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Abstract

This article examines the effects of reneging, server breakdown and server
vacation on the various states of the batch arrivals queueing system with sin-
gle server providing service to customers in three fluctuating modes. In this
queueing system, any batch arrival joins the queue if the server is busy or on
vacation or under repair. However, if the server is free, one customer from
the arriving batch joins the service immediately while others join the queue.
In case of server breakdown, the customer whose service is interrupted re-
turns back to the head of the queue. As soon as the server has is repaired, the
server attends to the customer in mode 1. For this queueing system, custom-
ers that are impatient due to breakdown and server vacation may renege
(leave the queue without getting service). Due to fluctuating modes of service
delivery, the system may provide service with complete or reduced efficiency.
Consequently, we construct the mathematical model and derive the probabil-
ity generating functions of the steady state probabilities of several states of the
system including the steady state queue size distribution. Further, we discuss
some particular cases of the proposed queueing model. We present numerical
examples in order to demonstrate the effects of server vacation and reneging
on the various states of the system. The study revealed that an increase in re-
neging and a decrease in server vacation results in a decrease in server utiliza-
tion and an increase in server’s idle time provided rates of server breakdown
and repair completion are constant. In addition, the probability of server va-
cation, the probability of system is under repair and the probabilities that the
server provides service in three fluctuating modes decreases due to an in-
crease in reneging and a decrease in vacation completion rates.
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1. Introduction

A batch arrival single server queueing system is one in which customers arrive
for service in groups or in batches and are served individually by one server.
Some examples of batch arrivals include families that go to a restaurant for lunch
in a particular period of the day, convoy of a political officer that came to a fill-
ing station for refuelling and sets of triplets brought to a hospital for medical
treatment. Other examples are batch of raw materials supplied to industry for
manufacturing, a group of imported items to be unloaded at a warehouse and so
on.

Many batch arrival single server queuing systems assume that the server offers
one type of general service at the same average service rate. However, in practice,
average rate of service may vary due to several reasons. For example, the speed
of internet on a particular Android phone may not be the same due to network
fluctuations. In petrol stations, the fuel pumps do not always refuel tanks at the
same rate due to fluctuations in electric power or due to pump’s efficiency. In
addition, climatic conditions as well as other unforeseen circumstances may af-
fect the performance of radio networks and as such, communication companies
cannot provide service to their customers at the same average rate.

In view of the aforementioned reasons for variation in average service rate, the
mode of service delivery becomes fluctuating. Obviously, the fluctuating mode
of service delivery affects the efficiency of a queueing system and one is required
to develop queueing models for fluctuating modes of service. To this end, Ba-
ruah ef al [1] introduced a batch arrival single server queuing system in which
the server provides general service in two fluctuating modes. Similarly, Madan [2]
proposed and studied a batch arrival single server queueing system for providing
general service in three fluctuating modes. [3] [4] studied a bulk arrivals retrial
queue with fluctuating modes of service. Similarly, [5] analyzed a queueing
model with fluctuating modes of service. Further, [6] introduced a non-markovian
single-server retrial queueing system with fluctuating modes of service. Addi-
tionally, [7] analyzed a batch arrival queueing system with single server provid-
ing service to a batch of customers with dissimilar rates in two fluctuating modes
of service.

Apart from the fluctuating modes of service delivery, a queueing system may
experience a sudden breakdown, which causes the stoppage of service until the
machine is fixed. In such a situation, the customer whose service is interrupted
returns back to the head of the queue and waits until repair process is completed.

In reality, random breakdowns usually occur in machines used for production
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and manufacturing units, communication systems, traffic intersections, auto-
mated teller machines and so on. Batch arrival queues with breakdowns have
been extensively studied by [8] [9] [10] [11] [12] among others.

Obviously, during the period of system breakdown, the server may proceed on
vacation. By vacation, we mean that the server becomes unavailable for a ran-
dom period of time from its primary customers to serve elsewhere [13]. Works
by [14]-[21] deals extensively on vacation queueing systems.

One of the consequences of the fluctuating modes of service, server break-
down and server vacation is that they generally slow down the service time of
customers and increase their waiting time. Consequently, customers who have
been waiting in the queue for a long time than anticipated often become impa-
tient and leave the queue without getting service. This kind of customer beha-
viour refers to reneging. Ideally, reneging is a practical experience in most
queueing systems because not all customers that enter the queue wait to receive
service. Queue with reneging has been discussed in [22]-[29] among others.

From the foregoing, it is quite evident that there is no model in the queueing
literature that combines batch arrivals, three fluctuating modes of service, server
breakdown, server vacation and reneging. This kind of model has potential ap-
plications in a production line, where raw materials arrive in batches of random
size instead of as single units. The machine producing an item may require three
fluctuating modes of service such as processing of raw material in fast, normal or
slow modes. Also, the machine producing items may suddenly breakdown due
to mechanical or job related problems and as such the process is stopped either
for preliminary checks of raw materials or for the maintenance or repair. During
the period of server breakdown and server vacation, customers that are not satis-
fied with the time wastage leave the queue. Thus, the aim of this paper is to de-
velop a model that allows the server to exhibit all these features highlighted to
make the queueing model more realistic and flexible in studying the real world

queueing situations.

2. Mathematical Description of the Model

The following assumptions describe the proposed queueing system:

1) Customers arrive at the system in batches of variable size in accordance
with a compound Poisson process. Let the arrival batch size ¥ be a random va-
riable with probability mass function P(Y = i) =¢,1=12,3,--- Then
Acdt(i=1,2,3,---) denotes the first order probability that a batch of 7 custom-

ers arrives at the system during a short interval of time (t,t+dt], where
0<c <1, >.¢;=1 and 2>0 isthe average arrival rate of batches.
i1

2) There is one server providing service in three fluctuating modes. Customers
receive service one by one based on first-come, first-served (FCFS) queue discip-
line. Further, the probability of the server providing service in mode 1, mode 2
and mode 3 are p,, p, and p, respectively, where (p,+Pp,+p,=1). The
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service times at the three different fluctuation modes of service follow different
general (arbitrary) distributions with distribution functions G; (s) and the
density functions g;(s), j=12,3. Let u;(y)dy be the conditional proba-
bility density of completion of service mode j(j=1,2,3) of services during the

interval (y, y+ dy] , given that elapsed time is y; so that

9,(y) .
: 1-G;(y)
and therefore
*Tﬂj(y)dv .
9,(s)=x(s)e° , =123 (2)

3) The system may fail or be subjected to breakdown at random. The break-
downs are time-homogeneous in the sense that the server can fail even while it is
idle. The customer receiving service during breakdown comes back to the head
of the queue. In this study, it is assumed that time between breakdowns occur
according to Poisson probability law with average rate of breakdown o >0.
Consequently, adt denotes the first order probability that the system will
breakdown during the interval (t,t+dt]. Once the system breaks down, it en-
ters a repair process immediately. As soon as the repair process is completed, the
server immediately provides service to the customer in mode 1 with probability

p,. The repair times follow a general (arbitrary) distribution with distribution
function R(h) and density function r(h). Let B(y)dy be the conditional
probability of completion of the repair process during the interval ( Y, Y+ dy] be
such that

ﬂ(y)=% 3)

and therefore,
h

~[B(y)dy

r(h)=pA(h)e° (4)

4) After each service completion, the server may take a vacation of a random
length with probability ¢ or may continue to serve the next customer with
probability (1-¢). On returning from vacation, the server instantly starts
serving the customer at the head of the queue, if any. The server’s vacation times
follow general (arbitrary) distribution, with distribution function V() and
probability density function W(V). Let #(y)dy be the conditional probability
of completion of a vacation period during the interval (y,y+ dy] , given that the

elapsed vacation time is y; so that

PY)=——7= (5)
and therefore,
—If¢(y)dy
V(w)=¢(w)e ° (6)
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5) Due to server vacations, customers waiting in line may become impatient
and renege (leave the queue). Reneging is therefore assumed to follow the expo-
nential distribution with parameter y >0. Thus, f (t) =ye,7>0. Conse-
quently, ydt represents the probability that an arriving batch of customers’
reneges during a short during the interval (t,t+dt].

6) Various stochastic processes involved in the system are assumed to be in-

dependent of each other.

3. Definitions, Notations and Equations Governing the
Proposed Queueing Model

3.1. Definitions and Notations

Let N, (t) denote the queue size (excluding one in service) at time 4 G’ (t)
be the elapsed service time of the customer in jth mode of service at time ¢
where j=12,3. In addition, let V°(t) and R°(t) be the elapsed vacation
time and repair time of the server respectively. Thus, we introduce the variable
Y(t) as follows:

0 if theserverisidle at timet

1 if theserver is providing service in modelat timet

2 if the server is providing service in mode 2 at time t

3 if the server is providing service in mode 3at time t

4 if the server is on vacation at time t

5 if the server is under repair during breakdown at time t

Y(t)=

Thus, the supplementary variable G (t), G? (t), GJ (t), Vo(t) and
R° (t) are introduced in order to obtain a bivariate Markov process
{Ng (1), X (t)} , where x(r):o if Y():O, X(t)=G(t) if Y(t)=1,

X(t)=Gy(t) if Y(t)=2, X(t)=G;(t) if Y(t)=3, X(t)=V°(t) if
Y(t)=4, X(t)= R° (t) if Y( )=5. Next, the limiting probabilities are given
by:

[Nq(t)zn,x(t)=Gl°(t);y<Gl°(t)sy+dy]y>0,n20
PP (y)=limP[ N, (t)=n,X () =G} (t);y <Gy ()< y+dy],y>0,n=0

R (y)=limP[ N, (t)=n,X (1) =GJ (t);y <G (t) < y+dy ],y >0,n>0

Further, it may be noted that since it is assumed V (y), R( G,
are distribution functions, then R(O) =0, R(oo) =1,V (O) =0, V (oo) =1,
Gj(O):0, Gj(oo)zl for j=12,3, and that V(y), R(y) and Gj(y)

are continuous at Yy =0, so that

dv (y)
1-V(y)

ﬂ(y)dy=1_ . #(y)dy= and 4 (y)dy =—1—~
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are the first order differential(hazard rate) functions of R, Vand G, (i=123),
respectively.

Assume that the system is in steady state condition (i.e., the normal condition
that a queueing system is in after operating for some time with a fixed utilization
factor less than one). Define P! (y) as the steady state probability that the
server is active providing service in mode j(j =12, 3) and there are n (n > 0)

customers in the queue excluding the one customer in service and the elapsed

service time of this customer is y. Accordingly, R, ;= j P (y)dy denotes the
0

corresponding steady state probability that there are n(n>1) customers in the
queue excluding the one receiving service in mode j(j =1, 2,3) irrespective of
the elapsed service time y of this customer; R, (y) denotes steady state proba-

bility that the server is under repairs since the elapsed repair time yand there are

n(n>0) customers in the queue. Accordingly, R, = J. R,(y)dy denotes the
0

corresponding steady state probability that the server is under repairs and there
are N (n > 0) customers in the queue irrespective of the elapsed repair time y of
the server; V, (y) denotes steady state probability that the server is on vacation

with elapsed vacation time y and there are n(n>0) customers in the queue.

Accordingly, V, = JVH (y)dy denotes the corresponding steady state probability
0

that there are n(n > 0) customers in the queue and the server is on vacation
irrespective of the elapsed vacation time y of the server; and Q denotes steady
state probability that there are no customers in the system and the server is idle
but available in the system.

Next, the probability generating functions (PGFs) used in this paper is as giv-

PU (x,2) = iz”Pn“)(y) P (2)= :z”Pn(” ,j=12,3

R(x,2)= 2 2'R, (¥)iR(2) = 22,

V(x2)= 22V, () V (2) = 22, ;
C(2)=2 2

which are convergent inside the circle given by |Z| <1. Also the Laplace-Stieltjes

transform of a function F (t) is defined as:

F(s)= [edF (1) )

3.2. Governing Equations of the Proposed Queueing Model

The steady state equations governing the proposed queueing model are as fol-

lows:
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& PO () + )P ()= AT R (1), 021 ©)
SR (A () + )R (1) =0 10
SR () )R () =2TeRA () 021 D
SR () )R () =0 (12)
SRy )R () =AZGRE () nzl ()
SR +a)R? ()=0 (19
SROHABO)+ 7R (V)= 2T eR (1) + Ry 021 19
LR, (y)+ (24 B(¥)+7)R () = 7R (v) (16)
GO 9) M()=2Z e, (1) My 21 (1)
;—yvo<y)+<z+¢<y>+y>vo<y>=yv1<y> (s)

(2+a)Q

:(1—p)[TP;”<y)u1(y)dy+]°P;”(y)yz(y)dy+TPf>(y>ﬂ3(y)dy (19)

+ R (V) B(y)dy + [Vo (¥)()dy

0

The governing Equations (9)-(19) are to be solved subject to the boundary

conditions given belowat y=0:

I:)n( (O) ACnJrlQ_'— 1 p |: lTPn(
0
+”1J. n+1 y) (y dy+ﬂlj. n+1 (y)dy:| (20)

0

+,f Rnﬂﬂ(y)dy+7rJVn+1¢(y)dy, n>0
0 0
P9 (0) = 46, 47, Q + (1 p{nz TR (v) s ()
0
+7rzf (Y) o (y) dy+7rzj o ( (y)dy} (1)

+ﬂ2I Rnﬂﬂ(y)dy+ﬂzjvnﬂqﬁ(y)dy. n>0
0 0
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Pn(3) (0) = /,i’CnJrlﬂ-BQ +(1_ p) 7[3_'. Pn(i?l.(y)lul (y)dy
0
o1, [P (y) s ()l + | B () (y)dy} (22)
0 0

+ 7, [ReaB(Y)dy + 7, [V, 6(y)dy,n >0
0 0

©

Ru1(0)=a[PY (y)dy+a[R? (y)dy+a[ R (y)dy,n>0 (23)
0 0

0

Ry (0)=0aQ (24)

v, (0)=pl | P;”(ym(y)dwTPP(y)uz(y)dy+]°Pn<3>(y)yg(ymy},nzo<zs>

4. Main Results

4.1. Queue Size Distribution at Random Epoch for the Proposed
Queueing Model

Theorem 1. Under the stability condition p<1, the proposed queueing
model has the marginal probability generating functions for the server's state
queue size defined by Equations (70)-(74).

Proof. Multiplying Equation (9) by z", summing both sides over n from 1 to
o, adding the results to Equation (10) and utilizing the probability generating
functions defined in Equation (7) gives
dd—yP(l)(y,z)+[/1—/1C(z)+yi(y)+aJP(l)(y,z):o (26)

Similarly, multiply Equation (11) by z", take the sum of both sides over n
from 1 to oo, add the result to Equation (12) and use the probability generating
functions defined in Equation (7) to obtain

d

d—yP(z)(y,z)+[/‘L—/1C(z)+y2(y)+a] P (y,2)=0 (27)

Multiplying Equation (13) by z", taking sum of both sides over n from 1 to
o, adding the result to Equation (14) and making use of the probability gene-
rating functions defined in Equation (7) yields

dip<3>(y,z)+[z_zc(z)+ﬂ3(y)+a]p<3>(y,z) -0 (28)
y

Multiplying Equation (15) by z", taking sum of both sides over n from 1 to
o, adding the result to Equation (16) and using the probability generating func-
tions defined in Equation (7), one obtains

d
ER(y,z)+(z_z.c(z)+/;(y)+y_9R(y,z)=o (29)

Multiplying Equation (17) by z", taking sum of both sides over n from 1 to

o, adding the result to Equation (18) and utilizing the probability generating

functions defined in Equation (7) leads to
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d
Ev(y,z)+(/1—/10(z)+77(y)+;/—§]v(y,z):O (30)
Integrating Equations (26)-(30) with respect to y between the limits 0 to y
gives
y
~(2-AC(2)+a)y-] m(t)dt
P (y,2)= P (0,2)e " (31)
y
—(A=AC(2)+a)y-| pp(t)dt
P? (y,2)=P?(0,2)e s (32)
y
~(A=AC(2)+a)y-[ us(t)dt
P (y,2)=P%(0,2)e o (33)
[ a-ac(z)+y-L -T/}(t)dt
R(Y,Z)=R(O,Z)e( i (34)
| a-ac(2)+p-L -f (t)dt
V(y.2)=V(0.z)e (e bl (35)

Now, for the boundary conditions, multiply Equation (20) by z"*, take the
sum of both sides over n from 0 to o and use Equation (19) as well as the

probability generating functions defined in Equation (7) to obtain

P9 (0,2) = py (AC(2)- 4-a)Q+(1-9) plﬁ P (y,2) 4, (y)dy

©

+IP(2)(y,z)yz(y)dy+TP(3)(y,z)ﬂa(y)dy} (36)

0

S R(Y.2)A(y)dy+ .V (v.2)8(y)dy

"1 take the sum over of both sides n

Similarly, multiply Equation (21) by z
from 0 to o and use Equation (19) as well as the probability generating func-

tions defined in Equation (7), we have

P?(0,2) = p, (AC(2)-A-a)Q+(1-¢)p, H PY (y,2) 4 (y)dy

©

+IP(Z)(yyz)#z(y)dY+TP(3)(y,Z)ﬂ3(y)dy} (37)

+ pzTR(y,Z)ﬂ(y)dw DZTV (v.2)¢(y)dy

Multiplying Equation (22) by z"*, taking the sum over n from 0 to o« and
using Equation (19) as well as the probability generating functions defined in
Equation (7) one gets

P (0,2) = p, (AC(2)-2-a)Q+(1-9) p, E PY (y,2) s (y)dy

©

+jP(2)(y,Z)ﬂz(y)dy+TP(3)(y,Z)ﬂa(y)dy} (38)

0

=, [R(y,2) B(Y)dy + paV (v.2)8(y)dly
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n+l

Multiplying Equation (23) by z"™, taking the sum of both sides over n from

0to o and using Equation (24) as well as the probability generating functions

defined in Equation (7) leads to

R(0,2)-aQ= aZT P (,2) s (y)dy + @2 P (y,2) 1 (y) dy
+asz (v,2) 15 (y)dy

R(O,Z)Z(ZZ[P(l)(Z)-i— P(Z)(z)+ P(g)(z)]+aQ (39)

Again, multiplying Equation (25) by z"", taking the sum over n from 0 to
o and using the probability generating functions defined in Equation (7)
yields:

Oz):¢[TP(”(y, dy+JP (v, 2) 1, (y dy+jP (v,2) i (y )dy}(4o)

Integrating Equations (31)-(35) by parts with respect to y between the limits 0
and oo yields

P (2)= PO (0,2 [1-5; (4-AC(2)+a)]

(A-2C(2)+a) 4D
P (2)= P (0,2 [1-8;(A-AC(2)+a)] )
(A-2C(2)+a)
PO (2)= P9 (0,2 [1-8;(4-4C(2)+a)] )
(A-2C(2)+a)
1-B"(2-4C -
R(Z)ZR(O,Z)[ ( (@7 -1/2) (44)
(A-2C(2)+7-7/2)
V(2)=v (0.0 RO 7)) (45)
U (A-aC(2)+y-y/2)
where
G (A-AC(z2)+a)= Te*“*m(z)*“)ydel () (46)
0
G, (A-AC(2)+a)= Te*(HC“)*“)dez () (47)
0
G;(A—AC(Z)HZ):Te (et ge, (y) (48)
0
B (1-AC(2)+r-7/2) .Te ety gg (y) (49)
0
F*(A-4C(2)+7-7/2) :Te (el g (y) (50)
0

are the Laplace-Steiltjes transform of the service time in the first, second, third
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modes of service, vacation time and repair time respectively.

To further simply Equations (36)-(40), multiply Equation (31) by z4(y);
Equation (32) by ,uz(y); Equation (33) by ,u3(y), Equation (34) by ﬂ(y)
and Equation (35) by ¢(y) respectively and integrate the results with respect

to ybetween the limits 0 and oo, one gets

TP y)dy = PY(0,2)8; (1-AC(2)+a) (51)
0

PP (y,2) i, (y)dy =P?(0,2)S; (21-AC(2) +a) (52)

o3

(PO (y,2) 1, (y)dy = P (0,2)8; (- 2C(2) + ) (53)
TR (v,2)R(y)dy =R(0, z)B*[ﬂ—AC(z)ﬂ/—%j (54)
Tv(y,z)qﬁ(y)dy:V(O,z)F*(A—AC(z)ﬂ/—%) (55)

Let A-AC(z)+a=m, A-AC(z)+y—y/z=k and substitute Equations
(51)-(55) into Equation (36), (37) and (38) results to

[2-(1-¢)p.S; (m)|PY (0,2)-(1-4) p,P? (0,2)$; (m)

(19 pP(0.2)8: () BR(0.1)B (€)Y (0.2)F ()= pmQ
[—(1—¢>p2 S (M) P (0,2)(1-¢) p,PY (0,2)S; (m) -
~(1-4) p,P (0,2)S; ()~ p,R(0,2)B" (K)~ pV (0,2) F" (k) =—p,mQ
[2-(1-4) p,S; (M) ]P (0.2)-(1-¢) ;P (0.2); (m) 8
—(1—¢)p3P (O'Z) S5 (m )—p3 (0,2)B"(k)—p,V (0,2) F" (k) =~p;mQ
Inserting Equations (41), (42) and (43) into Equation (39), we get
az{%*(m)}P(Z)(O,z)+az|:¢}ﬂz)(o,z)
(59)

m

+az{—l_s3(m)}P(s)(O,z)—R(O,Z)z—aQ
Let A-AC(z)+a=m and A-AC(z)+y-y/z=k . Putting Equations
(51)-(53) into Equation (38) to obtain
V(0,2)=¢[ P (0,2)s] (m)+P?(0,2)8; (m)+ P (0,2)S; (m)]  (60)

Substituting V(O,Z) of Equation (60) into Equations (56), (57) and (58)
leads to

[z—pls*(m){(1—¢)+¢F k)}]P (0,2)
- ;S5 (M){(1-9)+¢F" (k)| P (0,2) (61)
-p,S; m){l #)+oF" ( }P (0,2)~ p,B"(k)R(0,2) = —p,mQ
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(20,55 (M) {(1-9)+ 9F (
.S (M){(L-4)+4F" (k)

2S5 (M){(1-9)+ 97" (K)
[Z—psss(m){( ¢)+9F
— p,S; (m){(1-9)+4F" (K
= psS; (){(1-¢) +¢F (k)| P”

p
”( 2) (62)
(

'(0.2) (6)
'(0.2)- p:B" (k)R(0,2) =—p,mQ
Solving Equations (59), (61), (62) and (63) simultaneously gives
zpl[m—aB*(k)]Q

P
P

PY(0,2) = 5 (64)
P (0,2) = 2 [m_DO([Z* (9] (65)
PO (0,2) = pS[m;((f)* ble (66)
(0. QLS M i) E? )(m)}{[(1—¢>+¢F*<k>J—z} o

Now, substituting Equations (64), (65) and (66) into Equation (60), one gets

z¢Q[m—aB* (k)][plsl* (m)+p,S; (m)+ p,S; (m)]
D(z)

V(0,2)= (68)

where
D(z)=2"—z{(1-¢)+¢F" (K)}{p:S; (m)+ p,S; (m)+ p,S; (m)}
_ZzaB*(k){ pl[l—sf(m)L P, [1—3;(m)]+ P, [1—sg(m)]} (69)

m m m

Substituting Equation (64) into Equation (41); Equation (65) into Equation
(42); Equation (66) into Equation (43), Equation (67) into Equation (44) and
Equation (68) into Equation (45), the following are obtained:

Pl (7) = zpl[m_Do(lzB)*(k)]Q_l—Sli(m)_ 70)
PO (2) < zpz[m_D?f)*(k)]Q_l—Si(m)_ 1)
0 (1) = zp3[m_D?f)*(k)]Q_1—S§](m)_ o

2aQ{p.S] (M) + p,S; (m)+ psS; (M)} [ {(1-¢) + oF” (k)}—Z]{l— B’ (k)} 3

R(z)= D(z) ‘
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V(o) Z¢Q[m—aB*(k)J[p18:;((r:;+ p,S; (m)+ pgs;(m)]{l_ Fk*(k)} o

where D(Z) has been defined in Equation (69).

Corollary 1. For the proposed queueing model, the steady-state probabilities
that the server is active providing service to customers in two fluctuating modes,
1, 2 and 3 at any random point of time are given by Equations (75)-(77).

Proof. Since P(z), P,(z) and P,(z) are of indeterminate of the 0/0 form
when z =1, by applying L’'Hopital’s rule on Equations (70), (71) and (72) re-
spectively, gives

PY (1) =limP® (z)

z—1

:[Qpl[ﬂEmw(ﬂE(')‘”E(R)]{MD

x[[ pS; (a)+ p,S; (a)+ p3s;(a)]{1—¢(/1E(|)—y)E(v)} (75)

] P (1_ Sl* (0!))

~[@(2E(1)-7)E(R)+4E(1) -

P, (1—8; (a)) N P, (1—33* (a))ﬂl

+

a a

P (1)=1imP? (2)

z—1

=(sz[/15(')W(/lE(')_y)E(R)][MD

x[[ p.S; (@)+p,S; (a)+ pss;(a)]{l—;»(zE(l )-7)E(V )} (76)

:| P (1_ Sf (a))

—[a(lE(l)—;/)E(R)+/1E(I) -

+

o (24

D, (1— S; (a)) P (1— S; (a)) Jl

PP (1) =1imP® (z)

71

:(Q pg[ﬁE(l>+a<ﬁE('*”“Rﬂ{l_%(m)ﬂ

m

x[[ piS; () + p,S; (o) + psS5 (@) [{1-¢(AE(1)-7)E(V)}
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pl (1_ Sl* (a))

_[a(zE(l)—y)E(R)ME(')]{ z
p(1-5:(@) . (1—ss<a>>ﬂl

(24 (24

(77)

+

where E(1) is the mean size of batch of arriving customers, E(R) is the
mean repair time E (V) is the mean of vacation time,
G, (0)=G,(0)=G,(0)=1 and V' (0)=1.
Corollary 2. For the proposed queueing model, the steady-state probability
that the server is in failed state and is under repairs is given by Equation (78).
Proof. Since R(z) is of indeterminate of the 0/0 form when z=1, by ap-

plying L’Hopital’s rule on Equation (73), one gets
R(1)=limR(z)

71

(e[ P} (@) + p,S; (@) + psS; (o) 1L~ (2E(1)~7)9E (V) |E(R)
x| [ S, (@)+ p,S; (@)+ psS; () [{1-4(AE(1)-7)E(V)} (78)

pl (1_ Sl* (a))

(24

—[a(/lE(l)—y)E(R)ME(U]{
. P, (1—5; (a)) N P, (1—5; (a))}]—l

a 24

Corollary 3. For the proposed queueing model, the steady-state probability
that the server goes on vacation at any random point of time is given by Equa-
tion (79).

Proof. Since V(z) is of indeterminate of the 0/0 form when z=1, by ap-
plying L’Hopital’s rule on Equation (74), the following is obtained

V(1) =IlimV(z)

71

=(Q¢[/1E(|)+a(/1E(| )-7)E(R)|[ S, () + p,8; (@) + p3s;(a)]E(v))
x| [ piS; (@)+ p,S; () + pyS; (@) [{1-¢(AE(1)-¥)E(V)} (79)

Py (1_ Sl* (m))

o

~[a(AE(1)-7)E(R)+AE(I )]{
P, (l—S;‘ (m)) . P, (1—8; (m))H—l

+
o (04

Theorem 2. For the proposed queueing model, the probability generating
function of the queue size irrespective of the state of the system, denoted by
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R (), is given by Equation (80).

Proof. Adding Equations (70), (71), (72), (73) and (74) leads to:

P (2)= z[m-aB’ (k)]Q[ p,(1-S; (m))+ ps (1-S; (m))+ ps (1-8; (m)) |

LA D(2) m

. 2aQ{p,S; (M) + p,S; (M)+ p,S; (m)}[{(1_¢)+¢F* (k)}—z]{l_ B (k)]
D(z)

290 m—aB (k)| psS; (m)-+p,S; (m) + pasé(m)]{l— F*(k)}

D(z) k

(80)

where D(z) is defined in Equation (69).

4.2. Performance Measures of the Proposed Queueing Model

Theorem 3. For the proposed queueing model, the probability that the server
is idle, denoted by Q, is given by Equation (81).
Proof. Adding Equations (75), (76), (77), (78) and (79) and substituting the

result into the normalizing condition Q+F, (1)=1 yields

[ )+ R )+ 1S3 () {19 (E(1) 7 )E(V)|
‘[“(ﬂE(')—y)E(R)MEU)]{ p.(1-5/(a))  P.(1-S:(a)) P, (l—Sg(a))}
(81)

[1+47E(V)+aE(R)][{p:S; (@) + p,S; (@) + psS; (@)} ]

Theorem 4. For the proposed queueing model, the probability that the server

Q=

is busy (utilization factor), denoted by p , is given by Equation (82).
Proof. Substitution of Equation (81) into the relation p=1-Q gives

[“(ﬂE(')—y)E(R)MEU)]{ P.(1-8/ () Pa(1-S:(a)) Py (1—3;(05))}

_ +[#AE(1)E(V)-aE(R)][ piS; () + p,S; (@) + psS; () ]
[1+7E(V)+aE(R)][{p.S] (@)+ p,S; (a)+ psS; (@)} ]

(82)

5. Special Cases of the Proposed Queueing Model

Some of sub-models of the proposed queuing model are:

Case 1: Batch arrival single server vacation queue with server providing ser-
vice in three fluctuating modes with breakdown

Suppose we let the reneging parameter y =0 in the proposed queueing
model, one gets the results in Case 2.

Case 2: Batch arrival single server vacation queue with server providing ser-
vice in three fluctuating modes with reneging

By letting the breakdown parameter « =0 in the proposed queueing model,
we get the results of Case 2.

Case 3: Batch arrival single server vacation queue with server providing ser-
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vice in three fluctuating modes

By letting the breakdown parameter o =0 and the reneging parameter
y =0 in the proposed queueing model, we obtain the model in Case 3.

Case 4: Batch arrival single server queue with server providing service in three
fluctuating modes with reneging during server breakdowns

Suppose we let the vacation parameter ¢ =0 in the proposed queueing mod-
el, one obtains the model in Case 4.

Case 5: Batch arrival single server vacation queue with server providing ser-
vice in two fluctuating modes during reneging during breakdowns

Case 5 is be obtained by letting the probability of server rendering service in
the third mode p; =0 in the proposed queueing model, we have Case 5.

Case 6: Batch arrival single server queue with server providing service in two
fluctuating modes (no breakdown, no vacation and no reneging). The corres-
ponding results for this particular case are obtained by putting breakdown pa-
rameter « =0, vacation parameter ¢ =0 and reneging parameter y =0.

Case 7: Batch arrival single server queueing model with two fluctuating mod-
els of service

We obtain Case 7 by putting =0, ¢=0, y=0, p,=0 in the proposed
queueing model.

Case 8: Exponential service times, vacation time and repair time

The exponential distribution usually serves as the distribution of the service
times, vacation time and repair time in batch arrival queueing modelling. Con-

sequently, we define

S, (m)= /(s +m)

S; (M) =t/ (41 +m)

S; (M) = 12/ (445 + m) (83)
B™(k)=B/(B+m)

F(k)=n/(n+m)

where m= /1—/1C(Z)+a and k= /1—/1C(Z)+}/—}//Z . In addition, it is as-
sumed that the units of arrivals are come one by one, such that E(R)=1/3
and E (V ) =1/n . Thus, the result of the proposed queueing model reduces to:

1) probability that the server is providing service in mode 1, mode 2 and mode

3 at a random point of time is are

plQ{MaM-y)]l

P (1) = pJmta (84)
|:plfu’l n P4t n Pstss }{1_¢(ﬂ_7)]_{/1+a(1_7)}( P n P, " Ps j
mra  pta gta n B mra ra gta

1
S

P (1) = ” 2 (85)
{ Pty n P, 44, n Psts }{ _ } { }[ Py n P, n Ps ]
m+a ta ta mta wta ta
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psq{mw} -

PO (1) = Y i (86)

{plﬂl L Paty Pt Ml_cﬁ(iﬁ)}{ma(lﬂ)}[ P, P, P ]

ta e pytao n B Wto pta ppta
2) probability that the server is under repairs at random point of time is

OJQ{ Pty n P4, Ps ity :|{1_¢(/1_7)}1

+
MM g +M o gy +m n

B

R(l)z (87)
|:p1,u'1 n P, 4, n Pstty }{1_¢(ﬂ—}/):|_{/1+a(/l—y)}{ P n P, n Ps j
m+a ta ta n B mta ta ta

3) probability that the server is on vacation at random point of time is given
by
Q|: Pty i P.tL, n Pt :||:ﬂ+a(/1ﬂ_7)}l
+a +a +a

V(1)= e BTE K& - L (88)
|:p1,u'1 n P44, n p3ﬂ3}1_¢(1_7) _ /1_,_0[(/1_7){ P n P, n Ps j
mta ppta ppta| n o] L B \m+a wpmta mta

4) the probability that the server is idle but available in the system is given by
[pllul n P44, n p3ﬂ3j1_¢(/1_7) _ l_l_a(lﬂ_}/)( P " P, n Ps ]
+a +a +a +a +a +a
Q- H Hy H L no1 L I\ H Hy H (89)
(1+¢7+aj[ Puth | Paky psﬂsJ
B P\m+a wm+a wp+a
5) the utilization factor is
[/1+a(/1_7)][ P + P, + Ps j_i_[ﬁ_a)[ Pty + P24, + psﬂsl
o= B mra  ppta gta n BN m+a pmpmra p+a (90)
(1+¢7+0{J[ Pty n P44, n pslus]
b Blm+a wm+a m+a

6. Numerical Examples

To demonstrate the effect of server vacation and reneging during breakdown
and repair periods on the behaviour of a batch arrival queueing system provid-
ing service in three fluctuating modes, we consider the eight (8) special case of
the proposed queueing model where all service times, vacation time, reneging
and repair times are exponentially distributed. Further, we assume that the cus-
tomers are arriving one by one, so that E(l)=1 and E(I (1 —1)):0. We
choose arbitrary values for the parameters such that the steady state condition
p <1 is satisfied. We consider the value 4 for A, the values 8, 10, 12 for 4,
4, and g, the values 2, 3, 4, ..., 8, 9 for the parameter « , the values 6, 8, 11,
14 for the parameter [, the values 2, 3, 4, 5 for parameters y and 7, the val-
ues 0.34, 0.33, 0.33 for the parameters p,, p, and p,, and 0.5 for the para-
meter ¢. Using the above parameter values in Equations (89), (90), (84), (85),
(86), (87) and (88) gives the estimates of Q p, pt @, p@ 1), pe 1),
R(l) and V (1) respectively, which are provided in Tables 1-4. From Tables

1-4, it appears that when the rate of rate of system breakdown and repair are
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Table 1. Computed values of various steady-state characteristics of the proposed queueing model when S=6.

a Y n Q p PY(1) P® (1) PO (1) R(1) V(1)
2 5 0.2144 0.7856 0.1275 0.1031 0.0884 0.1778 0.3111
2 3 4 0.2721 0.7279 0.1121 0.0907 0.0777 0.1842 0.3421
4 3 0.3540 0.6460 0.0983 0.0795 0.0682 0.2000 0.4000
5 2 0.4995 0.5005 0.0858 0.0694 0.0595 0.2381 0.5238
2 5 0.1730 0.8270 0.1212 0.0995 0.0863 0.2400 0.3000
3 3 4 0.2369 0.7631 0.1039 0.0853 0.0739 0.2500 0.3214
4 3 0.3222 0.6778 0.0881 0.0724 0.0627 0.2727 0.3636
5 2 0.4653 0.5347 0.0738 0.0606 0.0525 0.3261 0.4565
2 5 0.1391 0.8609 0.1161 0.0966 0.0845 0.2909 0.2909
4 3 4 0.2078 0.7922 0.0972 0.0808 0.0707 0.3043 0.3043
4 3 0.2957 0.7043 0.0798 0.0664 0.0581 0.3333 0.3333
5 2 0.4365 0.5635 0.0639 0.0531 0.0465 0.4000 0.4000
2 5 0.1109 0.8891 0.1119 0.0941 0.0831 0.3333 0.2833
5 3 4 0.1833 0.8167 0.0916 0.0771 0.0680 0.3500 0.2900
4 3 0.2732 0.7268 0.0729 0.0613 0.0541 0.3846 0.3077
5 2 0.3749 0.6251 0.0556 0.0468 0.0413 0.4321 0.2346
2 5 0.0870 0.9130 0.1084 0.0920 0.0818 0.3692 0.2769
6 3 4 0.1624 0.8376 0.0870 0.0739 0.0657 0.3889 0.2778
4 3 0.2539 0.7461 0.0671 0.0570 0.0506 0.4286 0.2857
5 2 0.3907 0.6093 0.0486 0.0413 0.0367 0.5172 0.3103
2 5 0.0665 0.9335 0.1054 0.0902 0.0807 0.4000 0.2714
7 3 4 0.1444 0.8556 0.0830 0.0711 0.0636 0.4224 0.2672
4 3 0.2371 0.7629 0.0621 0.0532 0.0476 0.4667 0.2667
5 2 0.3722 0.6278 0.0426 0.0365 0.0326 0.5645 0.2742
2 5 0.0487 0.9513 0.1028 0.0887 0.0798 0.4267 0.2667
8 3 4 0.1287 0.8713 0.0796 0.0687 0.0618 0.4516 0.2581
4 3 0.2224 0.7776 0.0578 0.0499 0.0449 0.5000 0.2500
5 2 0.3559 0.6441 0.0374 0.0322 0.0290 0.6061 0.2424
2 5 0.0332 0.9668 0.1005 0.0873 0.0790 0.4500 0.2625
9 3 4 0.1149 0.8851 0.0766 0.0665 0.0602 0.4773 0.2500
4 3 0.2095 0.7906 0.0541 0.0470 0.0425 0.5294 0.2353
5 2 0.3415 0.6585 0.0328 0.0285 0.0258 0.6429 0.2143
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Table 2. Computed values of various steady state characteristics of the proposed queueing model when S=8.

@ y " Q p PO PO PP RE V(Y
2 5 0.2463 0.7537 0.1341 0.1085 0.0930 0.4267 0.2667
2 3 4 0.3056 0.6944 0.1211 0.0980 0.0840 0.4516 0.2581
4 3 0.3933 0.6067 0.1093 0.0884 0.0757 0.5000 0.2500
5 2 0.5540 0.4460 0.0983 0.0795 0.0682 0.6061 0.2424
2 5 0.2093 0.7907 0.1279 0.1051 0.0911 0.4500 0.2625
3 3 4 0.2735 0.7265 0.1131 0.0929 0.0805 0.4773 0.2500
4 3 0.3635 0.6365 0.0994 0.0817 0.0708 0.5294 0.2353
5 2 0.5209 0.4791 0.0868 0.0713 0.0618 0.6429 0.2143
2 5 0.1779 0.8221 0.1228 0.1022 0.0894 0.1455 0.3273
4 3 4 0.2461 0.7539 0.1064 0.0885 0.0775 0.1522 0.3696
4 3 0.3379 0.6621 0.0912 0.0759 0.0664 0.1667 0.4444
5 2 0.4924 0.5076 0.0771 0.0641 0.0561 0.2000 0.6000
2 5 0.1510 0.849 0.1185 0.0997 0.0879 0.2000 0.3167
5 3 4 0.2224 0.7776 0.1008 0.0848 0.0748 0.2100 0.3500
4 3 0.3157 0.6843 0.0843 0.0709 0.0625 0.2308 0.4103
5 2 0.4674 0.5326 0.0688 0.0579 0.0511 0.2778 0.5370
2 5 0.1277 0.8723 0.1148 0.0975 0.0867 0.2462 0.3077
6 3 4 0.2016 0.7983 0.0959 0.0815 0.0724 0.2593 0.3333
4 3 0.2962 0.7038 0.0783 0.0665 0.0591 0.2857 0.3810
5 2 0.4455 0.5545 0.0617 0.0524 0.0466 0.3448 0.4828
2 5 0.1073 0.8927 0.1116 0.0956 0.0855 0.2857 0.3000
7 3 4 0.1836 0.8164 0.0918 0.0786 0.0703 0.3017 0.3190
4 3 0.2789 0.7211 0.0731 0.0626 0.0560 0.3333 0.3556
5 2 0.4260 0.5740 0.0555 0.0475 0.0425 0.4032 0.4355
2 5 0.0893 0.9107 0.1088 0.0939 0.0845 0.3200 0.2933
8 3 4 0.1675 0.8325 0.0881 0.0760 0.0684 0.3387 0.3065
4 3 0.2636 0.7364 0.0685 0.0591 0.0532 0.3750 0.3333
5 2 0.4086 0.5914 0.0500 0.0431 0.0388 0.4545 0.3939
2 5 0.0732 0.9268 0.1064 0.0924 0.0836 0.3500 0.2875
9 3 4 0.1531 0.8469 0.0849 0.0737 0.0667 0.3712 0.2955
4 3 0.2499 0.7501 0.0645 0.0560 0.0507 0.4118 0.3137
5 2 0.3929 0.6071 0.0452 0.0392 0.0355 0.5000 0.3571
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Table 3. Computed values of various steady state characteristics of the proposed queueing model when B=11.

a Y n Q p PY(1) P® (1) PO (1) R(1) V(1)
2 5 0.2771 0.7229 0.1405 0.1136 0.0974 0.1143 0.3429
2 3 4 0.3386 0.6614 0.1300 0.1051 0.0901 0.1207 0.3966
4 3 0.4326 0.5674 0.1202 0.0972 0.0833 0.1333 0.4889
5 2 0.6093 0.3907 0.1110 0.0898 0.0770 0.1613 0.6774
2 5 0.2456 0.7544 0.1347 0.1106 0.0958 0.1600 0.3333
3 3 4 0.3107 0.6893 0.1225 0.1006 0.0872 0.1694 0.3790
4 3 0.4061 0.5939 0.1111 0.0912 0.0791 0.1875 0.4583
5 2 0.5791 0.4209 0.1004 0.0824 0.0714 0.2273 0.6212
2 5 0.2179 0.7821 0.1297 0.1079 0.0944 0.2000 0.3250
4 3 4 0.2861 0.7139 0.1161 0.0966 0.0845 0.2121 0.3636
4 3 0.3826 0.6174 0.1033 0.0859 0.0752 0.2353 0.4314
5 2 0.5522 0.4478 0.0912 0.0759 0.0664 0.2857 0.5714
2 5 0.1935 0.8065 0.1255 0.1055 0.0931 0.2353 0.3176
5 3 4 0.2643 0.7357 0.1106 0.0930 0.0821 0.2500 0.3500
4 3 0.3617 0.6383 0.0965 0.0812 0.0717 0.2778 0.4074
5 2 0.5281 0.4719 0.0833 0.0700 0.0618 0.3378 0.5270
2 5 0.1718 0.8282 0.1218 0.1034 0.0919 0.2667 0.3111
6 3 4 0.2448 0.7552 0.1058 0.0898 0.0798 0.2838 0.3378
4 3 0.3429 0.6571 0.0906 0.0770 0.0684 0.3158 0.3860
5 2 0.5065 0.4935 0.0763 0.0648 0.0576 0.3846 0.4872
2 5 0.1524 0.8476 0.1185 0.1015 0.0908 0.2947 0.3053
7 3 4 0.2273 0.7727 0.1015 0.0870 0.0778 0.3141 0.3269
4 3 0.3260 0.6740 0.0854 0.0731 0.0654 0.3500 0.3667
5 2 0.4870 0.5130 0.0701 0.0600 0.0537 0.4268 0.4512
2 5 0.1348 0.8652 0.1156 0.0998 0.0898 0.3200 0.3000
8 3 4 02115 0.7885 0.0978 0.0843 0.0759 0.3415 03171
4 3 0.3107 0.6893 0.0808 0.0697 0.0627 0.3810 0.3492
5 2 0.4692 0.5308 0.0645 0.0557 0.0501 0.4651 0.4186
2 5 0.1190 0.8810 0.1131 0.0982 0.0888 0.3429 0.2952
9 3 4 0.1971 0.8029 0.0944 0.0820 0.0742 0.3663 0.3081
4 3 0.2967 0.7033 0.0766 0.0665 0.0602 0.4091 0.3333
5 2 0.4530 0.5470 0.0596 0.0517 0.0468 0.5000 0.3889
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Table 4. Computed values of various steady state characteristics of the proposed queueing model when g=14.

a 7 n Q P PY(1) P (1) PO (1) R(1) V(1)
2 5 0.2970 0.7030 0.1446 0.1170 0.1003 0.0941 0.3529
2 3 4 0.3602 0.6398 0.1358 0.1098 0.0941 0.1000 0.4143
4 3 0.4589 0.5412 0.1275 0.1031 0.0884 0.1111 0.5185
5 2 0.6467 0.3533 0.1196 0.0967 0.0829 0.1351 0.7297
2 5 0.2698 0.7302 0.1391 0.1143 0.0990 0.1333 0.3444
3 3 4 0.3358 0.6642 0.1288 0.1058 0.0917 0.1419 0.3986
4 3 0.4352 0.5648 0.1191 0.0978 0.0847 0.1579 0.4912
5 2 0.6193 0.3807 0.1098 0.0902 0.0782 0.1923 0.6795
2 5 0.2453 0.7547 0.1344 0.1118 0.0979 0.1684 0.3368
4 3 4 0.3138 0.6862 0.1228 0.1022 0.0894 0.1795 0.3846
4 3 0.4139 0.5861 0.1118 0.0930 0.0814 0.2000 0.4667
5 2 0.5945 0.4055 0.1012 0.0842 0.0737 0.2439 0.6341
2 5 0.2233 0.7767 0.1303 0.1096 0.0967 0.2000 0.3300
5 3 4 0.2939 0.7061 0.1175 0.0989 0.0872 0.2134 0.3720
4 3 0.3946 0.6054 0.1053 0.0886 0.0782 0.2381 0.4444
5 2 0.5719 0.4281 0.0937 0.0788 0.0695 0.2907 0.5930
2 5 0.2033 0.7967 0.1267 0.1076 0.0957 0.2286 0.3238
6 3 4 0.2759 0.7241 0.1129 0.0958 0.0852 0.2442 0.3605
4 3 0.3769 0.6231 0.0996 0.0846 0.0752 0.2727 0.4242
5 2 0.5513 0.4487 0.0870 0.0739 0.0657 0.3333 0.5556
2 5 0.1851 0.8149 0.1235 0.1058 0.0946 0.2545 0.3182
7 3 4 0.2594 0.7406 0.1087 0.0931 0.0833 0.2722 0.3500
4 3 0.3608 0.6392 0.0945 0.0809 0.0724 0.3043 0.4058
5 2 0.5324 0.4676 0.0809 0.0693 0.0620 0.3723 0.5213
2 5 0.1685 0.8315 0.1207 0.1041 0.0937 0.2783 0.3130
8 3 4 0.2442 0.7558 0.1050 0.0906 0.0815 0.2979 0.3404
4 3 0.3460 0.6540 0.0899 0.0776 0.0698 0.3333 0.3889
5 2 0.5150 0.4850 0.0755 0.0651 0.0586 0.4082 0.4898
2 5 0.1533 0.8467 0.1181 0.1025 0.0928 0.3000 0.3083
9 3 4 0.2303 0.7697 0.1016 0.0882 0.0798 0.3214 0.3316
4 3 0.3323 0.6677 0.0858 0.0745 0.0674 0.3600 0.3733
5 2 0.4989 0.5011 0.0706 0.0613 0.0555 0.4412 0.4608
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held constant with increasing rate of reneging and decreasing rate of vacation
completion, then the utilization factor decreases and the idle time of the system
increases. In addition, the three fluctuating modes of service experiences a de-
crease in it probabilities of rendering service. More so, the increase in server va-
cation results to an increase in the probability of server vacation. Technically,
from our results, the probability that server is under repair reduces provided the

repair parameter increases whenever there is high rate of breakdowns.

7. Concluding Remarks

In this article, we introduced and studied a batch arrival single server queueing
model for providing service in three fluctuating modes during reneging, server
breakdown and server vacation. The supplementary variable technique was
adopted for the derivation of the probability generating functions of the states of
the server under the steady state condition. We examined the effects of server
vacation, reneging, breakdowns and repair on the utilization factor, the idle time,
the probabilities of server providing service in three fluctuating modes, the
probability that the system is under repair and the probability that the server is
on vacation. Results presented in Tables 1-4 show that when the rate of system
breakdown and rate of repair completion remain constant with an increasing
rate of reneging and a decreasing rate of server vacation, the probability that the
server is busy decreases while the probability that the server is idle increases.
Additionally, the probabilities that the server is providing service in modes 1, 2
and 3 decreases due to an increase in reneging and a decrease in completion of
server vacation. Also, the results show that the probabilities of the server being
under repair and on vacation are on the decrease due to the effect of increasing
rate of reneging and decreasing rate of vacation completion.

Generally, the results of this article stress that any organization whereby mode
of service delivery is fluctuating should develop queueing systems that can make
provisions for breakdowns and repair so as to improve the completion of server

vacation and reduce the rate of reneging.
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