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1. Introduction

The impact and importance of optimal stochastic and dynamic control techniques
cannot be underrated as it is well applicable in engineering, management, mathe-
matics and economics to examine and evaluate optimal industrial processes such
that the cost of production is determined and ascertain maximum production at
the minimum and bearable cost as many questions of stochastic dynamic models
and optimal control arise in engineering, management and economics. For exam-
ple, it may be required to calculate the conditions of operation of an industrial
process that gives the maximum output or quality or that gives the minimum cost.
Investment and production planning models have a relatively long tradition in
dynamic optimization theory [1]. Proposed the first major contribution in this

field by applying the calculus of variation principle to solve a production invest-
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ment model [2]. Provide a nice introduction to the applications of optimal control
theory to investment and production models. A very good introduction to the
dynamics of economics and management models, as well as their stochastic ver-
sion, can be found in the books of [3] and [4] [5].

Examine optimizing production and inventory model for time varying demand
rate using stochastic control technique emphasising the increasing role of stochas-
tic processes and its wide applications in sciences, engineering, business manage-
ment, military and space technology. They consider the numerical evaluation of
an optimal stochastic control theory in production and inventory model of gen-
eral time demand rates and examine its sensitivity effects [6].

Characterized the optimal inter-temporal price and production decisions de-
pending on the sum of the adjoint variable of the inventory level and the Lagrange
multiplier of the state constraint by using the optimal control theory. Production
has attracted growing attention due to its increasing importance in today’s highly
competitive environment, as propounded by [7] and [8].

The last three decades have seen a growing number of optimal control theory and
applications in the field of investment as [9] considered the optimal control of the
Vidale-Wolfe investment model. In his study, the optimal control is the rate of in-
vestment expenditure to achieve a terminal market share within specified limits in
a way which maximizes the current value of net profit streams over a finite time
horizon [10]. Considered the problem of optimal investment for the Nerlove- Arrow
model under a replenish-able budget where an optimal control problem with two
state variables for the dynamics of the model and the optimal control is the rate of
investment expenditure that is required to maximize the present value of net streams
over an infinite time horizon subject to a replenish-able budget [11].

Applied optimal investment model under a replenish-able budget with two
state variables to maximize the present value of net streams over an infinite time
horizon subject to a replenish-able budget while [12] Applied Hamilton-Jacobi-
Bellman principle to determine the expected output rate with the expected inven-
tory level having special cases for specific parameter values.

[13] examined the mathematical model of total production cost for a deterio-
rating production process by minimized production cost and maximized the profit
and [14] examined the optimal control of production-inventory systems with cor-
related demand inter-arrival and processing times to minimize the expected aver-

age cost of production.

2. Stochastic Differential Equations

Here, we let our controlled stochastic differential equation (SDE) be of the form:

X(1)= f(t,x(t))dt+O'(t,(x(t)))dw(t) (1)
With initial condition x,, , this leads to integral equation of the form:
x(1)= X(0) +-[;f(s,x(s))ds +I;G(s,x(s))dw(s). )
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The solution x(¢) of the equation (2) possess the differential equation of the

form:
X(1)=F(t)de+&(t)dw(z) 3)
Where
f=f(t.x(t)) and &(¢)=o(t.x(¢)) (4)
But,
[[7(s)ds<oo,and [ &*(s)ds <o 5)

It is remarkable to note that equation (1) can be written as
dx(t)= f(t,x)+o(6,x)y (6)

Where y represent the white noise.
Equation (1) can be interpreted as a scalar equation or as a vector equation.
x,f Represent n—vectors,w represent r— vector.
Where r, is the Wiener process serves as component and ¢ represent nxr ma-
trix.

By linearity, the scalar equation (1) can be read as:
X =(a+ fx)dt +(A+8x) dw. )

Where «,f,1,and O are constants or time-dependent scalar.
Equation (7) can be replaced in the linear case by
).(:(a+Ax)dt+Z(b,. '+B,.x)dwl. (8)
i=1

Where a,b, arevectorsand A,B; represent matrices.

2.1. Stochastic Optimal Control Theory

For any given system represented by a differential equation of the form;
dx:f(t,xt,u,, t):f(xt,ut,t)+Gdz(t). 9)

An optimal control problem, is specified by giving a performance criterion that
grades the possible control function u in order of preference by attaching a
number J(u)to anyone.

J (u) is refers to and called the cost of u ,so that we can choose the control
that minimizes it. If J (u) represents the profit then we can maximize it by min-
imizing —Ju , meanwhile the distinction between the minimizing and maximizing
is purely notational.

In the optimal control theory, the type of cost function considered is almost

invariably written as:
J(u):E{joTH(t,xt,ut)dt-i-G(xt)}. (10)

Where T isinfinite termination time and not fixed.

In investments problems where x, isthe value of one’s asset.  represents the
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consumption rate, but in engineering perspective, H is usually chosen to be the
cost deviation from some desired trajectory of x, or the use of too much control
forces or energy. G(xt) is the cost failure to reach some special target set at ter-
minal.

Many deterministic optimal control problems can be formulated in other to
have a cost

[ H (651,02, )t + G (x,). (11)

Solving the stochastic optimal control problems defined in the equations (10)
and (11).
Welet V (x, t) refers to as the current value function be the expected value of
the objective function of the equation (11) from ¢ to T':
T
t

V(x,t):maxE{_[ H(x,u,z,t)dt+G(xt)}. (12)

When an optimal policy is followed from tto T,
Given X, =x. then by the optimality principle,

V(x,t) = maxE[H(x,u,z,t)dt—i—V(x+dx,,t+dt)]. (13)

Applying Taylor’s expansion we get;

2

V(x+dx,,t+dt)=V(x,t)+V,dt+Vde,+%Vxx(dxt) +=V, (dt)2+%VX,dxtdt+. (14)

1
2
Using the equation (10) we write formally thus:

(jm)j = (At + G (d, ) +2.fGdz b (1)

dx—tdt = f(dt)' +Gdz,dt.. (16)

Here, it is sufficient to know the multiplication rules of the stochastic calculus,
thus;
(dz,)" = dt,dz,dt = 0,(dt)’ =0. (17)
Substitute from the equation (14) into the equation (13), apply the equations
(10), (11) and equation (12) we get:

V(x,t)=max [Hdz+ V(x,t)+V,dt+V, fdX, +%Vmszt + O(dt)}. (18)
Conceding the term V(x,t) on both sides of the equation (18), dividing the

remainder by dt.

Given that dt — 0, then following the Hamilton-Jacob-Bellman equation can

be derived
2
0 = max H+6_V+8_Vf+lG26 12/ ) (19)
u ot Ox 2 oOx
For the current value function V' (x,¢) , with the boundary condition
V(x,T)=S(x,T) (20)
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2.2. Optimal Stochastic Consumption Model

Here we formulate the deterministic consumption model. We assume that W(Z)
denotes the wealth at time ¢, which represents the state variable, and C (l‘) is the
rate of consumption, which represents the control variable at time .

From the differential equation of the form:

dw(t)=rw(t)—C(t),w(0)=w0 (21)

Where r isthe compounded rate.

We formulate the optimal control problem of the form:

max{.] = jje'ﬂfln[c(t)]dt+e'ﬂTBW(T)} (22)

Subject to:
dw=rw—C,w(0)=w0,w(T)ZO (23)

Where T is the time, B is constant, W(T ) denote the wealth.

Welet R, be the initial price of an investment, r the interest rateand R, be
an accumulated changing rate at time ¢.

Then,

dR =%:rRt,RO =R(0) (24)

t

By applying separation of variable method, the equation yields;
dR, =rRdt, R,=R(0) (25)
Solving, we get the accumulated amount as a fraction of time;
Thus; R =R,e"
According to Merton (1971) and Black-Scholes (1973) the stock price p, can
be formulated by Ito’ stochastic differential equation:

dp, = ap,di+opdz, p,=p(0) (26)

Where « represents the expected value of the return rate on stock, ¢” is the var-

iance associated with the return and z, represents a standard wiener process.

3. Parameters for Production and Inventory Model in a Fixed
or Constant Demand Rate

We consider and adopt the following parameters to formulate the stochastic op-

timal control model for a constant or fixed demand rate.

S/N Parameter Interpretation
1 Y Wealth at time ¢
2 K, Consumption rate at time #
3 Z, Fraction of the wealth invested in stock at time ¢
4 1-Z, Fraction of the wealth in saving account at time ¢
5 V. Utility of consumption at consumption rate ¢
7 P Discount rate applied to consumption utility
8 B Bankruptcy parameter
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Then we develop the dynamics of the consumption model by considering the
wealth equation of the form:

dy, =((a-r)ZY,+(rY,-K,)|di+cZY,dz, Y,=Y(0) (27)
Where
aZYdt is the expected return from the risky investmentZ,Y, at time ¢ to
t+dt.

oZYdt istherisk involved in investing Z Y, in the stock.

r(l -Z, )Ytdt is the amount of interest earned on the balance of (1 -Z, ) Y.

K,dt is the amount of consumption during the time interval from ¢ to
t+dt.

Solving equation (27) shows that one can trade continuously in time without
incurring any broker’s commission and the changes dY, in wealth from¢ to
t+dt is due to the gain from changes in share and to consumption.

We then formulate the problem of optimal control of stochastic consumption
model.

max{J:EUOTe’”’V(K,)dt+Be"’T}} (28)

K, >0
Subject to;
dy,=[(a-r)ZY, +(rY,-K,)]|dt+0ZY,dz,, ¥,=Y(0),K,>0  (29)

The bankruptcy parameter B can be positive if there is a social welfare system
in place and can also be negative if there is a remorse associated with bankruptcy.

We let V (x) be the value function associated with an optimal policy with
Y =x attime ¢.

Then, the Hamilton-Jacobi-Bellman equation satisfied by the value function
V(x) is of the form:

2
pV(x)= 1}{1’%&{(& —r)qxcj{—z+(rx— C)L;—:+%q20'2x2 %+ V(C)}, V(0)=B. (30)

We then assumed that

v(c)=+C (31)

d_ch():_l C=0=00 (32)
dC 2JC
Differentiating equation (30) with respect to O and C, equating it to zero
yield:
2
(oz—r)xd—V+ZO'2x2 d 12/ =0
w X dx (33)
l-c—=0
dx

Solving equation (33) with respect to the function Z(x) and K(x)
-1
r—a\(dv\(d*V
Z(x)=—| —— || — 34
() (O'ij(dxj(dxzj (34)
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And

K(x)= (‘;—zj (35)

Substituting equations (35) and(34) into the equation(30) yields;

2 2
rxd—V—In(d—V) d Z—ﬂ(d—Vj -pV =0 (36)
dx dx )| dx dx
Where
2
a-ter)
20

3.1. Solution to Stochastic Consumption Model

The nonlinear ordinary differential equation (18) was solved and it take the form:
V(x) = aln(bx)+D (37)
Where a,D are constant and determined by:
av_ 1 dv _ 1

— , - 38
dx  ax dx® ax (38)

Find the constants «,b,D by substituting equations (38) and (37) into the
equation (36).

Thus;
a:i,b: ,D:r_p;’l (39)
P P
And the solution to the equation (65) is given as:
V(x)=l1npx+w (40)

P P

Substituting equation (40) into the equation (34) then, the wealth invested in
the stock is;

Z=— (41)
c
Then, the optimal consumption rate Ve is;
V =px (42)

3.2. Numerical Example and Illustration

Here we find the optimal consumption rate and the fraction of the wealth invested
in the stock in a fixed or constant demand (Tables 1-2 and Figures 1-2).
Stochastic consumption model

Table 1. shows the utility against consumption rate Ve = N

0 0
100 10
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Continued
200 14.142
300 17.321
400 20
500 22.361
600 24.495
700 26.458
30
U.(C
25 «©
g 20
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z 15
2 10
5
0

100 200 300 400 500 600 700 800

Consumption (C)

Figure 1. shows the utility against consumption rate.

Table 2. shows the expected optimal inventory level against time (t).

T Ea(x) Ec(x) Ei(x)
0 10000 10000 2250
3 5600.15 6479.1 1589.83
6 5072.07 6057.5 1510.78
9 5008.65 6006.92 1501.299
12 5001.20 6000.89 1500.199
15 5001.40 6000.649 1500.389
18 5010.75 6004.593 1503.094
20 5044.20 6018.861 1512.729
=
—
w
(]
(]
E Ep(x)
=]
o Ea(x)
T
()]
el
o
(]
3
(i} E.(v)
time

Figure 2. Shows the expected optimal inventory level E(x) against time. (t)
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This indicates that as the time increases, then, the expected optimal inventory level
decreases but slightly increases and is normalized as the time keeps on increasing.
4. Sensitivity Analysis
Here we evaluate the current values function of the system parameters (4,7 ) in
order to determine its’ sensitivity against rate level (r) (Figures 3-5).

4.1. Expected Current Values Against Rate Level in a Fixed Demand

Illustration 1.
Given that p=75,4=100, x=50.
Then Table 3 below shows the expected current values against a fixed demand

rate.

Table 3. Expected current values against a fixed demand rate.

R Va[x] Vu[x] V[x]
0 0.08267 0.30145 0.080262
10 0.08367 0.31745 0.080956
20 0.08467 0.33345 0.081656
30 0.08567 0.34945 0.082346
40 0.08667 0.36545 0.083039
50 0.08767 0.38145 0.083734
60 0.08867 0.39745 0.084429
0.45
0.4 V,[x]
=03
>
2 025
g
g 02
g
3 015
© V,[x]
0.1
0.05 V,[x]
0
0 10 20 30 40 50 60 70

rate level (r)

Figure 3. Shows the expected optimal inventory level against time.

4.2. Current Value Against Discount Rate

Illustration 2.

Table 4 shows the expected current values against the discount rate.

Table 4. Expected current values against discount rate.

y Va[x] Vi[x] V[x]
0 0.460517 0.405045 0.080171
10 0.560517 0.430045 0.081171
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Continued
20 0.660517 0.455045 0.082171
30 0.760517 0.480045 0.083171
40 0.860517 0.505045 0.084171
50 0.960517 0.530045 0.085171
1.2
! V,[x]
H
> 0.8
2
<
> 06
E — V,[x]
S 04
O
0.2
V [x]
0
0 10 20 30 40 50 60

gamma (y)

Figure 4. Shows the expected optimal inventory level against time.

4.3. Current Level against Fixed Demand Rate

Illustration 3. Given that p=10, A =10, x=10.

Table 5 shows the expected current values against fixed demand rate.

Table 5. Expected current values against.

P Va[x] Vu[x] V[x]
1 21.30258 66.9957 58.6052
2 5.997866 17.5944 15.8992
3 3.02262 8.2537 7.679
4 1.92221 4.908 4.6854
5 1.3824 3.321 3.2429

80

70

\

60

50 \\

40 \\ —VI[0]
—V[0]
—V[0]

30

NN

Figure 5. Shows the expected optimal inventory level against time with respect to fixed
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demand rate.

5. Discussion and Interpretation

Table 1 and Figure 1 above show that at a fixed demand rate as time increases,
then the utility consumption at the expected optimal inventory level against time
increases. Also, in Table 2 and Figure 2 as the time increases, then, the expected
optimal inventory level decreases but slightly increases and normalized as the time
keep on increasing at a fixed demand rate.

The sensitivity analysis of the model was conducted by investigating the effect
of changes in the system parameters on the expected optimal cost and the expected
inventory level value of the system parameters on the expected current values
against rate level in a fixed demand, current value against constant demand rate
and shows that the expected optimal inventory level increases. While the current
level against fixed demand rate in Table 4 and Figure 4 shows that as the expected
optimal inventory level decreases then, the expected optimal inventory value de-

creases at a constant or fixed demand rate.

6. Conclusion

Optimal stochastic control techniques in production and inventory model in time
varying demand rates have been successfully examined and evaluated. Also, its
sensitivity effects on various parameters mentioned in the model were examined
and it was discovered that the inventory level and consumption are clearly sto-

chastic in nature at vary demand rate.
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