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Abstract

Engine oil is a liquid used in a wide range of applications, as it is an essential
lubricant, but it also cools, washes and helps prolong the performance of in-
dustrial machinery, vehicle engines and aircraft combustion treatment. This
paper deals with the (alumina-tantalum)/engine oil hybrid nano-liquid flow
in a porous medium subjected to rotational and Lorenz forces. We have used
the Darcy-Bénard convection model for the momentum equation and a new
local thermal non-equilibrium formulation for heat transport. Linear stability
theory and non-linear stability theory based on the minimal double Fourier
series representation are used to study the appearance of stationary and cha-
otic convection in the hybrid nano-liquid. The analytical expression of the sta-
tionary thermal Rayleigh-Darcy number has been found to be a function of
the parameters and physicochemical properties of the nano-liquid. In addi-
tion, a robust 6-dimensional nonlinear system was determined for the study
of chaotic convection. The effects of dimensionless parameters and nanofrag-
ments were analyzed graphically. The added value of this work lies in stabiliz-
ing and controlling the onset of thermal instability and chaotic convection in
engine oil by adding alumina-tantalum nanofragments and applying a mag-
netic field and/or a rotational force.
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1. Introduction

Heat transport is a concept used in physics and engineering and is involved in
many areas of our daily lives, including the design of cooling systems, thermody-
namics, cooking, mechanical engineering, materials science, heating, refrigeration,
energy optimization and more [1] [2]. Efficient heat transfer in these industrial
operations is a fundamental requirement for all processes involving thermal con-
vection. The addition of one or more nanofragments to ordinary liquids to obtain
mono- or hybrid nanoliquids is a promising alternative solution for improving
the thermal properties of said base liquid. Motor oil is used as a lubricant and
coolant in engines and industrial activities. It is one of the basic liquids used in
combustion engines, solar energy, oil refineries, heat exchangers, and many other
industrial fields. Applications of crossed hybrid triadic nanofragments suspended
in engine oil by quadratic and regular convection with magnetic dipole were pre-
sented by Wang in [3]. They found that hybrid nanoparticles improved thermal
performance more than mono-nanoparticles. An entropy optimization approach
is used by Afzal in [4] to show the heat transfer enhancement in engine oil-based
hybrid nanofluid through combustive engines. They revealed that increasing the
magnetic field strength decreases the velocity of the engine oil nanofluid hybrid.
An experimental study of thermal convection in a rectangular engine oil tank
heated from below was carried out by Ayed in [5] [6]. The process of thermal
convection in porous media is a very active area of research due to the thermal
behavior of fluids in technical applications to meet various specifications, such as
preserving fluid characteristics over a wide range of temperatures and stresses like
thermal reservoirs [7]. Rayleigh-Benard convection in porous media is classified
into two categories: Darcy-Benard convection when the medium’s porosity is low,
and Brinkman-Benard convection when the medium’s porosity is high. In a fluid-
saturated porous medium, it is well known that the Darcy-Rayleigh number is
used to characterize the start of convective transport. These convective motions
have been the subject of several studies using Fourier’s heat flux law to model the
energy equation in [8]-[13] and others. Turkyilmazoglu presented the influences
of Brinkman-Darcy-Bénard model on the onset of free convection inside an im-
permeable porous channel with imposed isoflux thermal constraints in [14]. He
also showed in [15] that a linear stability analysis is always accessible by succes-
sively orienting the vortex disturbance, thus enabling us to investigate the condi-
tions for the onset of convective instability. Furthermore, there is an ambiguity
concerning the parabolic nature of Fourier’s simple law of heat transfer. In appli-
cations using Fourier’s law, the assumption is that heat transfer occurs instanta-

neously in the medium as soon as a temperature gradient appears. Such a heat
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propagation law may be physically acceptable when there is no phase shift caused
by a mechanism in the medium. This Fourier law predicts an infinite speed of heat
propagation, and this drawback makes it unsuitable for many current problems
in which new thermal situations arise due to the increasing use of new materials.
A new law with a phase shift is needed to predict the finite speed of heat transfer
in such application situations; this leads to the introduction of the hyperbolic heat
equation. It resists the law of causality for the propagation of thermal waves in
macroscopic bodies. When a small thermal offset is incorporated into the heat
propagation equation, the result is thermal disturbances that can travel at finite
speed as waves. Straughan was the first to apply Cattaneo’s law of heat flux to the
problem of thermal convection in a viscous fluid [16]. Later, Joseph revised and
interpreted the concept of heat transmission by waves in [17], while introducing
the notion of effective heat capacity, relaxation functions and effective thermal
conductivity for heat and energy along lines used recently to describe the elastic
response of viscous liquids. They found the redeveloped expression of the heat
flux vector field concerning the thermal offset. The unfeasible characteristic of the
thermal wave is eliminated by the Maxwell-Cattaneo principle with circulation at
infinite speed, but it leads to a contradiction of causality in the continuum. This
Maxwell-Cattaneo principle is based on the reference frame of motion of objects.
To resolve this paradox, Christov proposed a generalization of Fourier’s principle
in [18] that does not vary according to the frame of reference. All the ambiguities of
heat transfer in the continuum are almost resolved by the application of the convec-
tive derivative. However, this modified law produces multiple equations for the tem-
perature field. To remove this unpleasant behavior of the heat flow principle, a dif-
ferent frame-invariant formalism, considering Oldroyd’s higher time convective de-
rivative operator instead of the partial derivative operator, was devised by Christov
in [19]. This objective immutable modification sorts out all the ambiguous features
of thermal wave propagation and produces a unique equation for the temperature
field by eliminating the heat flux vector. However, the thermal time lag should be
small enough to obey the continuum’s hypothetical limitations. Straughan exploited
this new law in [20] to investigate the stability analysis of the convective flow of
viscous liquid in non-porous medium. The results of this study revealed that when
the Cattaneo number becomes significant, the instability from stationary to oscilla-
tory convective transport. He also studied the problem of thermo-convection in a
porous Darcy material saturated with a Newtonian fluid using the Cattaneo heat
flux [21]. He noted that at the threshold Cattaneo number, convection changes from
a steady state to an oscillatory state and that the wave number increases discontin-
uously, meaning that convective cells have a narrower hexagonal shape.
Furthermore, when there is a mismatch between the thermal properties of the
fluid and those of the porous matrix, a shift in the thermal transaction between
the two phases of local thermal non-equilibrium occurs, enabling a new formula-
tion to be considered. Straughan used a new law of flux of heat (local temperatures

of thermal non-equilibrium with Cattaneo model) to study thermal convection in
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a fluid-saturated porous Darcy medium [22]. He found a new system of partial
differential equations involving Darcy’s law, a parabolic equation of the fluid tem-
perature and, effectively, a hyperbolic equation of the solid skeleton temperature.
In some modern industrial operations described by Dehghan in [23], local ther-
mal non-equilibrium must be taken into account. Shi presented in [24] a new cri-
terion for estimating local thermal non-equilibrium conditions for heat transport
in porous aquifers. They emphasized that LTNE effects must be taken into ac-
count when using heat as a tracer to quantify bed fluxes and thermal properties of
saturated stream sediments in the presence of low Darcian velocities and large
particle sizes. Also, Al-Sumaily has carried out [25] a comprehensive review of the
legitimacy of the assumption of local thermal equilibrium in porous media. They
reported that it is not prudent to increase the porosity or particle diameter of
packed beds or the amplitude and/or frequency when imposing a thermal pertur-
bation on the system. They also revealed that the results showed contradictory
conclusions on the effects of certain relevant parameters in certain physical cases.

The general criterion of local thermal non-equilibrium (LTNE) and the influ-
ence of nanoparticles in base fluids were examined by Prasannakumara [26] in the
case of heat transfer from a nanoliquid flow over a stretched sheet in a porous me-
dium. They concluded that increasing the heat transfer parameter between phases
led to a decrease in the fluid phase heat transfer rate and an increase in the solid
phase heat transfer rate. Agarwal studied the effect of local thermal non-equilib-
rium on linear thermal instability in a horizontal layer of a Newtonian nanofluid
[27]. They found that convection sets in earlier for LTNE than for LTE, and that
the rate of mass and heat transfer increases with the value of the thermal Rayleigh
number. Kasaeian and his colleagues reviewed the latest developments on nanofluid
flow and heat transfer in porous media [28].

Recently, Siddheshwar derived in [29] a new type of thermal equation for the
phase-shifting effects that occur naturally in the heat transfer problem without
thermal equilibrium between liquid and solid phases to study the occurrence of
regular and chaotic Darcy-Benard convection in a porous medium-saturated with
an ordinary fluid. The aim of this work is to extend this model to the case of hybrid
nanofluids, choosing motor oil as the base liquid and alumina-tantalum nanopar-
ticles by considering the combined effects of rotational force and Lorenz force
satisfying Maxwell’s, Ampére’s and Faraday’s laws. The novelty of this work is that
all analytical expressions of the stationary thermal Rayleigh-Darcy number for the
linear analysis and the 6-dimensional system of nonlinear equations found are
functions of the physico-chemical parameters of the hybrid nanoliquid (engine oil
+ nanofragments), enabling effective and efficient prediction of the thermal and

dynamic behaviors of the engine oil flow.

2. Mathematical Modeling

2.1. Problem Formulation

A rectangular porous cavity saturated with (alumina-tantalum)/motor oil is con-
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sidered. The top and bottom walls are kept at constant temperatures 7, and
T, + AT, respectively. The Cartesian coordinate system used is composed of the
unit vectors e , e, and e,, whose y-axis follows the horizontal and vertical z-
axis is collinear with gravity. The porous medium is subjected to a uniform mag-
netic field B, . For this problem, we have neglected the effect of Joule heat and
viscous dissipation on heat transfer, and have assumed that the induced magnetic
field is very weak compared with B, .

Referring to the work of Dédéwanou in [30] [31], of Cimpean in [32] and of
Manjunatha in [33], taking into account the above-mentioned criteria and assum-
ing local thermal non-equilibrium between the liquid and solid phases of the skel-
eton in the porous medium, the coupled equations governing the convective flow

of the hybrid nanoliquid are modeled as follows:

V-q=0, (1)
Py | Og 1
Pl SV
) (2)
=-VP-pg+ ' Vig- Hing q+ Pins (q/\Q)+o-,mf.J/\BO,
& K & !
or .
(pCp)W {g§+(q-V)T}=gkhn/.V T+0(T-T,), (3)
or i
(1-2)(pC), 2o (1) V7, +0(5, 1), @

The nano-liquid considered complies with Faraday’s law, Ampere’s law, Max-

well’s law and the Gauss equations defined as:

VAB,=p,(J+¢,E), (5)
0B,
VAE=-—"", (6)
Ot
V-B, =0, (7)
V-E =0, (8)
V-J=0, )
with
J:ahn/.(E+v/\BO) (10)
and p,, &, arethe magnetic permeability and absolute permeability of the fluid
respectively.
. 0 0 0 ) .
In the above equations, V = a—ex +a—ey +—e, is the gradian vector and
X y
o o &
Vi=—+ +— is the Laplacian operator. The indices hnf, f and s

o’ o o
represent the properties of the nanoliquid, base liquid and solid respectively.
Given the extremely small size of the nanofragments, the interaction between

the heat transfer fluid and the nanoparticles does not generate extracorporeal
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torque or other forces. It simply modifies the spatio-temporal properties, which
are obtained from experimental data. Adopting the Boussinesq approximation,
the equation of state in terms of density at temperature I of the nano-liquid is

written as follows:
p:phnf[l_ﬂhrgf(T_E))} (11)

The physico-chemical parameters of the hybrid nano-liquids are

Density:
Py =P P+ 00 +(1=0,=0,) Py (12)
Thermal expansion coefficient:
(PB),y =21 (PB), +0,(PB), +(1-0,~9,)(PB), - (13)
Heat capacitance:
(PCp),, = 2. (PCp), +0,(PCp), +(1-9,~0,)(PCp), - (14)
Thermal conductivity:

k.
_hf {—¢|k1 +(p2k2 +2kf +2(§0|k1 +(P2k2)_2(§01 +(/)2)kf}

k pto
, 1 2
k, + g,k h "
LU
e LRI NRTAT
Dynamic viscosity:
-2.5
Mg = Hy (1_% _(pz) (16)
Electrical conductivity:
o, + 9,0,
3[“’1“(;“’22—(% +¢2)}
O =91+ u Oy - (17)
POt PO o |_| POat P10 —((/7 +o )
1 2
Oy ((91 +, ) Oy

Subscripts 1 and 2 refer to aluminate and tantalum nanoparticles respectively.
The porous medium thermal conductivity saturated with hybrid nanoliquid is
[34]:

Koty = &k +(1=8) k.. (18)

hnf

Note that above 4% nanofragments volume fraction, the nanofluid becomes a
non-Newtonian fluid, which would lead to a significant increase in viscosity and
cancel out any benefit obtained in terms of improved thermal conductivity.

The porous medium saturated with nanoliquids occupies the domain
Q= {(x,y, z) IS R3} X {y e (O,l)} X {z IS (O,h)} . The nanoliquid flow is such that the
convective rolls have axes parallel to the shortest dimension, i.e., the velocity com-
ponent along the x-axis is zero. Thus, the equations governing nanofluid flow are
reduced to 2-D. The stress-free and slip-free boundary conditions with the per-

turbation technique for the nanofluid flow problem are described as follows:
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T=T =T,+AT atz=0
T=T =T, atz=h (19)
q=0 atz=0,h

The Darcy-Benard convective transport model is adopted, assuming low poros-
ity. So, the non-linear terms (g-V)q and V’q are negligible as the porosity of
the medium is considered low. By non-dimensionalizing the transport and heat

transfer equations using the following quantities

t
=2, z=2 =% L (20)
h h h ] a,
T
=t o=l o -1l (21)
1 AT’ AT

Pressure is eliminated in Equation (2). Thus, the vorticity transport equation is
obtained after subtracting the resulting non-dimensional equations. The coupled
partial equations are as follows:

6V ow 0 (22)
6Y oz

Py

Py uW Vaar

[ [Py | 2O (p,mfj( JT o
[ﬂhn/-][(pﬂ)J oo, Nty ‘/_az (23)

| S | A g
O J\ Huy

C
—(p p)h"f {V 6_®+_7+1[Va_®+W8_®H

(pCp)f Mor  y oYy oz o0
khnf{a@ a@j
2820 e-0.),
k, \oY* oz
00, (0@, 00,
VNBNE: o7 +— 8Z -70,(0,-0). (25)
The vorticity ¢ verifies the equation:
(ol (o)
Pr )\ iy ) Va o Nty )
1 nf s fnf (26)

_| P || A | W
p—-
P f luhnf aZ

From Equations (23) and (26), we obtain:

2 2
KKLM} Vi+ M} TaDaa }W M;Ra Df(M 6+Mj6®. (27)

Va ot Va o ’ Joy?

In Equations (22)-(25), Va is the Vadasz number, Ra,, isthe thermal Darcy-
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Rayleigh number, Q, is the coefficient of scaled inter-phase heat transport, y
is the ratio of porosity-weighted conductivity, V, is the Vafai number and B,

is the Barletta number expressed as:

Va:—g'ufh2 Ra :—p/g/i’fhK(AK) k_/ 0, :Q_hz

pfawK’ 4 sy k, ) =° gkf’
7:—a Vy= Ws B =, aW: v 5

(-e)k,” " o, " (pCp),

2
k 2Qp K
o). _{ kuf J  Mo= (i ttofi). -
s A

A L7 | T IV 7 27 R T
1 > 2 ’ 3 s
pf /’lhn/' O-f luhiz/' ! (IOCp )/

| Hy ('Dﬁ)hnf -~ (pCp)f khnf
. _(IJ( (0B), ] M _[(/)Cp)h,l/]( Ky ]

The boundary conditions to which the equations governing nanoliquids in non-

dimensional form are subject are defined by:

W=0, ©=0, ©,=1 atZzo,}

(29)
W=0, ®=0, ©,=0 atZ=1.

In the basic state, heat is transported only by conduction, and physical quanti-

ties vary only along the Y axis, as follows:

V,=0, W,=0, ©=0,(Z) and ©=0,,(Z) (30)

Using the conduction solutions defined in Equation (30), Equations (22)-(25)
generate other equations that are solved with the boundary conditions of Equation
(29); we obtain

0,(Z)=1-Z and ©,(Z)=1-Z. (31)

Equation (31) shows that the solid and nanoliquid temperatures have the same
expression and do not dependon Q, and y, confirming that the basic state is a
conduction state. After having carried out small disturbances of the basic flow,

which are:
V=v'(c,Y,Z), W=W'(r,Y,Z),

©=0,(2)+0'(r,7.Z) and ©,=0,(Z)+0(r.Y.Z).
From Equation (32), the equations of motion and heat-flux in the perturbed

state take the following form, after omitting prime numbers and neglecting a per-

turbed quantity for simplicity:

M, d SRR (Mlé jaz(a
DM | VM Ta, S W =MRa |22 L im |22 (33
KVa ot "j e Rao| T oMo o 33
0 y+1 0 0 0’0 'O
V, st LVt W—|@-W |=M,| ——+— |-0,(0-0 ), (34
Yor oy K oY azj } “(ayz azzJ O ) 39

DOI: 10.4236/0jfd.2025.152005 71 Open Journal of Fluid Dynamics


https://doi.org/10.4236/ojfd.2025.152005

S.J. Dédéwanou et al.

a®S —

2 2
VNBN——{a @, 00,

+—2J+yQ0(®—®S). (35)

or oY* oz

In the absence of nano-fragments (=0 ), the nanoliquid parameters M,
M,, M, and M, areall equalto 1. The above condition reduces to governing

equations in the perturbed state for simple viscous fluid flow.

2.2.Novel Model of LTNE Heat Equation for Newtonian Nanoliquid

After decoupling the temperatures ® and O  from Equations (34) and (35),
we obtain a new local thermal non-equilibrium equation with three phase shifts:

1+CPVi ®, I—LV2+CDNi (Vi+Wﬂ O-w
or)or 7O, or oY oz

(36)
1 2 0 |2
=M,|1-———V’+C, = |V?0,
0,(1+7) ot
The new parameters of the equation are expressed as follows:
B B Vy(1+B
i __ By , Coy = "By and Cps :—N( N). (37)
(r+By)0, 0, (1+7)0,

In Equation (36), when @, and yQ, respectively tend towards 1, the param-

eters C,,, C,y, C, and the theme L tend towards zero. Under
79y

this condition, Equation (36) reduces to that of the heat flux according to Fourier’s
law (local thermal equilibrium) found in [30]. Moreover, in the case where the
constants y and (, have finite values, we obtain an equation that has the char-
acteristics of the hyperbolic heat equation derived from Cattaneo’s flux law. The
parameters C,,, Cp,, C,s correspond to the relaxation/delay times caused
by the phase shifts between the relevant quantities. To better understand the path-
ways leading to local thermal equilibrium from the local thermal non-equilibrium
formulation, we introduce Rees numbers into the Darcy Bénard convection prob-
lem with LTNE defined as follows:

70y =Ry cos(&), O, =Ry sin(&) (38)
with the effective thermal resistance of the medium
Ry =hQ\(R} +R]) (39)

R
and the other Rees number ¢ = tan (RTIJ that represents the phase-lag between

s

the effective thermal resistance of the solid phases R = ﬁ and of the fluid
—_ 8 s
R=—.
ek,

We now want to divide Equation (36) into two equations with a first-order time

derivative. To this end, we introduce new parameter changes by posing:
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é:l:RNCOS(éZ)» §2=RNCOS§(1+tan(:), plzﬁ’ pzzggs . (40)

CPV PV

We thus obtain two new coupled equations governing the heat-flux which are:

or oY oz

CPVa—Z+;(+ 1—p]—iv2 [Vi+W£)®—W
or & oY oz
1

:M4(1—p2—§—V2JV2®.

a_®_Z+p] |:(Vi+Wij®—W:|:M4p2V2®, (41)

(42)

2

In Equation (42), the Cattaneo-Nield, Cattaneo-Vadasz and Cattaneo-Strau-

ghan numbers can be given early in new expressions.

3. Linear Stability Analysis

To study stability exchange, we use the following double Fourier series represen-

tation for the dimensionless variables that characterize our system:

2
V(r,Y,Z)= —MAe”‘” cos(xY)sin(7Z), (43)
Kp
2
W(r,Y,Z)zw.Ae"m cos(xY)sin(7Z), (44)
TP
@(T,Y,Z):ﬁBe“’” cos(xY)sin(zZ), (45)
7R,
2
2(7,Y,2) :MD&’” cos(xY)sin(7Z). (46)
7R,
with
Ra,x’
R @

By substituting Equation (43) to Equation (46) into Equations (33), (41) and
(42), multiplying them by the orthogonal eigenfunctions, by integrating over the

spatial domain, we obtain the following equations:

. 2 .
—{(Z’Q’MOMI ]—[M‘“’j + M +M12Tf}4 +M, [ﬁj(’“;Ml +MOJB=O,
a

Va Va P,

iw (48)
RA-| M, +——|B+D=0,
o
2
—R, p,A+M,p,B—(iCp, +1)D =0,
with
_ 2 _ 2 2
_p 1 6 _p,-1 0 T‘:ﬂTa. (49)

s Py = - 5
’ y41 32 ! P> 5y ! 5
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l

Using the determinant method, we can solve the system (48) to obtain a non-
trivial solution that corresponds to the expression of the rescaled oscillatory Ray-

leigh number. In fact, we have:

. 2 ]
ZIwMOMlj—[Mla)] +M§+M12T/ M, £ (%"'Moj 0
Va Va D> Va
. =0. (50)
R, _(M4+lziJ 1
6" p,
“R,p, M,p, —(ioCp, +1)

So, the rescaled oscillatory Rayleigh-Darcy number, is:

. 2 .
2ioM M, —(Ml‘”j + M+ MIT, ||| M+ |(1+i0C, )~ M, p,
ROAL V 5 p

Va a ,
ro= ;
‘ P, | ioM .
M, (p;j(VaurMO)[(zwcpy)Jr(l—p} )]
(51)
Equation (51) can be rewritten in the following form:
R;’g"" =A +ioA,. (52)

Since the scaled oscillatory Rayleigh number is a real, positive physical quantity,
A, mustbe equalto0or w=0 for the result to be physically acceptable. Using
the first condition of A, =0, calculating the square of the oscillatory frequency
from all admissible values of the control parameters leads us to negative values of
@" . This result proves that oscillatory convection is not possible and that only the
second condition is verified. Consequently, the stability exchange principle is
valid in the present problem. Replacing w=0 in the Equation (51), we get the

rescaled stationary Rayleigh number:
M, (M5 +MT,) p, (1= p,)
MM P (1 — P )

The stationary Darcy-Rayleigh number of the nanoliquid is then given by the

Ra‘;’a=5_4{ M, (M§+”2T"M12ﬂ[§1(§2+5 )} (54)

«? MM, 5 fz(§1+52)

For minimality of the Darcy-Rayleigh number, differentiating Ra,, with re-

R} = (53)

expression:

spect to x and then assign it to 0, to yield a critical value of the wave number
and substituting this value of 2in (53) to obtain a minimal value of Darcy-Rayleigh

number for the initiation of stationary convection. We have found that the value

M *TaM
of Darcy-Rayleigh quotient alters via the factor - [Mg +Z ; IJ. In
oM
absence of nano-fragments (9 =0), M,, M,, M, and M, areall equalto 1.
And the above condition reduces to stationary thermal Dary-Rayleigh number for
simple viscous fluid convection with LTNE flux law, which absolutely agrees with

those of Siddheshwar in [29] without magnetic field and rotation force.
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4. Weakly Non-Linear Stability Analysis

Double Fourier expansion helps to formulate a coupled set of ODEs from the ac-
tual flow equations, which are generally proposed in the PDE formats. It is an
interesting accessory for the dynamical evolution of convective flow problems un-
der low-dimensional estimations. The flow quantities V', W, ® and y, as
an expanded series of double-Fourier modes:

52P2‘/§

V(T,Y,Z):——A(T)COS(K‘Y)Sin(ﬂ'Z), (55)
Kp
W(T,Y,Z)ZMA(T)COS(KY)Sin(ﬂZ), (56)
P,
A2 . 1 .
0(r,Y,Z)= ﬂ—RfB(r)cos(/cY)sm(ﬂZ)—EC(r)sm@ﬂZ), (57)
2 2
2(.Y,2) =MD(r)cos(KY)sin(ﬂZ)—Mé’(r)sin(%ﬂ). (58)
7Z'Rf 7z'Rf

By substituting Equation (55) to Equation (58) into Equations (33), (41) and
(42), multiplying them by the orthogonal eigenfunctions associated with the con-
sidered double-Fourier series expansion, by integrating over the spatial domain,

we get the following equations:

a_,
dr
dB
—=p,(R,A-M,B-AC+D),
dz P, ( f 4 )
%z P, (-AM,C+AB+E),
T
dD 1
—=—\- R A+M B+ p, AC-D
i C, ( Piiy 4P4B+ Ps ) (59)
d& 1
= _*(_1M4P6C - p7.AB - p25)
dr C,,
* * 2 #
d4F _2MJa . Va MR, ~ M,Va —Va'M[T, | A
dr M, M, ‘ . :
pMyd [Va*M4 _MOVa*jB_pIMJa* (Ac-D).
M, M, M, p, 1
The derivatives of the modes are taken with regard to the time scale,
* 2 2 KzRaf . . .
T =(K' +7 )z’. R, = ~— is the normalized value of the Rayleigh quo-
(K‘2 + 7r2)
2
tient and A=— e is a geometrical quantity. The other parameters are ex-
K +7
pressed by:
p-l (1+2)52 p,=1_Ad°
ps = - > Pe = - >
b 92 P &b
_ 2
j2 :pl—l—ﬁC;V =56°C,, and Va' :V—L;.
P Gp g

DOI: 10.4236/0jfd.2025.152005 75 Open Journal of Fluid Dynamics


https://doi.org/10.4236/ojfd.2025.152005

S.J. Dédéwanou et al.

In the absence of rotation force, magnetic field ( Ha, = 0) and nano-fragments
(@ =0), this system (59) is converted to the system of Siddheshwar [29].

5. Numerical Study and Discussions

The Runge-Kutta method is well known for its efficiency in solving initial value
problems of differential equations, and Zheng gives more details in [35]. We have
used this method to construct an accurate numerical method for the system func-
tion (59). If we consider the first amplitude of the initial value of the first-order
system, we obtain various forms of Runge-Kutta formulas; higher-order Runge-
Kutta formulas can be obtained by choosing appropriate values for the parameters.
Referring to the most commonly used Runge-Kutta formula, we obtain the fol-
lowing formula for the amplitude A:

A=A +%(K, +2K, +2K,+K,),

Tn+l
KIAzh.fA(Tn’An’Bn’Cn’Dn’gn’f;l)’
K, =h-f,|7 +lhA +1K B +lK C +lK D +1K & +1K J’L‘+1K
2A A n 2 Y 2 1°%~n 2 1°%n 2 1°>%n 2 1°%n 2 1°Yn 2 1| (60)

1 1 1 1 1 1 1
K, ,=h +—hA +—K,, B, +=K,,C +—K,,D, +=K,,E +—K,,F, +=K, |,
3A fA(Tn 2 n 2 2 n 2 2°%n 2 2 n 2 2>%n 2 2 n 2 2)

1
K, =hf, (rn +Eh’A” +K,,B,+K,,C,+K,,D, +K,,E + K, F, +K3j.

The same formula is applied to amplitudes B, C, D, £ and F .Thus, the
system (59) is solved using these 4th-order Runge-Kutta algorithms in Fortran
language, and the bifurcation diagrams, Lyapunov exponent, phase space and
time histories are represented. Predictions of the various possible dynamics of the
system are obtained. According to the work of Houeto in [36], the chaos and reg-

ularity of a system (59) can be determined by the Lyapunov exponent defined by:

2

o Iny(dA)' +(dB) +(dC) +(dD) +(dE) +(dF)

70 T

(61)

with dA, dB, dC, dD, d€ and dJF the variation of A, B, C, D,
£ and F respectively. The system is chaotic when the largest Lyapunov expo-
nent is positive, periodic when it is negative and quasi-periodic when it is zero.
Table 1 shows the thermophysical properties of the nanoparticles and base fluid
considered are taken from the work of Shilpa [37].

Table 1. Thermophysical properties of nanofragments and base liquid.

p(kg/m’)  k(W/m-K) C,(J/kg-K)  p(K™) o (S/m)

ALOs 3965.13 46.02 762 8x10° 10710
Tantalum 17014.22 57.44 138.1644 6.6 X 1076 7.7 x 108
Engine oil 884 0.144 1910 7 x 107 4.64 x 107¢
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For the calculations, certain parameters are fixed: the thermal phase shift
£ =0.1, the porosity-weighted diffusivity ratio is V,, =0.3, the Rees number is
R, =100, the phases-diffusivity ratio is B, =0.5 and the Vadasz number is
Va=100. The system was solved up to a maximum time value, limited to 210s
with Az=5x10"s.

The stationary Rayleigh-Darcy number in Equation (54) is calculated using a
code written in Fortran language, and curves showing its evolution as a function
of wave number for different values of parameters and nanofragments volume
fraction are presented. Figure 1 shows the evolution of the stationary Rayleigh-
Darcy number as a function of the wave number with different values of the Tay-
lor-Darcy number for £=0, ¢=0, Ha,=0.1, and R, =100. We note that
increasing the nanofragments volume fraction leads to an increase in the thermal
stationary Rayleigh-Darcy number. The same observation is made for its critical
values. Thus, in the absence of a magnetic field and with no phase shift between
the effective thermal resistance of the liquid and solid phases and the effective
thermal resistance of the medium, the Taylor-Darcy number stabilizes engine oil
flow by delaying the onset of stationary convection. Figure 2 shows the evolution
of the stationary Darcy-Rayleigh number when 7a, =0.2 with the variation of
the phase shift between the two effective thermal resistances. By setting 7a, =0.2
and increasing the phase shift between the two effective thermal resistances, the
critical value of the stationary Rayleigh-Darcy number decreases. The thermal
phase shift, in the presence of the rotational force and in the absence of the Lorenz
force, therefore, destabilizes the engine oil flow, accelerating the onset of station-
ary convection. Figure 3 shows the variation in the stationary Rayleigh-Darcy
number for £=0.15, 7a, =08, Ha,=0.2,and R, =100. We observe that
increasing the volume fraction of nanofragments increases the critical value of the
stationary Rayleigh-Darcy number. Consequently, in the presence of thermal
phase shift and rotational and Lorenz forces, nanoparticles stabilize engine oil
flow by delaying the onset of stationary convection. Figure 4 shows the evolution
of the stationary Rayleigh-Darcy number as a function of the wave number with
different parameter values: Ha, =02 for £=0.15, Ta,=0.2, ¢=0.02,and
R, =100. The curves show that increasing the intensity of the Lorenz force, with
or without a phase shift, leads to an increase in the critical thermal Rayleigh-Darcy
number. This shows that the magnetic field stabilizes the flow of the hybrid
nanoliquid (engine oil + alumina/tantalum) by delaying the onset of stationary
convection.

A comparative study of critical wave number and critical Rayleigh-Darcy num-
ber values is presented in Table 2. For the case of local thermal equilibrium, Ze.,
&—0, VR,,wefound a Rayleigh-Darcy number Ra, =39.4780 for a critical
wavenumber x, =3.1419; this is in agreement with those found by Siddheshwar
in [29]. These results demonstrate the reliability of our numerical calculations.

Bifurcation diagrams showing the maxima and minima of the amplitude
C(z.) versus the rescaled Rayleigh-Darcy number are plotted to study the vari-
ous possible transitions in the system. Figure 5 shows the bifurcation diagram
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Figure 1. Stationary Rayleigh-Darcy number versus wave with different values of Ta,
number for £=0, ¢=0, Ha,=0.1,and R, =100.
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Figure 2. Stationary Rayleigh-Darcy number versus wave with different valuesof ¢ num-
ber for Ta, =02, ¢=0, Ha/ =0.5,and R, =100.
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Figure 3. Stationary Rayleigh-Darcy number versus wave with different valuesof ¢ num-
ber for £=0.15, Ta, =08, Haf =0.2,and R, =100.
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Figure 4. Stationary Rayleigh-Darcy number versus wave with different values of
Ha,=0.2 number for £=0.15, Ta,=02, ¢=0.02,and R\ =100.
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Figure 5. Bifurcation diagram of C as function of R for £=0.1, V, =03,
p=0,=0, B,=05, Ha,=0.1, T,=0.1 and R, =100.

Table 2. Critical values of wave and Rayleigh-Darcy numbers for Ta, =0, Ha . and

p=0.
Siddheshwar et al. [29] Present study
Parameter B, =05, B, =05, £=0, £=0.1,
Values =0, R, =100 £&=0.1, R,=100 R, =100 R, =100,

Wave number

3.142 3.1521 3.1419 3.1519
(x,)
Rayleigh-Darcy
39.4784 39.1668 39.4780 38.88

number ( Ra,,. )

plottedfor =0, Ha,=0.1 and 7, =0.1. We see that the system exhibits reg-
ular, quasi-periodic or chaotic behavior marked by a continuum of points in the
variable and stationary or periodic behavior with a period of one. The system

characterizing the engine oil flow is found to be stationary for low rescaled Ray-
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leigh-Darcy numbers, chaos appears from R, =20 with intermittent zones and
has a completely regular behavior later after R =56. Figure 6 shows the effect of
magnetic effect on the chaotic convection in engine oil flow. When the Hartmann
number is increased to Ha, =0.5, chaos starts at R =24.95 and disappears
completely after R =77 . We deduce that the magnetic field delayed the onset of
turbulence in the engine oil flow as the rescaled Rayleigh-Darcy number increased.
Figure 7 shows the effect of nanofragments on the dynamic behavior of the system.
When the volume fraction of hybrid alumina and tantalum nanoparticles is in-
creased to ¢, = ¢, =0.02, the chaos starts from R =29.6 and disappears com-
pletely after R =72.62. Therefore, the addition of hybrid alumina and tantalum
nanofragments to rotating motor oil in the presence of the magnetic field delays
the onset of chaos in the flow and also reduces the chaotic domain as the thermal
Rayleigh-Darcy number increases. Figure 8 and Figure 9 show the effects of
nanofragments and rotation on engine flow behavior. When the volume fraction
of these hybrid nanoparticles is ¢, =@, =0.02 and the Taylor-Darcy number is
increased to 7, = 0.5, the onset of chaotic convection is further delayed and the

chaotic domain is enlarged.

120

0

Figure 6. Bifurcation diagram of C as functionof R for £=0.1, ¥, =0.3,
¢=¢,=0, B,=05, Ha, =05, T,=0.1 and R, =100.
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Figure 7. Bifurcation diagram of C asfunctionof R for £=0.1, V, =03,
»=¢,=0.02, B,=05, Ha,=05, T,=0.1 and R, =100.
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Figure 8. Bifurcation diagram of C asfunctionof R for £=0.1, V,, =03,
¢=¢,=0, B, =05, Ha,=0.1, T,=0.5 and R, =100.
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Figure 9. Bifurcation diagram of C as functionof R for £=0.1, V, =0.3,
¢ =0,=0.02, B,=05, Ha,=0.1, T,=05 and R, =100.

Phase spaces and time evolutions are constructed to highlight and confirm
some of the transition regimes that can occur in the system. To this end, Figures
10-13 show chaotic, periodic-3, periodic-2 and periodic-1 behavior respectively.
Figure 14 shows phase spaces of the system in plane (A, & ) to visualize the flow
behavior for different values of volume fraction and magnetic field strength. It
appears that the flow of the hybrid nanoliquid (alumina-tantalum)/engine oil can

be controlled according to parameter values and desired behavior.

20

-30
6 -3 0 3 6 6 -3 0 3 6 100 125 150 175 200
t

Figure 10. Phase portrait on different planes and corresponding time histories for £=0.1,
Vy=03, ¢ =¢,=0, B, =05, Ha,=0.1, T,=0.1, R, =100 and R, =25.
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Figure 11. Phase portrait on different planes and corresponding time histories for £=0.1,
Vy=03, ¢ =0,=0, B,=05, Ha,=0.1, T,=0.1, R, =100 and R, =38.8.
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Figure 12. Phase portrait on different planes and corresponding time histories for £=0.1,
Vy=03, ¢,=¢,=0, B, =05, Ha,=0.1, T,=0.1, R, =100 and R, =48.6.
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Figure 13. Phase portrait on different planes and corresponding time histories for £=0.1,
Vy=03, ¢=0,=0, B,=05, Ha,=0.1, T,=0.1, R, =100 and R, =80.
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Figure 14. Phase portrait on plane (A,S) for R=613, £=0.1, V, =03, B,=0.5,

T,=0.1 and R, =100.

6. Conclusion and Suggestions

A new non-local thermal equilibrium formulation is used to evaluate the thermal
and dynamic behavior of a motor oil flow confined in a porous enclosure and
subjected to rotational and Lorenz forces. Indeed, the expression of the stationary
thermal Rayleigh-Darcy number was found as a function of the parameters char-
acterizing the motor oil flow and the thermophysical properties of the hybrid
nanofragments. We found that the magnetic field, the rotational force and the
hybrid nanofragments of alumina and tantalum delayed the onset of stationary
convection in the engine oil flow. In contrast, the local thermal non-equilibrium
parameter had the opposite effect on the onset of stationary convection. In addi-
tion, a new 6-dimensional nonlinear system was obtained using a low-order ap-
proach, and its numerical analysis revealed that the application of a magnetic field
and a rotational force delays the onset of chaotic convection in the engine oil flow.
The addition of alumina-tantalum hybrid nanoparticles to engine oil flow repels
chaos and reduces the persistence of chaotic behavior in engine oil flow as the
thermal Rayleigh number increases. Finally, magnetic field, rotation and nano-
particles can be used to control the dynamic behavior of the engine oil flow ac-
cording to the desired result. The resulting dynamical system presents some very
interesting phenomena and motivates further research into the stability of equi-

librium points and the possible existence of hysteresis and attractor coexistence.
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