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Abstract 
In a short time, many illustrative studies have been conducted on the mathe-
matical modeling and analysis of COVID-19. There are not enough studies 
taking into account the vaccine campaign among these studies. In this con-
text, a mathematical model is developed to reveal the effects of vaccine treat-
ment, which has been performed recently, on COVID-19 in this study. In the 
proposed model, as well as the vaccinated individuals, a five-dimensional 
compartment system including the susceptible, infected, exposed and recov-
ered population is constructed. Moreover, besides the positivity, existence 
and uniqueness of the solution, biologically feasible region are provided. The 
basic reproduction number known as expected secondary infection which 
means that expected infection among the susceptible populations caused by 
this infection is evaluated. In the numerical simulations, the parameter values 
taken from the literature and estimated are used to perform the solutions of 
the proposed model. Fourth-order Runge-Kutta numerical scheme is applied 
to obtain the results. 
 

Keywords 
COVID-19 Model, Vaccination Campaign, Stability Analysis,  
Runge-Kutta Numerical Scheme 

 

1. Introduction 

In today’s world, more and more attention is being paid over time to research of 
epidemics such as HIV, HBV, Ebola, H1N1 and malaria, and controlling the 
spread of epidemics in the population is a major challenge. On the other hand, 
the world continues to fight existing infectious diseases, while on the other hand, 
changing world conditions lead to the emergence of different types of viruses. 
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The newest of these viruses, and the most effective of recent years, is the new 
type of coronavirus, called COVID-19, which appeared in early 2020 and is still 
not fully controlled. So far the biological origin of the disease has not been fully 
determined, while the first cases were traced in Wuhan, China, on December 31, 
2019. Lung disease and if left untreated, can cause the rapid spread of viruses 
that cause diseases such as severe acute respiratory syndrome, has a high rate of 
death and be seen throughout the world due to the World Health Organization 
(WHO) has been declared as a pandemic by the international. 

Coronaviruses have three subgroups known as alpha, beta, and gamma. There 
is also a fourth new group called delta coronaviruses: SARS-CoV. Human coro-
naviruses were first identified in the mid-1960s. By 2020, the virus, which only 
appeared in Saudi Arabia, Qatar and Jordan, has killed three people. The case 
reported in Wuhan city of 11 million people in China’s Hubei province on De-
cember 31, 2019, was found to be infected with a new coronavirus that has never 
been seen before. According to who reports [1], this virus is thought to be 
transmitted from animals to humans, such as SARS-CoV and MERS-CoV. To-
day, the disease is transmitted from person to person, on April 27 2021, the 
number of infected cases confirmed by who reached 147.539.302, and by this 
date there were 3.116.444 deaths related to the disease worldwide [2]. A study of 
patients who died found that the majority of them were elderly or patients diag-
nosed with chronic heart, lung, kidney, Parkinson’s and diabetes. Viruses that 
come into contact with the mouth and nose can be easily transmitted, such as flu, 
by removing them after touching the infected substance. In recent years, the 
concept of mathematical modeling has become increasingly important. Today’s 
information society now associates mathematics directly with everyday life, and 
it seems that weight is given to the embodiment of this abstract science by estab-
lishing its relationship with real life. One of the most important methods used to 
embody mathematics, which is an abstract science in its structure, and apply it 
to real life, is modeling. Mathematical modeling in the most general sense; an 
attempt to mathematically express an event, phenomenon, and relations between 
events other than mathematics or mathematics is the process of revealing ma-
thematical patterns within these events and phenomena [3]. In fact, mathematics 
is a systematic way of thinking that generates solutions to real-world events and 
problems through modeling. When mathematics is associated with the real 
world, it is seen that the roots of all mathematical concepts exist and correspond 
in the real world. 

On the other hand, the processes of creating a mathematical model of a prob-
lem, transforming it, developing it, solving it, interpreting the solution, validat-
ing the model and finally making the model ready for use are not processes that 
can be overcome immediately. Especially nowadays, many of the problems are 
complex, non-linear, have memory effect (memory effect) or have a stochastic 
structure, so modeling ways and solution methods specific to these problems 
should be developed. 

While mathematical models do not provide a cure for a particular infectious 
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disease, they can be used to present and analyze possible scenarios of the dy-
namics at hand. Currently, medical institutions, politicians, armies, law en-
forcement, industrialists, chemists, physicists, engineers, etc. sectors around the 
world are making efforts to stop the spread of COVID-19. Mathematicians have 
also developed new mathematical models that can be used for simulation to flat-
ten the infection and death curve, predict the future behavior of its spread, and 
make decisions to control it, and are trying to create new optimal models every 
day. Many studies have been conducted in the literature on the mathematical 
model of the COVID-19 pandemic in a short time. 

Zu et al. (2020) [4] in their data and model-oriented study proposed and ex-
amined the contagion models of COVID-19 on the Chinese mainland and the 
effectiveness of different control strategies. February 10 January-February 17, 
2020 based on data reported by the National Health Commission of the People’s 
Republic of China in this study; they estimated the parameters of the model. 
They then successfully estimated the epidemic trend and risk of transmission of 
COVID-19 and predicted the effectiveness of various intervention strategies with 
the help of the sensitivity analysis method. 

Tang et al. (2020) [5] examined the effectiveness of quarantine and isolation, 
which determined the trend of the COVID-19 outbreak in the last phase of the 
epidemic in China. In their study, they found that uncertainty analyzes revealed 
that the outbreak is still uncertain and concluded that it is important to continue 
to develop the quarantine and isolation strategy and improve detection rate in 
mainland China, which helped the country combat the COVID-19 outbreak. 

Ahmed et al. (2020) [6], in their study, where they analyzed a mathematical 
model of COVID-19 using numerical approaches and logistic models, they ana-
lyzed and introduced some COVID-19 models that contain important questions 
about global health services and suggest important notes. They proposed three 
well-known numerical techniques for solving the proposed equations; these are 
Euler’s method, second order (RK2) and fourth order (RK4) Runge-Kutta me-
thod. Recommended numerical techniques based on the results of the approx-
imate solution are obtained, this is a global issue that is important to provide key 
answers have analyzed the results for the two countries, including Turkey and 
Iraq. More interestingly, these two countries, the basic reproductive number 
(R0), according to a survey conducted on April 9, 2020 for the estimated 7.4 
Turkey is estimated to be 3.4 to Iraq. But these numbers have increased noticea-
bly since the beginning of the pandemic. Therefore, using the model proposed 
by researching the logistic model to estimate the size of the outbreak of the epi-
demic in Turkey and Iraq in modeling and estimating results showed that a rea-
sonable revealed. 

In another study provided by Okuonghae and Omame (2020) [7], using nu-
merical simulations, they examined the impact of control measures, particularly 
common social distancing, face mask use, and case detection (through contact 
tracking and subsequent testing) on COVID-19 dynamics. They also made sig-
nificant estimates for the cumulative values of reported cases and active cases for 
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different levels of control measures implemented. Numerical simulations of the 
model suggested that if at least 55% of the population complied with the social 
distance regulation and about 55% of the population used face masks effectively 
in society, the disease would eventually disappear in the population. They also 
found that if the case detection rate for symptomatic individuals could be in-
creased to about 0.8 per day with about 55% of the population complying with 
social distance regulations, they could achieve a large decrease in the incidence 
(and prevalence) of COVID-19. 

Foy et al. (2020) [8], they used an extended SEIR model, age-structured with 
social communication matrices, to evaluate age-specific vaccine distribution 
strategies in India. Their findings in this model support global recommendations 
for prioritizing Covid-19 vaccine delivery for older age groups. As the rate of 
vaccine administration increased, relative differences between allocation strate-
gies were observed to decrease. Optimal vaccine delivery strategies; they con-
cluded that it would depend on vaccine characteristics, the strength of simulta-
neous non-pharmaceutical interventions, and site-specific targets. 

Farooq and Bazaz (2020) [9], they used Deep Learning to propose an Artificial 
Neural Network (ANN)-based and data-stream driven real-time learning algo-
rithm to predict the parameters of the non-competitive, intelligent adaptive and 
online analytical model of COVID-19 disease. Moreover, there have been a 
number of modeling studies related to COVID-19 and other important infec-
tious diseases, such as [10]-[21]. Especially, modeling the HIV infection [22], 
computer viruses [23] [24] [25], pricing of different types of options [26] [27] 
[28], chaotic systems [29] [30], neuronal dynamics [31], nerve impulses [32], 
fluid flow dynamics [33], wave problems [34] [35], nonlinear evolution dynam-
ics [36] can be considered as prominent illustrative modeling applications. 

On the other hand, effective vaccination studies on COVID-19 continue at full 
speed. There are some academic studies conducted in this context. Kaur and 
Gupta (2020) [37], one of them, showed in their study that different types of 
vaccine strategies for COVID-19 were developed and presented a review on the 
studies of finding an effective vaccine for this new coronavirus, which affects the 
world in terms of economy, human health and life. 

The rest of the article is organized as follows: After the introduction given in 
Section 1, the formulation of the first-order mathematical model is proposed in 
the next Section 2. The assumptions considered in the formulation and the de-
scription of the model are given in Section 2.1. In Section 3, the exis-
tence-uniqueness of the solution of the constructed model has been investigated. 
In Section 4, the basic reproductive number of the model and equilibrium points 
are calculated and the stability conditions of the system are proposed. Mathe-
matical investigations are provided for the solution of the model in Section 5, 
and numerical simulations are performed to verify the results. The behavior of 
the solutions obtained is also discussed in this section. Finally, Section 6 con-
cludes all the important findings of this research study and the future direction. 
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2. Model Formulation 

The aim of this article is to create a new COVID-19 model, taking into account 
the vaccination process. The model is based on the dynamics of contact with the 
virus, the infection of individuals who come into contact with the virus or 
asymptomatic recovery, and the exposure or absence of the virus at the end of 
the vaccination process in individuals who are not exposed to the virus. 

( )

( )

( )

( )

d ,
d
d ,
d
d ,
d
d ,
d
d ,
d

S E m S
t
E SE pVE fI c E
t
I fEI z I
t
V mS pE V
t
R zI cE R
t

α µ

α µ

µ σ

µ

µ

= Λ − + +

= + − + +

= − + +

= − +

= + −

                  (1) 

initial conditions,  

( ) ( ) ( ) ( ) ( )0 0 0 0 00 , 0 , 0 , 0 , 0 ,S S E E I I V V R R= = = = =           (2) 

where ( ) ( ) ( ) ( ) ( )( ) 5, , , ,S t E t I t V t R t +∈ . Here, it is assumed that the functions 
( ) ( ) ( ) ( ) ( ), , , ,S t E t I t V t R t  and their derivatives are continuous at 0t ≥ . To 

start, non-negativity, existence and uniqueness of the solution of system (1) are 
analyzed. 

Biological Assumptions of the Model 

The biological assumptions of the model are as follows:  
 We assume that individuals to be vaccinated are selected from individuals 

who have not been exposed to or immunized against the virus.  
 In individuals in the vaccine compartment, the vaccine may not be com-

pletely protective (failed vaccine). In this case, we assume that the vaccinated 
individuals become infected when exposed to the virus. 

COVID-19 is a type of epidemic disease that is effective today. On the other 
hand, different types of vaccines have been developed to end the epidemic dis-
ease in the world and are being used these days. Although the abundance of ma-
thematical models related to COVID-19 that do not contain vaccines draw at-
tention in the literature, there are almost no studies taking into account the vac-
cine parameter. In this context, the structure of the model (SEIVR) consists of 
the following compartments: ( )S t : Individuals susceptible to the disease but 
not susceptible to the disease (Susceptible), ( )E t : Individuals exposed to the 
disease but not showing symptoms (Exposed), ( )I t : Infected and individuals 
likely to infect susceptible individuals (Infected), ( )V t : Vaccinated individuals 
from susceptible individuals (Vaccinated), ( )R t : Recovered individuals (Figure 
1). 
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Figure 1. Dynamic flow diagram of the COVID-19 model. 

 
In the model, transition from all people (Λ ) to individuals sensitive to the 

disease is provided. The transition from susceptible individuals to individuals 
who are exposed to the disease as much as the rate (α ), exposed, and those who 
have not been exposed to the disease as much as the rate (m), are passed on to 
individuals to be vaccinated. Considering the possibility that the vaccine devel-
oped against the COVID-19 virus may be successful or unsuccessful, in case the 
vaccine fails, the vaccine may be exposed to the disease as much as (p) ratio of 
individuals vaccinated. Individuals exposed to the virus are likely to transmit the 
virus to other individuals. These individuals may or may not show symptoms of 
the disease. Symptomatic individuals pass to the active patient part as much as 
(f). Individuals who recover without showing symptoms pass to the healing part 
as much as (c). Among active patients, deaths occur at the rate of (σ ) depend-
ing on the disease, and also recover at rate (z). Natural deaths occur at the rate of 
( µ ) in all these compartments. 

3. Mathematical Investigation of the Proposed Model 

Stability analysis of a system in epidemiology and immunology determines the 
behavior of the system in disease dynamics. In this section, we give the positivity 
and boundedness of the solution for the proposed system (1). We then deter-
mine the equilibria and their stability results. Finally, the existence and unique-
ness conditions for the solution are provided.  

3.1. Positivity of Solutions and Determining the Biologically  
Invariant Region 

In order for the COVID-19 outbreak model, which includes the vaccination 
strategy given in System (1), (2), to be epidemiologically realistic, it is necessary 
to show that all state variables always remain positive. In this context, this sub-
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section addresses the positivity of the solution and limited the biologically inva-
riant region for the proposed system (1) to the initial conditions (2).  

Theorem 1. Let ( ) ( ){ }5 5 : 0t tζ ζ+ = ∈ ≥   and  
( ) ( ) ( ) ( ) ( ) ( ) T

, , , ,t S t E t I t V t R tζ =    . The solution set ( )tζ  of the proposed 
system (1) along initial conditions (2) is non-negative for all 0t >  in 5

+ .  
Proof. As proposed in the study [38], by taking into account the nonlinear 

system of equations (1), we consider the first equation 

( )d ,
d
S E m S
t

α µ= Λ − + +                      (3) 

which means that  

( )d .
d
S E m S
t

α µ≥ − + +                       (4) 

By using the exponential growth criterion and integrating (4) gives  

( ) ( ) ( )0 e ,E m tS t S α µ− + +≥                       (5) 

which implies  

( ) 0.S t ≥                              (6) 

By following the similar steps with the condition in ( )S t , it can easily be 
shown that ( ) 0E t ≥ , ( ) 0I t ≥ , ( ) 0V t ≥  and ( ) 0R t ≥  for all 0t > . There-
fore, the solution set cannot escape from the hyperplanes  

0S E I V R= = = = = . Moreover, on each hyperplane the vector field falls into 
5
+  which means that the feasible region 5

+  is positively invariant. 
In the next theorem, we provide a biological feasible region for the proposed 

model (1).  
Theorem 2. The solutions of system (1) with the initial condition (2) are 

stated in the region 5
+⊂  , given by  

( ) ( ) ( ) ( ) ( )( ) ( )5, , , , | .S t E t I t V t R t N t
µ+

 Λ
= ∈ ≤ 
 

           (7) 

Proof. Considering the summation of all equations in the system yields  

( ) ( ) ( ) ( ) ( ) ( )d d d d d d
.

d d d d d d
N t S t E t I t V t R t

t t t t t t
= + + + +             (8) 

Then we have the following for the whole population  

d .
d
N N I N
t

µ σ µ= Λ − − ≤ Λ −                    (9) 

The solution of Equation (9) is given as  

( ) 0 e ,tN t N µ

µ µ
− Λ Λ

≤ − − 
 

                      (10) 

where the initial population is defined as ( )0 0N N= . Benefiting the Birk-

hoff-Rota theorem [39], we can say that, if 0N
µ
Λ

< , then as t →∞ , asymptot-
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ically ( )N t
µ
Λ

→  in Equation (7) and the total population size becomes 

( )N t
µ
Λ

→  which means that 0 N
µ
Λ

≤ ≤ . Thus, all the feasible solutions of the 

model converge in the region   [40]. 

3.2. Existence and Uniqueness 

In this part, we give the qualitative properties related to the solutions of the 
COVID-19 model which is given in system (1) - (2). Firstly, we start by taking 
the classical integral of both sides the mentioned system and we get the follow-
ing Volterra-type integral equations:  

( ) ( ) ( )( ) ( )

( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

0

0

0

0

0

0 d ,

0 d ,

0 d ,

0 d ,

0 d .

t

t

t

t

t

S t S E m S

E t E E S pV fI c

I t I fE I I z

V t V mS pV E V

R t R zI cE R

α τ µ τ τ

τ α µ τ

τ τ τ µ σ τ

τ τ τ µ τ τ

τ τ µ τ τ

 − = Λ − + + 

− = + − − −  

− = − + +  

− = − −  

− = + −  

∫

∫

∫

∫

∫

         (11) 

Below, let’s define the kernels as follows:  

( ) ( )( ) ( )
( ) ( )( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1

2

3

4

5

, ,

, ,

, ,

, ,

, .

t S E t m S t

t E E t S pV fI c

t I fE t I t z I t

t V mS t pV t E t V t

t R zI t cE t R t

ϕ α µ

ϕ α µ

ϕ µ σ

ϕ µ

ϕ µ

= Λ − + +

= + − − −

= − + +

= − −

= + −

               (12) 

Then the following theorem arises: 
Theorem 3. The kernels 1 2 3 4, , ,ϕ ϕ ϕ ϕ  and 5ϕ  satisfy the Lipschitz assump-

tions and contractions if the following inequality is verified:  

1 2 3 4 50 , , , , 1.q q q q q≤ <                         (13) 

where, 1S m≤ , 2E m≤ , 3I m≤ , 4V m≤ , 5R m≤ , 1 2q m mα µ= + + , 

2 1 4 3q m pm fm cα µ= + + + + , 3 2q fm z µ σ= + + + , 4 2q pm µ= +  and  

5q µ= .  
Proof. Let 1S  and 2S  be two functions for the kernel 1ϕ ; 1E  and 2E  be 

two functions for the kernel 2ϕ ; 1I  and 2I  be two functions for the kernel 

3ϕ ; 1V  and 2V  be two functions for the kernel 4ϕ ; and 1R  and 2R  be two 
functions for the kernel 5ϕ . Then we have  

( ) ( )

( ) ( )

( )

1 1 1 2

1 2

2 1 2

1 1 2

, ,

,

t S t S

E m S E m S

m m S S

q S S

ϕ ϕ

α µ α µ

α µ

−

= Λ − + + − Λ − + +  

≤ + + −

= −

 

https://doi.org/10.4236/ojmsi.2021.93020


M. Yavuz et al. 
 

 

DOI: 10.4236/ojmsi.2021.93020 307 Open Journal of Modelling and Simulation 
 

( ) ( )
( ) ( )

( )

2 1 2 2

1 2

1 4 3 1 2

2 1 2

, ,

,

t E t E

E S pV fI c E S pV fI c

m pm fm c E E

q E E

ϕ ϕ

α µ α µ

α µ

−

= + − − − − + − − −

≤ + + + + −

= −

 

( ) ( )
( ) ( )

( )

3 1 3 2

1 1 2 2

2 1 2

3 1 2

, ,

,

t I t I

fEI z I fEI z I

fm z I I

q I I

ϕ ϕ

µ σ µ σ

µ σ

−

= − + + − − + +  
≤ + + + −

= −

              (14) 

( ) ( )
[ ]

( )

4 1 4 2

1 1 2 2

2 1 2

4 1 2

, ,t V t V

mS pEV V mS pEV V

pm V V

q V V

ϕ ϕ

µ µ

µ

−

= − − − − −

≤ + −

= −

 

and 

( ) ( )
[ ]

5 1 5 2

1 2

1 2

5 1 2

, ,

.

t R t R

zI cE R zI cE R

R R

q R R

ϕ ϕ

µ µ

µ

−

= + − − + −

≤ −

= −

 

Therefore, the Lipschitz conditions are satisfied for kernels 1 2 3 4 5, , , ,ϕ ϕ ϕ ϕ ϕ  
and if 1 2 3 4 50 , , , , 1q q q q q≤ <  then 1 2 3 4 5, , , ,q q q q q  are also contractions for 

1 2 3 4 5, , , ,ϕ ϕ ϕ ϕ ϕ  respectively. This proves the theorem.  
By considering the kernels 1 2 3 4, , ,ϕ ϕ ϕ ϕ  and 5ϕ , we can rewrite the system 

which is given in Equation (11) as follows:  

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

10

20

30

40

50

0 , d ,

0 , d ,

0 , d ,

0 , d ,

0 , d .

t

t

t

t

t

S t S S

E t E E

I t I I

V t V V

R t R R

ϕ τ τ

ϕ τ τ

ϕ τ τ

ϕ τ τ

ϕ τ τ

= +

= +

= +

= +

= +

∫

∫

∫

∫

∫

                 (15) 

We can proceed with the following recursive formula  

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

1 10

2 10

3 10

4 10

5 10

0 , d ,

0 , d ,

0 , d ,

0 , d ,

0 , d ,

t
n n

t
n n

t
n n

t
n n

t
n n

S t S S

E t E E

I t I I

V t V V

R t R R

ϕ τ τ

ϕ τ τ

ϕ τ τ

ϕ τ τ

ϕ τ τ

−

−

−

−

−

= +

= +

= +

= +

= +

∫

∫

∫

∫

∫

                (16) 

where ( ) ( )0 0S t S= , ( ) ( )0 0E t E= , ( ) ( )0 0I t I= , ( ) ( )0 0V t V=  and  
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( ) ( )0 0R t R= . Then we can write  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1 1 1 1 20

1 2 1 2 20

1 3 1 3 20

1 4 1 4 20

1 5 1 5 20

, , d ,

, , d ,

, , d ,

, , d ,

, ,

t
n n n n n

t
n n n n n

t
n n n n n

t
n n n n n

t
n n n n n

t S t S t S S

t E t E t E E

t I t I t I I

t V t V t V V

t R t R t R R

ϕ τ ϕ τ τ

ϕ τ ϕ τ τ

ϕ τ ϕ τ τ

ϕ τ ϕ τ τ

ϕ τ ϕ τ

− − −

− − −

− − −

− − −

− − −

 Ψ = − = − 

 ∆ = − = − 

 Φ = − = − 

 ϒ = − = − 

∂ = − = −

∫

∫

∫

∫

∫ d ,τ

        (17) 

where ( ) ( )1
n

n njS t t
=

= Ψ∑ , ( ) ( )1
n

n njE t t
=

= ∆∑ , ( ) ( )1
n

n njI t t
=

= Φ∑ ,  
( ) ( )1

n
n njV t t

=
= ϒ∑  and ( ) ( )1

n
n njR t t

=
= ∂∑ . By taking the norm of both sides 

of Equation (17), we have  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1 1 1 1 20

1 2 1 2 20

1 3 1 3 20

1 4 1 4 20

1 5 1 5 20

, , d ,

, , d ,

, , d ,

, , d ,

, ,

t
n n n n n

t
n n n n n

t
n n n n n

t
n n n n n

t
n n n n n

t S t S t S S

t E t E t E E

t I t I t I I

t V t V t V V

t R t R t R R

ϕ τ ϕ τ τ

ϕ τ ϕ τ τ

ϕ τ ϕ τ τ

ϕ τ ϕ τ τ

ϕ τ ϕ τ

− − −

− − −

− − −

− − −

− − −

 Ψ = − ≤ − 

 ∆ = − ≤ − 

 Φ = − ≤ − 

 ϒ = − ≤ − 

∂ = − ≤ −

∫

∫

∫

∫

∫ d .τ

    (18) 

Since the kernels satisfy the Lipschitz condition (see Theorem 3), we get  

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

1 1 1 20

1 2 1 20

1 3 1 20

1 4 1 20

1 5 1 20

d ,

d ,

d ,

d ,

d .

t
n n n n

t
n n n n

t
n n n n

t
n n n n

t
n n n n

S t S t q S S

E t E t q E E

I t I t q I I

V t V t q V V

R t R t q R R

τ

τ

τ

τ

τ

− − −

− − −

− − −

− − −

− − −

− ≤ −

− ≤ −

− ≤ −

− ≤ −

− ≤ −

∫

∫

∫

∫

∫

               (19) 

Then we achieve from the last inequality  

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

1 10

2 10

3 10

4 10

5 10

d ,

d ,

d ,

d ,

d .

t
n n

t
n n

t
n n

t
n n

t
n n

t q

t q

t q

t q

t q

τ τ

τ τ

τ τ

τ τ

τ τ

−

−

−

−

−

Ψ ≤ Ψ

∆ ≤ ∆

Φ ≤ Φ

ϒ ≤ ϒ

∂ ≤ ∂

∫

∫

∫

∫

∫

                    (20) 

These results give us the following theorem.  
Theorem 4. The proposed COVID-19 model has a solution under the condi-

tion that can be founded maxt  holding:  

max 1, 1,2,3,4,5.iq t i< =                     (21) 

Proof. Considering the functions ( ) ( ) ( ) ( ), , ,S t E t I t V t  and ( )R t  are 
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bounded and their kernels 1 2 3 4, , ,ϕ ϕ ϕ ϕ  and 5ϕ  hold the Lipschitz condition, 
we can give the following by taking Equation (20) into account  

( ) ( ) { }
( ) ( ) { }
( ) ( ) { }
( ) ( ) { }
( ) ( ) { }

0 1 max

0 2 max

0 3 max

0 4 max

0 5 max

,

,

,

,

.

n
n

n
n

n
n

n
n

n
n

t S t q t

t E t q t

t I t q t

t V t q t

t R t q t

Ψ ≤

∆ ≤

Φ ≤

ϒ ≤

∂ ≤

                   (22) 

Now we show that the functions in Equation (22) are the solutions of the giv-
en COVID-19 model. We suppose  

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

0 ,

0 ,

0 ,

0 ,

0 .

n n

n n

n n

n n

n n

S t S S t t

E t E E t t

I t I I t t

V t V V t t

R t R R t t

ω

ϑ

ρ

κ

− = −

− = −

− = −

− = −

− = −

                   (23) 

Then we will demonstrate that the terms which are given in Equation (23) 
hold that ( ) 0tω∞ → , ( ) 0tϑ∞ → , ( ) 0t∞ → , ( ) 0tρ∞ →  and  

( ) 0tκ∞ → . Since we have  

( ) ( ) ( )

( ) ( )

1 1 10

1 1 10

1 1

, , d

, , d

,

t
n n

t
n

n

t S S

S S

tq S S

ω ϕ τ ϕ τ τ

ϕ τ ϕ τ τ

−

−

−

 ≤ − 

≤ −

≤ −

∫

∫  

( ) ( ) ( )

( ) ( )

2 2 10

2 2 10

2 1

, , d

, , d

,

t
n n

t
n

n

t E E

E E

tq E E

ϑ ϕ τ ϕ τ τ

ϕ τ ϕ τ τ

−

−

−

 ≤ − 

≤ −

≤ −

∫

∫  

( ) ( ) ( )

( ) ( )

3 3 10

3 3 10

3 1

, , d

, , d

,

t
n n

t
n

n

t I I

I I

tq I I

ϕ τ ϕ τ τ

ϕ τ ϕ τ τ

−

−

−

 ≤ − 

≤ −

≤ −

∫

∫



              (24) 

( ) ( ) ( )

( ) ( )

4 4 10

4 4 10

4 1

, , d

, , d

t
n n

t
n

n

t V V

V V

tq V V

ρ ϕ τ ϕ τ τ

ϕ τ ϕ τ τ

−

−

−

 ≤ − 

≤ −

≤ −

∫

∫  

and 

( ) ( ) ( )

( ) ( )

5 5 10

5 5 10

5 1

, , d

, , d

,

t
n n

t
n

n

t R R

R R

tq R R

κ ϕ τ ϕ τ τ

ϕ τ ϕ τ τ

−

−

−

 ≤ − 

≤ −

≤ −

∫

∫  
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repeating this process recursively, we get  

( ) { } 1
1 ,n n

n t t qω +≤ Θ  

( ) { } 1
2 ,n n

n t t qϑ +≤ Θ  

( ) { } 1
3 ,n n

n t t q+≤ Θ  

( ) { } 1
4

n n
n t t qρ +≤ Θ  

and 

( ) { } 1
5 .n n

n t t qκ +≤ Θ  

Taking the last inequalities into account at maxt  point, we get  

( ) { } 1
max 1 ,n n

n t t qω +≤ Θ  

( ) { } 1
max 2 ,n n

n t t qϑ +≤ Θ  

( ) { } 1
max 3 ,n n

n t t q+≤ Θ  

( ) { } 1
max 4 ,n n

n t t qρ +≤ Θ  

and 

( ) { } 1
max 5 .n n

n t t qκ +≤ Θ  

For the last step, after applying the limit to both sides of the last inequalities as 
n →∞ , and by considering the results of Theorem 3, we have ( ) 0tω∞ → , 

( ) 0tϑ∞ → , ( ) 0t∞ → , ( ) 0tρ∞ →  and ( ) 0tκ∞ → .  
Theorem 5. The suggested COVID-19 model has only one solution.  
Proof. Let us say there exists another solution of the system namely ( )1S t , 
( )1E t , ( )1I t , ( )1V t  and ( )1R t . Then we can write  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 1 1 10

1 2 2 10

1 3 3 10

1 4 4 10

1 5 5 10

, , d ,

, , d ,

, , d ,

, , d ,

, , d .

t

t

t

t

t

S t S t S S

E t E t E E

I t I t I I

V t V t V V

R t R t R R

ϕ τ ϕ τ τ

ϕ τ ϕ τ τ

ϕ τ ϕ τ τ

ϕ τ ϕ τ τ

ϕ τ ϕ τ τ

− = −  

− = −  

− = −  

− = −  

− = −  

∫

∫

∫

∫

∫

            (25) 

If we apply the norm to both sides of Equation (25), we obtain  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 1 1 10

1 2 2 10

1 3 3 10

1 4 4 10

1 5 5 10

, , d ,

, , d ,

, , d ,

, , d ,

, , d .

t

t

t

t

t

S t S t S S

E t E t E E

I t I t I I

V t V t V V

R t R t R R

ϕ τ ϕ τ τ

ϕ τ ϕ τ τ

ϕ τ ϕ τ τ

ϕ τ ϕ τ τ

ϕ τ ϕ τ τ

− ≤ −

− ≤ −

− ≤ −

− ≤ −

− ≤ −

∫

∫

∫

∫

∫

           (26) 
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Since the Lipschitz condition is satisfied by the kernels 1 2 3 4, , ,ϕ ϕ ϕ ϕ  and 5ϕ , 
we can write  

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1 1 1

1 2 1

1 3 1

1 4 1

1 5 1

,

,

,

,

,

S t S t q t S t S t

E t E t q t E t E t

I t I t q t I t I t

V t V t q t V t V t

R t R t q t R t R t

− ≤ −

− ≤ −

− ≤ −

− ≤ −

− ≤ −

                (27) 

which gives 

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

1 1

1 2

1 3

1 4

1 5

1 0,

1 0,

1 0,

1 0,

1 0.

S t S t q t

E t E t q t

I t I t q t

V t V t q t

R t R t q t

− − ≤

− − ≤

− − ≤

− − ≤

− − ≤

                    (28) 

Therefore, we obtain ( ) ( )1 0S t S t− = , ( ) ( )1 0E t E t− = , ( ) ( )1 0I t I t− = , 
( ) ( )1 0V t V t− =  and ( ) ( )1 0R t R t− =  which represents ( ) ( )1S t S t= ,  
( ) ( )1E t E t= , ( ) ( )1I t I t= , ( ) ( )1V t V t=  and ( ) ( )1R t R t=  This explains that 

the model has a unique solution which is the proof of the theorem. 

4. Equilibria, Their Stabilities and Basic Reproduction  
Number 

In order to have the equilibrium points of the system (1), we take 

( )
( )

( )
( )

0,

0,

0,

0,
0.

E m S

SE pVE fI c E

fEI z I

mS pE V
zI cE R

α µ

α µ

µ σ

µ
µ

Λ − + + =


+ − + + =
 − + + =
 − + =
 + − =

               (29) 

The solution of system Eq. (29) together yields five steady states. We give 
these equilibria and discuss their local behavior according to their biological re-
levance. The first equilibrium point is disease-free equilibrium (DFE) given as  

( )1 ,0,0, ,0m
m mµ µ µ

 Λ Λ
Ω =   + + 

, which means none of the cell population exists. 

The second equilibrium point is the endemic equilibrium given as  

( ) ( )( )
( )( ) ( ) ( )( )

( )( )

2

2

, ,

,

,

f z
f fm z f

f mp p z c
ff p z f m z

f m
f p p pz f fm z

µ σ
αµ ασ µ α

αµ α µ σ µ
µ µ σ µ α µ σ

µ µ σ αµ ασ µ α

 Λ + +
Ω =  + + + +

Λ + + + + +
−

+ + + + + + +

Λ
+ + + + + + +
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( )( )( ) ( )( )( )
( )( ) ( ) ( )( )

( ) ( )( ) ( )( )( )
( )( ) ( ) ( )( )

( )( ) ( ) ( )( )
( )( ) ( ) ( )( )

2 2

2

( )

.

f m c z pz c z

f f p z f m z

f z p c m z m

f f p z f m z

c z p z c z
f f p z f m z

µ µ σ µ µ µ µ σ α µ

µ µ µ σ µ α µ σ

µ σ µ σ µ α µ µ

µ µ µ σ µ α µ σ

αµ µ σ µ α µ σ µ σ µ

µ µ µ σ µ α µ σ

+ − + Λ + + + Λ −

+ + + + + + +

+ + + + + Λ − +
+

+ + + + + + +

+ − + + + + −
+
+ + + + + + + 

 

Reproduction Number 

One of the commonly known scientific tests in epidemics is the estimated num-
ber of cases, known by names such as the number of basic reproduction number 
or basic reproduction ratio, and the concept with 0  that shows how many 
people on average can be infected with the virus. The model we consider here is 
assuming a heterogeneous population group whose non-homogeneous individ-
uals can be grouped. In order to evaluate the basic reproduction number of the 
system (1) by using the next generation matrix method given in , firstly we give 
the solution set as  

( ) ( ) ( ) ( ) ( ) ( ) T
, , , , .t S t E t I t V t R tζ =                  (30) 

Then, it is essential to distinguish new infections from all other cases in popu-
lation. Therefore, we define the solution set given by Equation (30) as the dif-
ference two matrices:  

( ) ( ) ( ) ,tζ ζ ζ= −   

where  

( ) ( )

( )
( )
( )

( )

0

, .
0
0

S E m
SE pVE E fI c

fEI I z
mS V pE

zI cE R

α µ
α µ

ζ ζ µ σ
µ

µ

+ +  
  + + +  
  = = + +
  
− + +  

   − − −   

   

In what follows, F and V matrices of uninfected division at the equilibrium 

point 1Ω  are defined by the matrix generation method as 
( )1i

j

F
t

 ∂ Ω
=  

∂  


 and 

( )1i

j

V
t

 ∂ Ω
=  

∂  


, 1 , 2i j≤ ≤ . As more explicitly the can be written as the follow-

ing forms:  

( )
0 0

, ,
0

0 0

pm
c

m m
z

α
µ

µ µ µ
µ σ

Λ Λ + +  + += =    + +  
 

F V  

where the matrix F is non-negative, and the matrix V is non-singular. The basic 
reproduction number of the disease is calculated with the spectral radius of the 
matrix 1FV −  at the equilibrium point 1Ω , basic reproductive coefficient de-
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noted by:  

( )
( )( )0 .

mp
c m
αµ

µ µ µ
Λ +

=
+ +

                   (31) 

If 0 1< , on average, an infected individual, less than one newly infected in-
dividual occurs during the contagion period, and the rate of spread of the infec-
tion decreases. This shows that the infection will gradually disappear and the 
epidemic will stop. If 0 1> , on average each infected individual will have more 
than one newly infected individuals and the rate of spread of infection increases. 
This means that the epidemic will not end, maintaining the presence of the dis-
ease. 0 1=  means that each patient with an infection leads to an infection on 
average. In this case, the disease will maintain its existence, but it will neither 
turn into an epidemic nor end. 0  basic reproduction number of reproduction 
indicates that the systems determine their movements. 

Theorem 6. The disease-free equilibrium point 1Ω  of the epidemic model is 
locally asymptotically stable if 0 1< , otherwise unstable.  

Proof 6. In order to point out the stability conditions at the DFE point given 
as 1Ω  let us consider the following Jakobian matrix:  

( )

( )

( )( )
( )

( )

0

1

0 0 0

0 1 0 0 0
0 0 0 0 .

0 0

0 0

m
m

c
z

pmm
m

c z

αµ
µ

µ
µ σ

µ
µ µ

µ

− Λ − + + 
 − +
 − + +Ω =  
 − Λ

− 
+ 

 − 


  

Then, one can obtain the characteristic equation of the matrix ( )1Ω  as:  

( ) ( ) ( )( ) ( )( )( )2
1 0 1 0m z cλ λ µ λ µ λ µ σ λ µΩ = + + + + + + − − + =  

where 

1,2 ,λ µ= −  

( )3 ,mλ µ= − +  

( )4 ,zλ µ σ= − + +  

( )( )5 0 1 ,cλ µ= − +  

are the solutions of the characteristic equation. It is clear that 1,2,3,4λ  are nega-
tive. Also, we If 0 1< , then we can obtain that 5λ  is negative, which means 
that DFE is locally asymptotically stable. This completes the proof. 

5. Numerical Results and Discussion 

In this section, we discuss the importance of numerical results for the model we 
have constructed by considering the vaccination strategies. For this simulation 
we have taken few parameter values from the literature [41] and we have esti-
mated several of them as given in Table 1. In Figure 2, we have depicted the  
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Figure 2. Population densities of the COVID-19 model for the estimated values. 
 
Table 1. Parameters used for the Covid 19 model. 

Parameter Interpretation value Source 

Λ  Recruitment rate of COVID-19 viruses 50 [38] 

α  
Rate of transition from susceptible individuals to 

exposed individuals 
0.002 estimated 

m Proportion of vaccinated susceptible individuals 0.5 estimated 

f Rate at which exposed people become infected (I) 0.008 estimated 

p Disease exposure rate for vaccinated individuals 0.08 estimated 

z The recovery rate of infected individuals 0.012 estimated 

µ  Natural death rate 0.009 estimated 

c Recovery rate of exposed individuals 0.05 estimated 

σ  Disease-related mortality 0.25 estimated 

( )0S  Initial Susceptible population 500 [38] 

( )0E  Initial Exposed population 20 estimated 

( )0I  Initial Infected population 10 estimated 

( )0V  Initial Vaccinated population 0 estimated 

( )0R  Initial Recovered population 0 [38] 

 
behaviors and densities of the population dynamics in the model. In Figure 3, 
we have represented the effect of the parameter α  on the Exposed and In-
fected individuals. According to Figure 3, it can be understood that as the pa-
rameter α  increases from 0.002 to 0.01, the I and E populations are getting in-
creases too, accordingly.  

In Figure 4, we have showed the effectiveness of the parameter f on the Ex-
posed and Infected individuals. By taking into account Figure 4, one can con-
clude that as the parameter increases from 0.01 to 0.018, when the populations  
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Figure 3. Population densities of infected and exposed individuals for various values of 
0.002,0.004,0.006,0.008,0.01α =  bottom to top. 

 

 

Figure 4. Population densities of infected (I) and exposed (E) individuals for various val-
ues of 0.01,0.012,0.014,0.016,0.018f =  bottom to top for I and top to bottom for E. 
 
in I increases, the population of E decreases. In another Figure 5 and Figure 6, 
we have explained the dynamics of vaccinated population by considering the 
values of p and m, respectively. According to these figures, we can say that as the 
parameter p increases from 0.1 to 0.2, the number of vaccinated individuals de-
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creases, while the parameter m increases from 0.1 to 0.5, the number of vacci-
nated individuals increases, too. 

In Figure 7, we have depicted the population density of the recovered indi-
viduals with respect to the parameter c. It is clear from the figure that as the val-
ues of the parameter increases from 0.01 to 0.05, the density of the recovered 
population increases as well. 
 

 

Figure 5. Vaccinated population density (V) for various values of 0.1,0.12,0.14, ,0.2p =   
top to bottom. 
 

 

Figure 6. Vaccinated population density (V) for various values of 0.1,0.2,0.3,0.4,0.5m =  
bottom to top. 
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Figure 7. Recovered population density (R) for various values of  
0.01,0.02,0.03,0.04,0.05c =  bottom to top. 

6. Concluding Remarks 

In this study, by taking into account an SEIR-type model, an SEIVR model that 
contains an effective vaccination strategy has been constructed. We have pointed 
out the effectiveness and different aspects of the vaccination by the mentioned 
model. We have determined the biological feasible region, positiveness of the 
solutions and the boundedness. By using the Lipschitz conditions we have pre-
sented the existence and uniqueness of the solutions. 

Moreover, we have provided both the disease-free equilibrium and the en-
demic equilibrium points. Basic reproduction number has been evaluated by the 
benefiting the matrix generation method. In what follows, we have investigated 
the stability analyses of the mentioned equilibrium points and have proved that 
the DFE is asymptotically stable when 0 1< , and unstable when 0 1> . In 
numerical simulations we have used ode45 symbolic code of MATLAB R2020b 
to obtain the solutions to the system of differential equations.  

According to the results that have been represented in the figures, we have 
provided the effectiveness of the parameters on the population dynamics. In 
Figure 2, we have depicted the behaviors and densities of the population dy-
namics in the model. We have represented the effect of the parameter α  and f 
on the exposed and infected individuals in Figure 3 and Figure 4, respectively. 
In Figure 5 and Figure 6, we have explained the dynamics of vaccinated popula-
tion by considering the values of p and m, respectively. According to these fig-
ures, we can say that as the parameter p increases from 0.1 to 0.2, the number of 
vaccinated individuals decreases, while the parameter m increases from 0.1 to 0.5, 
the number of vaccinated individuals increases, too. In Figure 7, we have de-
picted the population density of the recovered individuals with respect to the 

https://doi.org/10.4236/ojmsi.2021.93020


M. Yavuz et al. 
 

 

DOI: 10.4236/ojmsi.2021.93020 318 Open Journal of Modelling and Simulation 
 

parameter c.  
In the future studies, optimal control strategies can be performed to point out 

the effects of the treatment and vaccination thoughts. Also, the extension of the 
integer-order model to the fractional order can be considered. 
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