtional
In what follows, we will apply the previous results to our model problem and cal-
culate the derivative associated with the functional (2.5). This, therefore, requires
first verifying the existence of solutions to the model given by the partial differen-
tial equation (2.6) and verifying the Lagragian differentiability associated with the
form funtional (2.5).

The following theorem gives the main result of the form derivative of the func-
tional.

Theorem 3.6 The shape derivative exists if and only it 1im_, R(¢) exists with

R(e)zjgzﬂv(?‘[}v[%;”ﬂv(u;_ug)qgﬂ{B(?"}v(u;_ug)vpodx

2

_Iﬂﬂ € 2

dx+f92a{‘](e)_l}{u; +ug, _MOOTE}(% —ug)dx

(47)

e 0
+J‘Q2a[uool_u0](uﬂ eugjdx_a-[ﬂ

2
€ 0
Ug —Uqg

Ve

If R (e) — 0 the shape derivative is given by the expression:

dx.

DI (Q.7(0))= Iﬂ[ﬂ|Vug|2 divV (0)+aluly —uy|| divi (0)~2(ul —uO)VuOV(O)}dx

+ [, 1B (0)VugVp°dx— [ [ fp +3kaV 6,p" |divV (0)dx.
Proof. The shape functional associated the perforated domain is given by
J(2.(50)) = (@) =@, fuo, —w| dx+ ] [Vug, [ e (3.16)
where g, is solution the variational problem

,ujgf Vg, -Vvdr—(A+ ﬂ)jgf V(V-ug, Jvdy— 3kajgf VO, v= jgf fdx. (3.17)

and
jgf V0, Vody = IQF gpdx (3.18)
for all ve Hd,-v(g,Rs) and peH,, for some given functions feH'(R’),

geH' (Q) .
In the case where divu, =0 in (3.17) is reduced to the following variational

problem

u jﬂ( Vug, -V Ovdx = jﬂ( fodx + 3kaJ‘Qr V 0, vdx (3.19)

DOI: 10.4236/0jop.2025.142004

48 Open Journal of Optimization


https://doi.org/10.4236/ojop.2025.142004

M. Fall et al.

and 6, solution to (3.18). Before starting the formal derivative, will first need to

define the following set.

_ -1
Hdiv(Qf ,R3) - {¢ AN Hdiv(Q,R3) }
We also introduce
Uug =ug oI, vy=vel.

So,weaimto find u,€H , . thusthat
dzv(Q,]R )

Jo, ¥ (o T )V (v0oT )=/ (v o1

—3kaV 0y (vyo T )dx =0 Vv, e H

iv(Q,R3)'

(3.20)

By applying the change of variable formula, we have
[ L9 (o T )-V (v o T )= £ (vy o T ) =3kaV G (v o T, ) [0 7.0 dx = 0.
And on the other hand, we also have
[ (0T )+3kaV 8y (vyo ) |o 7. dx
=[ [ F (oot o T )+ 3kaV Oy (vy o 77 o T, ) |/ .
And thus, we obtain
[ (oo T )+3kaV 0, (vyo T ) [ Tt d = [ [ fog + 3katV Oyv, ]/ dx.
So, we have
N (49 (0 7). (vyo ") |0 7. dx = | wDT (DT ) ViV, J dr,
N |49 (o T1)-V (voo I ) [o T d = [ B (€) Vatg Vv

with B(e)=DI (DT} J,,J, =det DT,

DT, denotes the Jacobian matrix of 7,. And we have

[ 1B (€)VugVvydx— [ [ fi, +3kaV v, ] dx. (3.21)
Let us recall that the shape functional is given by

J(Q.)=B], [Vus, [ v+ af, o, - g dr

J(Q)= B[, [Vuo, i Jadxraf fuy oT, —u,oT, " J dx.

And on the other hand, we also have

J(Q) = BVua| J.dx+ | [ouy~uy o T[T .
We now define the Lagrangian in terms of e.
L(e.4.0)=[ [ BIVI[ I, +alp—u,oT[ J, |dx+ [ uB(e) VgV

~ [ [/ ®+3kaV 6,0]J dx.
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¢(e)= inf sup L(e.g®). dg(0)=timE D=0 _ 1y p (o)),

¢<tai deH >0 €

Let evaluate the derivative of the Lagrangian by first setting
Vo=V(e)oT. V.(X)=V(eT (X)), g(e)=T -1
d.L(e.4,0) j[/3|v¢| divV (¢)oT.J, +a|p—u,oT, (e)oT(J(de
[ [2(¢=uyoT)Vugl (€)oT.J |dx+ [ uB'(e)V4vdds
[ [/ @ +3kaV 0,0]divV (¢)oT.J dx.

By taking #=u, and ®=p° we have

dEL(e,ug,pO) = Ig[ﬂ|Vug|2 divV (e)oT.J, +oz|u(°1 —u,

|’ divV(e)oTEJe}dx
~Jo[2(4h =y o T ) Vargp (€)o7, |-+ [ B! (€) Vsl Vpd
[ [ +3kaV 0,p° |divV (€)oT.J dx.
So, we obtain
d/L(O,ug,po)
= IQ [ﬁ|Vug|2 divly+«a |u?l - u0|2 divV (0)-2 (u?2 —u, ) Vu,V (0)}dx (3.22)
+ [ 1B (0)VugVp°dx— [ [ fp° +3kaV b,p" |divV (0)dx
For the derivative of the Lagrangian with respect to ¢ we have

d¢L(e,¢,®,¢')

:,[Q[zﬂB(G)V¢V¢'+2a(¢—uO OT‘)¢,Jde+_[QﬂB(€)V¢'VCDdx, (3.23)

And on the other hand, the derivative of the Lagrangian with respect to @ is
given by

doL(e,4,®,0") = [ uB(e)VHVD'dx— [ [P +3kaVO,®"]J dx. (3.24)

So, we have the state equation for €¢>0 is given by

ug € Hy,, VO' € Hy, [ [ 4B(e) VugVO' —(f@'+3kaV §,@') J, Jdx =0.  (3.25)

And the adjoint state equation for ¢=0 is also given by

'€ Hy, V9 € Hy,, [ | 2V § +2a (4~ )¢+ iV §Vp° |dx =0, (3.26)
= .[OldgﬁL(G,UQU +‘P(U§z _ug)’po’(”;; ;ug J}d‘y

woramr{ S5 {55

€ 0 e _ .0
+2a[(%J_MOOZ:|(uQ UQJJde
€
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ug, —ud
+jQyB(e)v( 96 Qijodx.

€ 0
Uy —Ug

By substituting ¢'=—2—2 into the adjoint equation for p", we obtain:
€

€ 0 € 0 € 0
j2ﬂVugV(M]+2a(ug—uo)[uQ ”Q]Wv["ﬂ ”ﬂ]vadxzo.
Q € € €

So, we have

€ 0 e 0 e 0 e 0
J' Zﬂ v Ue + Ug v Uy —Ug v Uy —Ug n ‘UV Uy —Ug Vpodx
Q 2 2 € €

€ 0 € 0 € 0
ug +ug Uy —u ug —
+I Za{ 2_0.__-9 Q—u00TF+u00T€—u0}( = Qj=0.
Q

2 2 €

As a result, we have
23V u§1+ug v ug—ug v ug—ug Vp'dy
J‘Q ﬂ 2 € +-|.Q'Ll € p _aJ.Q

2
u, —ug ug, +ug u, —ug
- V22| +| 20| 22—y o] || 22—
J.Qﬁ ( Je IQ 2 to oL €

€ 0
+_‘-0205[u00Te —uo](uQ ;”szo.

We can now rewrite the expression of R (6) as follows.

)=, 20 POy e o -

€

[ B(e)-1

+lok =

‘LzﬂV[ugfugy+L220{J(6)_1M”&wg —uooz}(u;—ug)dx

€ 0
+L220![u0 oT. —uo](uQ ;uQde

From this, we have the following estimate

B(e)—[ V(uf) +ug]
2

€
[¥ (s = o

B(e)-
)

[R(e)| <, 2141 |V (s, )

~

P

2
€ 0
Ug —Ug

+|a|.[g \/g +.[Q|ﬁ|

J(e)—l

€

+‘[Q2|a|
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Uy = ”Q

dx.

+.[ 2|ef Jug o T, —uq |

B(e)—] and J(e)—l

€ €

By lemma 3.1 the terms are uniformy bounded. To

conclude that the limit of R(e) exists and is zero, it remains to show that

€ 0
. ug —u
ug, —>uy in H, -strong and that the [* norm of “2—"e

is bounded. From
the state equation (3.25) of u, and up,for ®'eH,,:
[V (ue—ug) Vo= 3ka( ( )— )va 'dx+ [ fD'dx
- u( 1) VugVo'ds.
Substitute ®'=u;, —u,, to obtain the following estimate
" <3fka | ()~ 1|V 6o, | +
<l ()]s | (o)}

So Q isabounded open lipschitzian domain, there existe a constant such that

€ 0
gy~

HV (ug1 - ug )

iy = < C(Q)|V (- )|

and we have

[ (s~ )| < 3lka] () -V Gallc (@) + )l € ()

+ul|B()-1]c(@)|v (1)

but the right-hand side of this enequality goes to zero as ¢ goes to zero. There-

fore u, —>u) in H Finally, going back to the inaquality and dividing by

div *
€>0 and we have

o=
€

o2 Mo (@) |-

(66) He@)v(u)

e 0
Since the right hand of the above inequality is bounded, V(Mj is

€

€ 0 €
. Uy — U, . . Uy — U, .
bounded. This means that —2—= isbounded in H, and hence —2—2 js
€ €

bounded in I?. And the term R (6) is zero.

The shape derivative is given by
DJ(Q,7(0))
= JQ[[)’|Vug |2 divlVy+a |ug —u, |2 divV(O) - 2(uf1 —u, )VuOV(O)} dx

+[ 1B (0)VulVp'dx—[ [ fp° +3kaV 0,p° |divV (0)dx.
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3.2. Topological Derivative

In this part we give the fundamental results of the topological derivative of the
functional. Before tackling this main result, we will need the following preliminary
results.. For more informations, the reader can refer to Delfour papers [29] [32]
[37]-[41].

3.2.1. Preliminaries for Topological Derivative
Definition 3.2 Given d, 0<d <N, the d-dimensional upper and lower Min-
kowski contents of a set £ are defined through an r~dilatation of the set £ as

follows:

where m, isthe Lebesgue measurein R" and «, , isthe volume of the ball
of radius one in R"™*. When the two limits exist and are equal, we say that E
admits a d-dimensional Minkowski content, and their common value will be de-
noted M?(E).

Definition 3.3 Let E be a subset of a metric space X . We say that £ is d-
rectifiable if it is the image of a compact subset K of R’ by a Lipschitz con-
tinuous function f:R‘ - X .

Definition 3.4 Let £ cR" be H‘-measurable. We say that E is

1) countably d-rectifiable if there exist countably many Lipschitzian functions
[ RT >R suchthat EcJ, £ (R?).

2) countably H“ -rectifiable if there exist countably many Lipschitz functions
fi:R" > R" suchthat E\(J”, £, (Rd) is H? -negligible:

H(E\UL, £ (RY))=0.
3) HY -rectifiable if it is countably H? -rectifiable and H* (E)<o0.
Definition 3.5 Let £ be a closed subset of R" .

1. The set of points of R" which have a unique projection on E.

Unp(E):{y e R" :Jan unique x € £ such that d,, (y)=||y—x||},

where d, ( y) is the distance function from a point y to E.
2. The reach of a point x€ E and thereach of E are respectively defined as
follows

reach (E,x) = sup {r >0:B(x,r)c Unp(E)}, reach (E) =inf reach(E, x).

xek

Remark 3.1 We say that E is a positive reach if reach(E) >0.

The definition of Unp(E ) implies the existence of a projection on £, a func-
tion  p,:Unp (E ) —E  which associates x¢€ Unp(E ) such that
d;(x)= "x—pE (x)”

Definition 3.6 Let E be a closed subset of R" suchthat E, cQ for some
r>0,and [ bea continuous function on a bounded open subset © of R" .

The d-dimensional topological derivative of the volume functional
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V(2a)=[ « f 2adx=]_ fdx,
with respect to E is defined as follows:

V(2 \E, )=V (%a)

N—d
ay_ 4l

dV(;(Q;5E):£i{I(} ,
whenever the limit exists.
Theorem 3.7 Let E be a compact subset of R" and 0<d <N an integer.
Let ¢, denote the volume of the unit ball in R*. We assume that the follow-
ing properties hold:
1) E is a drectifiable subset of R" such that GE=F and
0<H’(E)<o;
2) E has positive reach; that is, there exists R>0 such that d; e C"'(E,);
3) f iscontinuousin E,.
1

d _ ;- e e P o
IEde B 1}{}3 (N—d)aNdeNid '[E’ fdy 1}{}3 (N—d)aNfdrNid IEVf pedv.
d _1: 1 N-1
J.Ede _lrl{‘% (N—-d)ay_ """ J-0E SaHT

In the section of topological derivative we recall the notions of Minkowski con-
tent, d-rectifiability, and positive reach that are used to define the topological de-
rivative of an objective function with respect to perturbations by a d-dimensional
closed subset @ of R". Given an open domain Q with boundary 0Q, the
perturbed domain Q_=Q\ @, isobtained by removingthe e -dilatation @, of
the set @ . The boundary of € is made up of two disjoint parts
0Q. =0Q U 0w, . The notion of positive reach for a nowhere dense closed set @
ensures that the boundary 0@, of the holeis of class C"' and that Q\@=Q.

Before tacking the theorem of the topological derivative, we also need the fol-
lowing hypotheses. For the conception of these hypotheses, we relied on No-
votny’s papers [38] [42] [43], and on Delfour’s papers [29]-[33].

Let us associate with &, 0<e¢&<r, the perturbed domain Q_, =Q\@_, where
by assumption, 8Q, =3QU®,,and dQNd@, =P and 0w, C".

Let Q" denote the componentof Q_ forwhich dQ is partofits boundary.
Let Qf denote the blind component of Q_ whose boundary has no intersec-
tion with 0Q. The function u, is divided between the two

ur

nA
and 0Q" et

0Q NOW, . We can construct an extension of Q by defining the solution as fol-

=0 on

b - b
components € and Q asfollows: u, =u, within Q/,and

0Q" NOw. as ow. consists of the two disjoint boundaries Q’
lows: ug =u, on 0Q NOW,, ug =u, on Q.

For more information, the reader can refer to [29].

In the following theorem N denotes the dimension of the workspace, d the
dimension ofasubset £ of R", r theradiusoftheballand «, , isthevol-

ume of the unit ball in RY™.
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3.2.2. Topological Derivative for the Functional
In what follows, we establish the main result of the topological derivative.
Theorem 3.8 Let 0<d <N, E=Ww and s= aNfderd . The topological de-

rivative exists if and only if the following limit:

L:lfig(}(Lo(e)*Ll(E))’
v(ugﬁugoj
1

L (e) =;Um%m Vitg, -VdcT)pOdHN’l]dx—é Jo, 199 (10, —t10, ) Vp.dbx.

exists with

Ug —Ug

Js

0

L, (6) = J‘QE B

Moreover, the topological derivative of the function is given by the expression:

J(Q)-7(Q)

N-d

DJ(Q) =lim

€0 aN dr

2 2
= L—Uﬁﬂ|Vqu| +0:|uQO —u0| +uVug -Vp, = fp, —3kaV99pO}de.
where p,,ug ~are solutions of systems
[ 28Vug, -Vgdx+ | 2a(ug —u,)g'dx+ [ uVe'-Vp,de =0.
Proof. In the following, consider also then functional defined in €_, by

J(Q)= B[, [Vuo, [ dr+af, Jug, [ dx (3.27)

where U, be the solution to the following problem

—pAug, —(A+ ,u)V(diqu( )+3kaVHQ( =f inQ,
-Af, =g inQ,
% _ h on 0Q
on
o =0 ondw (3.28)
on ‘
Ou
% =v, on oQ
on
ou
2 =0 onda,
on

Considering a shape function J defined by
J(Q)=af |uq —u,| dx+ B[ [Vug| dx (3.29)

where u, € Hd_ is solution to the variational problem
Y

QR?

uf Vg -Vvdx—(2+p) [ V(V-ug)vdx =3ka[ VOovdx=[ frdx (3.30)
and

[ VO.,Vpdx = gpdx (3.31)
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for all veHdiv(Q’]R}) and goeD(Q) for some given functions feHl(RS) ,
geH™ (Q) .
In the case where divu, =0 in Q, (3.30) is reduced to the following varia-

tional problem

,uIQVuQ Vydx = jﬂ fodx + 3k _[QVHdex (3.32)

and 6, solution to (3.31). The shape functional associated the perforated do-

main is given by
J(2 ()= (2,) =], Jug, | dx+ Al [Vue, [ ax (3.33)

where U is solution the variational problem

ul,, Vg -Vvd—(A+u)[ V(V-uy Jvdv—3kaf V6, vdr=| fudv. (3.34)

We aim to compute the topological derivative of the functional J (QE)
J(Q,)-J(Q
DJ:lim—( ) S g )
e—>0 aNidr -
And for this purpose, we define the following set:
v, = {uﬂf e(2() .div(uy )el’ (Q)}. (3.35)
Our variational formulation (3.28) consists of finding 4, € Vy such that

uf, Vg Vvde—(A+p) [ V(V-uy Jvde—3ka[ V6, vdx=[ fudx. (3.36)

In the case where div(uﬂf ) =0 in Q. wehave

u jQr Vug, - Vvdx —3ka jﬂ( V 0, vdx = jQ( fodx, YveV,. (3.37)

Thus, the Lagrangian dependent on e will be written in the form:
L(e,4,®)= ﬂjgé Vo[ dx+aJ‘QE | —u| dx+ijF Vg Vddx

(3.38)
—3ka[ V6, ddx—[ fddx

J(Q,)=inf sup L(e,¢,D).

<V ey

From this, we can now evaluate the derivative of the Lagrangian, dependent on

€ , with respect to ¢.
d,L(e,4,D,¢') = jﬂﬁ 2B8V$-Vhdx+ ij 20 (¢~ ) Pdx + jQE LV ¢ - V.

Subsequently, we obtain the variational formulation of the adjoint state equa-
tion given by
d,L (0, U, ,p0,¢') =0, where uq =u, for ¢=0.Find p,e H,y(Q) such
that
[ 2BVug, - Vg de+ | 20 (ug —u,)gdr+[ uVg'-Vpdx=0.  (339)

Next, we derive the Lagrangian with respectto @.

dyL(e,¢,®,0)=[ uVg-VO'dx-| fO'dv—3ka| V6, Ddx.
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The initial state u, =1, is a solution of dd,L(O,uQO,O,CD')zo v CD'eHé
and in this case, we have:

[ 1Vug, -VO'dx— [ f®'dx—3ka| VEO,D'dx=0.

Then, we have:

jﬂ[wu% -vq>'—fq>'—3kaveq>']dx =0.

The state u, forall x>0 satisfies

ij [ﬂvug( ~vq>'—fq>'—3kaveq>']dx =0, VO'eV,,.

In the following, we aim to find the derivative of the Lagrangian, with respect

to €. To achieve this, let us first compute the quotient

L(e,4,®)~L(0,4,0)

N
L(e,4,®)—L(0,4,D)
=B [Vof dc+af |p-u,[ dv+uf Vo VOdv-3kaf, V0, ddx
[, ot A vof axral jpuf o]
~| uf V¢ Vodr—3ka[ VO,0dx-[ fodx]
L(e,,®)—L(0,4,®)
= _Uw BV +a|p—u,| +,uV¢-V(I)—f<D—3kaV€Q(D:|dx_
For d=0, 5={xo} , @, :{xeRN :|x—x0|§e}:§(x0’€),
d.L(0,4,0)

[L(X BV +alp—uf +ﬂv¢’v®—f®—3kavegd)}dx

Clim-
s—0 |B(x0,€)|
= —ﬁ|V¢(x0)|2 —0!|¢(x0)—u0 (xo)|2 — UV $(x,)- VO (x, )
+ fD(x,)+3kaV O, (x,).
By evaluating the last equation at the point U, , p,, we obtain:
2 2
dsL(O’”QOaPo) = _ﬂ|vuno (xo )| _a|”(10 (xo)_”o (xo )| — UVug, (xo)'VPo (xo)
+ /1y (X)) +3kaV O, py (x,)-

Hence, if 0<d < N -1, we have:

L(e,¢,®)~L(0,4,0)
N

== [ BV +alp-w[ + a4V - fo-3kavo,0] dx
@ L@

€

=—%U BIVH| +a|p—u,| +,uV¢~VCD—f(D—3kaVGQCD}dx

Oy_at

—>—Uojﬂ|v¢|2 +alg—u,[ +,uV¢-VCD—fCD—3kaV6?QCDJdH".
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Therefore, taking the ast result at the point ug, ,p, becomes:
de(OauQOspo)
|15

We will now define R(e) by

6) = J.()ldxl‘(e’uﬂo + ‘P(uﬂ( _qu )’p()’(%j]d\y

Uy —1U Uy —1U
By substitutin =2 % and W=-2c% into the adjoint equation
y g c 2 ) q

d

2 2
Vug0| + 0:|uQO - u0| + 1Vug, .Vp, = fp, —3kaV Qgpo}dH

for p,, we obtain:

U +ig, . Uy —Ug,
R(e)zj.g(2ﬂV[ > jv( - de

U, +g, U, —Ug, Ug —Ug,
+J‘Qf2a|:[ 2 j—uo}( . ]dx+jQEyV(T -Vp,dx

LAl RO
+2a K%J—uo}(uﬂ —ug, )}dx+%[_|.gé uv (uQG —Ug, )~Vp0}dx
:l{[ Zﬂ(V(w]—Vu +Vu jV(u -u )}dx

sl Yo 7 Q Q Q. Q

20 Ug +g, dx
+T | e —Ug, U, ~Uy (th —uQO)

<l
<l

Thus, for all Ug, € H (@)

2ﬂVuQ U, —uQU)+2a(uQé —ugo)(ug0 —uo)}dx
I yV )Vp0:|dx

equation (3.37) becomes:

IQ (;Nugf -Vv—fv—3kaV9v)dx
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= —U@ (,uVuQE -Vv— fv-3kaV 49\/) dx}

_ N-1
=)o 5, vdH" ™, VveHdiv(Q).

Now, considering the assumption about @, 0@, €C" and
Oug,

on

=Vug, -nQ =-Vu, -Vdo ona,.
And in this case, we have:
.[Q (,uVuQ( -Vv— fvdx - 3kaV 9v) dx = —J:@ Vug, -VdavdH"™'.  (3.40)

By taking the difference between equation (3.37) and equation (3.40), we ob-
tain:
J-Qt uv (”QG —g, )Vv = .[a@ Vug, -VdaovdH""".
The adjoint equation for €>0 vyields:
jﬂf 2BVug, -V §dx+ jﬂf 2a(u90 - u0)¢'dx + jﬂe NG -Vpdr=0. (3.41)

By taking ¢'=u, —ug, in equation (3.41), we have:

J.Qf 2B Vug, ~V(ugf — g, )dx + J.Q( 2a(uQO - uo)(ug —Ug, )dx

+.[Q[ ,uV(uQE —Ug, ).Vprdx =0.

-[95 2pVuq .V (”QF — g, )+ 2a (L{QO - uo)(uQF —Ug, )dx

= _IQ( ,uV(uQE —Ug, ) -Vp. dx.

2

The final equation for R (6) becomes:
2
Uy —Ug,

1

" ;[ i, Vita, -Vt } dr

+a dx

R(e):J‘Q p

e

_%J‘Qf ,uV(uQ( —lUg, ) Vp.dx.

4. Conclusion and Extensions

In this article, we studied a linear thermoelasticity problem using optimization
methods. After a thermoelasticity model using mass conservation was given, we
established the derivative form. And to be sure, we have to recall a few notions
about the minmax method. Finally, the topological derivative was established us-
ing the same method but with different basic tools. We then intend to study reg-

ularity problems as well as numerical methods of the problem proposed.
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