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Abstract 
The Double Differential Cross Section (DDCS) based on the first-born ap-
proximation is computed for the ionization of metastable 3S-state hydrogenic 
atoms by electron impact at incident energies of 250 eV and 150 eV. A multiple 
scattering theory is employed in this study. The results are compared with the-
oretical predictions for the ionization of hydrogen atoms in the 2S and 3d 
states, as well as with the ground state experimental data. The findings show 
strong qualitative agreement with those of previously reported results. The 
present outcomes offer significant potential for further investigation of the 
ionization process. 
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1. Introduction 

The ionization process is one of the most significant reactions in atomic collisions. 
The study of multiple ionization processes of metastable atoms by electron impact 
is of considerable importance across various experimental fields, including astro-
physics, plasma physics, radiation physics, and applied mathematics. A central 
challenge in this area lies in developing a general theoretical framework that can 
reliably predict ionization cross sections for a wide variety of atomic species over 
a practically relevant range of impact energies. Given the inherent complexity of 
the problem, a fully quantum mechanical treatment is currently feasible only for 
the simplest atoms, such as hydrogen and helium. 

To gain deeper insights into the ionization mechanisms induced by electron 
impact, we employ hydrogen atoms as target systems. Ionization by fast particles 
was first planned quantum mechanically by Bethe [1]. For more than four decades, 
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extensive research has focused on understanding the ionization process in hydro-
gen, particularly concerning both ground states [2]-[4] and metastable states [5]-
[12]. The double differential cross-section (DDCS) for ground state hydrogen at-
oms has been comprehensively studied through (e, 2e) experiments, with both 
theoretical and experimental approaches making significant contributions to the 
field. Similarly, DDCS studies for hydrogenic metastable 3S-states. In this study, 
we aim to fill this gap by evaluating the DDCS for electron impact ionization of 
hydrogen atoms in the meta-stable 3S-state under various kinematic condition, our 
analysis is based on the multiple scattering theories developed by Das and Seal [2]. 

The results presented here aim to enhance the understanding of ionization pro-
cesses in hydrogenic metastable states. Additionally, we compare those of estab-
lished theories and results [13]-[15]. Lewis integral [16] is used in the present 
study for analytic calculation. The present new theoretical study on hydrogen 3S-
state ionization by electrons offers an immense opportunity for further experi-
mental study for ionization of hydrogen meta-stable 3S-state by electron. 

2. Theory 

The ionization cross section is the measure of the probability of the ionization 
process of an atom by electrons or molecule. Electrons impact ionization cross-sec-
tion is estimated by taking the ratio of the number of ionization elements per unit 
time and per unit target to the incident electron flux. In this theory, we used the 
multiple scattering theories of Das and Seal [2]. The ionization of atomic hydrogen 
by electron in the most elaborate form is presently available in the following type 

 ( )e H 3S H 2e− + −+ → +  (1) 

The symbol 3S represents the hydrogen meta-stable state and has been investi-
gated in co-planar geometry through the analysis of Triple Differential Cross Sec-
tions (TDCS) obtained from (e, 2e) coincidence experiments. The direct T-matrix 
element for the ionization of hydrogen atoms by electron impact [2] can be ex-
pressed as 

 ( ) ( ) ( ) ( ), , ,FI F a b I a b I a bT Vγ γ γ γ γ γ−= Ψ Φ  (2) 

Here the perturbation potential ( ),I a bV γ γ  is given by 

 ( ) 1,I a b
ab b

ZV γ γ
γ γ

= −  (3) 

The nuclear charge of the hydrogen atom is ( Z ) = 1, aγ  and bγ  are the dis-
tances of the two electrons from the nucleus and abγ  is the distance between the 
two electrons (see Figure 1).  

The initial channel unperturbed wave function is 
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Figure 1. A schematic of the electron-electron and elec-
tron-nucleus interactions during ionization. 

 
Here 

 ( ) ( )2
3

1 27 18 2 e
81 3

a a
S a a a

λ γφ γ γ γ −= − +
π

 (5) 

Here 
1
3aλ = , ( )3S aφ γ  is the hydrogen 3S-state wave function, and  

( ) ( ),F a bγ γ−Ψ  is the final three-particle scattering state wave function [2] with the 

electrons being in the continuum with momenta ap  and bp . And the coordi-
nates of the two electrons are aγ  and bγ  respectively. Here the approximate 
wave function ( ) ( ),F a bγ γ−Ψ  is given by 
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Here 
2

b aγ γγ −
= , 

2
b aR γ γ+

= , ( )b ap p p= − , ( )b aP p p= +  

Here ( ),a bN p p  is the normalization constant, given by, 
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Here 
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And ( ) ( )qφ γ−  is the coulomb wave function, given by, 

( ) ( ) ( ) [ ]( )2
1 1e 1 e ,1,iq

q i F i i q q
α

γφ γ α α γ γ
π

− ⋅= Γ + − − + ⋅  

The general one-dimensional integral representation of confluent hyper geo-
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metric function is written by,  

( ) ( )
( ) ( )

( ) ( )( ) ( )1 11
1 1 0

, , d 1 ec aa xzc
F a c z xx x

a c a
− −−Γ

= −
Γ − ∫  

For the electron impact ionization, the parameters ,a bα α  and α  are given 
below, 

With 1
a

aP
α =  for aq p= , 1

b
bp

α =  for bq p=  and 
1
p

α = −  for q p= . 

For the normalization constant ( ),a bN p p  of Equation (7) has been calcu-
lated numerically. 

Now applying Equations (3), (4), (5) and (6) to the Equation (2), we get 

 ( )[ ], 2FI a b B B I PBT N p p T T T T′= + + −  (8) 

where 

 ( ) ( ) ( )e ,b b
a

ip
B p a I I a bT Vγγ γ γ− ⋅= Φ Φ  (9) 

 ( ) ( ) ( )e ,a a
b

ip
B p b I I a bT Vγγ γ γ⋅−
′ = Φ Φ  (10) 

 ( ) ( ) ( )e ,i P R
I p I I a bT Vγ γ γ⋅ ⋅−= Φ Φ  (11) 

 ( )e ,a a b bip ip
PB I I a bT Vγ γ γ γ⋅+⋅= Φ  (12) 

For the first-born approximation, Equation (9) may be written as 
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1 2 3 4 5 6B B B B B B BT T T T T T T= + + + + +  (13) 
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Here 
4

0BT =  and 
5

0BT = , (for orthogonality condition). 

Since electron-nucleus interaction 1

bγ
 does not contribute to first born term; 

because of the orthogonality of the initial and final target states. The above equa-
tions may be written by using Bethe integral [1], as 
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Taking the value of (20), (21), (22), (23), (24) and (25) in Equation (13) we find 
the final value of BT  for First-Born result calculating in this work of Dhar et al. 
[8]. Following analytical evaluations using the Lewis integral [16], the above ex-
pressions of Equation (13) has been calculated numerically. 

Now, the Triple Differential Cross Section (TDCS) corresponding to the T-ma-
trix element is given by: 

 
3

2d
d d d

a b
FI

a a b i

p p T
E p

σ
=

Ω Ω
 (26) 

For First-Born approximation we consider FI BT T=   
Here the triple differential cross section (TDCS) is denoted by the symbol  

3d
d d da a bE

σ
Ω Ω

 and aE  is the energy of the ejected electron. Now the double  

differential cross section (DDCS) is obtained by integrating [8] Equation (26) with 
respect to solid angle bΩ . 

 
2 3d d d

d d d d d b
a a a a bE E
σ σ

= Ω
Ω Ω Ω∫  (27) 

Hence, the resulting expressions were numerically computed using a program-
ming language MATLAB. 

3. Results and Discussion 

The ionization of hydrogen meta-stable 3S-state by electron impact is presented 
for different kinematic conditions. The existent new results are assimilated with 
the hydrogen ground state theoretical results [13] and the absolute data [15]. The 
Ionization results of hydrogen meta-stable 3d-state [12] and 2S-state result [14] 
are also covered here for comparison with our new theoretical study results. The 
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emitted angle aθ  varies from 0˚ to 180˚ considered as a horizontal axis where 
DDCS is the vertical axis in all figures and the scattered angle bθ  varies from 0˚ 
to 100˚. The incident electron energy 250 eVIE =  and 150 eV at taken here. In 
all diagram, aθ  (0˚ - 90˚) and 0φ =  is indicated as recoil fields while aθ  (90˚ 
- 180˚) and 180φ =  is referred as binary fields. 

The DDCS for the ionization of meta-stable 3S-state hydrogen atoms by elec-
trons at high incident energy of 250 eVIE =  and 150 eV are presented (see Fig-
ures 2-7). 
 

 
Figure 2. Double Differential Cross Sections (DDCS) versus ejected electron angle aθ  for 
electron impact energy 250 eVIE = , ejected electron energy 4 eVaE = . Theory: Blue 
star symbols: Ground state experiment [15], Solid orange curve: Present 3S First Born re-
sult, dashed green curve: 2S first-born Result [14], dashed Dark green curve: Ground State 
theoretical [13], dashed pink curve: 3d-state first-born result [12].  

 

 
Figure 3. Double Differential Cross Sections (DDCS) versus ejected electron angle aθ  for 
electron impact energy 250 eVIE = , ejected electron energy 10 eVaE = . Theory: Blue 
star symbols: Ground state experiment [15], Solid orange curve: Present 3S First-Born re-
sult, dashed green curve: 2S first-born Result [14], dashed Dark green curve: Ground State 
theoretical [13], dashed pink curve: 3d-state first-born result [12].  
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Figure 4. Double Differential Cross Sections (DDCS) versus ejected electron angle aθ  for 
electron impact energy 250 eVIE = , ejected electron energy 20 eVaE = . Theory: Blue 
star symbol: Ground state experiment [15], Solid orange curve: Present 3S First-Born re-
sult, dashed green curve: 2S first-born Result [14], dashed Dark green curve: Ground State 
theoretical [13], dashed pink curve: 3d-state first-born result [12]. 

 
For an incident energy 250 eVIE =  in Figure 2, the present results exhibit 

two distinct peaks in the recoil and binary regions, consistent with the 2S-state 
results reported in [14]. The current first-born approximation results coincide 
with those for the ground state in [13] at angles 10aθ = , 70aθ =  and  

177aθ = . Moreover, the current result aligns well with the experimental ground 
state results from [15] in the ejected electron angular range of 70aθ =  to  

100aθ = .  
In Figure 3, at an ejection energy 10 eVaE = , the present outcome intersects 

with the ground state result [13] at 10aθ =  and with the 3d-state results [12] at 
both 10aθ =  and 180aθ = . Furthermore, it crosses the ground state experi-
mental values [15] three times, approximately at 80aθ = , 90aθ = , 170aθ = , 
indicating a good overall assessment. Additionally, while the present results and 
the 2S-state result [14] exhibit a similar shape throughout the entire angular re-
gion, they differ in magnitude. 

In Figure 4, 20 eVaE = , the current result shows, the current result show sim-
ilar nature specially in the recoil region with ground state experimental result [15], 
3d-state result [12] and 2S-state result [14] but in the binary region it is not agree 
well with experimental result [15] due to different state. It meets with ground state 
theoretical result [13] at ejected angles 30˚, 50˚, and 150˚. 

For incident energy 150 eVIE = , as shown in Figure 5, the present results, 
along with the 3d-state result [12] and the 2S-state result [14], exhibit similar 
shapes in both the recoil and binary regions, though with differing magnitudes. 
The current first-born approximation results coincide with the ground state the-
oretical result [13] at angles 10aθ =  and 180aθ = . Furthermore, the present 
results align well with the experimental ground state data from [15] in the ejected 
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electron angular range of 70aθ =  to 100aθ = . 
 

 
Figure 5. Double-differential cross sections (DDCS) versus ejected electron angle aθ  for 
electron impact energy 250 eVIE = , ejected electron energy 10 eV. Theory: Blue star sym-
bols: Ground state experiment [15], Solid orange curve: Present 3S First-Born result, 
dashed green curve: 2S first-born Result [14], dashed Dark green curve: Ground State the-
oretical [13], dashed pink curve: 3d-state first-born result [12]. 

 

 
Figure 6. Double Differential Cross Sections (DDCS) versus ejected electron angle aθ  for 
electron impact energy 250 eVIE = , ejected electron energy 20 eVaE = . Theory: Blue 
star symbols: Ground state experiment [15], Solid orange curve: Present 3S First-Born re-
sult, dashed green curve: 2S first-born Result [14], dashed Dark green curve: Ground State 
theoretical [13], dashed pink curve: 3d-state first born result [12]. 

 
Let us consider the case of Figure 6, the current Double Differential Cross Sec-

tion (DDCS) result and the 3d-state results [12] exhibit a similar shape in the re-
coil and binary regions but differ in magnitude from the 2S-state results [14]. No-
tably, the present DDCS results share a similar pattern, especially in the recoil 
region, with both the ground state results [13] and the corresponding experi-

https://doi.org/10.4236/ojm.2025.153004


F. Islam et al. 
 

 

DOI: 10.4236/ojm.2025.153004 61 Open Journal of Microphysics 
 

mental results [15]. However, in the binary region, there is a lack of agreement 
with those results [13] [15] due to the different states involved. 

 

 
Figure 7. Double Differential Cross Sections (DDCS) versus ejected electron angle aθ  for 
electron impact energy 250 eVIE = , ejected electron energy 50 eVaE = . Theory: Blue 
star symbols: Ground state experiment [15], Solid orange curve: Present 3S First-Born re-
sult, dashed green curve: 2S first-born Result [14], dashed Dark green curve: Ground State 
theoretical [13], dashed pink curve: 3d-state first-born result [12].  

 
At last, we consider ejection energy as 50 eVaE = , in Figure 7, The present 

calculation and the 3d-state meta-stable result from [12] show a similar shape to 
the ground state theoretical result [13] in the recoil region, while differing notably 
in the binary region. The present DDCS magnitudes are higher than those of the 
ground state experiment [15] and 2S-state result [14] in both regions.  

Here is a table (see Table 1) of comparison results for ionization of hydrogen 
3S-state for incident energy 250 eVIE =  is presented. 
 
Table 1. DDCS results for ejected angles aθ  corresponding to various scattering angles 

bθ  for 4 eVaE = , 10 eVaE = , 20 eVaE =  in ionization of hydrogen atoms for 250 
eV. 

( )degaθ  ( )degbθ  DDCS 
4 eVaE =  

DDCS 
10 eVaE =  

DDCS 
20 eVaE =  

0 0 0.0250E−03 0.0124E−04 0.0111 

1 36 3.8110E−03 1.8864E−04 1.6932 

2 72 0.2716E−03 0.1345E−04 0.1207 

4 108 0.6601E−03 0.3267E−04 0.2933 

10 144 3.0789E−03 1.5240E−04 1.3679 

20 180 0.0139E−03 0.0069E−04 0.0062 

30 216 4.3356E−03 2.1461E−04 1.9263 

40 252 0.0690E−03 0.0342E−04 0.0307 
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Continued 

60 288 1.2456E−03 0.6166E−04 0.5534 

90 324 2.2606E−03 1.1190E−04 1.0044 

100 360 0 0 0 

 
Finally, meta stable 3S-state is an excited state of an atom or other system with 

a longer lifetime than the other excited states. However, it has a shorter lifetime 
than the stable ground state. The peak structure of the present results shows good 
qualitative agreement with compared results in the recoil region but shows some-
what disagreement in the binary region. This may have happened due to the 
change of the hydrogen meta-stable states by electrons. It is remarked that the 
peak structure for both in recoil and binary region, the First-Born results are very 
close to the meta-stable 2S-state with different magnitudes for all scattering angles. 
But in the binary region, the opposite peak patterns of the meta-stable 2S-state 
[10] are much sharper than the corresponding ground state experimental result 
[15] and 3S-state results. However, the limitation of the theory is that at low en-
ergy, the theory of Das and Seal [2] does not give significant results.  

4. Conclusion 

This study presents the calculation of Double Differential Cross Sections (DDCS) 
for the ionization of meta-stable 3S-state hydrogen atoms impacted by electron at 
incident energies of 150 eV and 250 eV. These new theoretical results significantly 
contribute to the ongoing exploration of meta-stable state ionization. Currently, 
no experimental data is available to validate these DDCS results for hydrogen 3S-
state. The findings are expected to stimulate further theoretical and experimental 
efforts to study ionization cross-sections of various meta-stable states in hydrogen 
due to electron and positron impact. Such studies are vital for advancing our un-
derstanding of atomic scattering phenomena. Investigations under different kine-
matic conditions and for other atomic species would also be of considerable interest. 
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