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ABSTRACT 

Conjugate effects heat and mass transfer on free convection flow across an isothermal sphere immersed in a viscous 
incompressible fluid in the presence of species concentration with radiation heat loss has been investigated in this paper. 
The governing boundary layer equations are first transformed into a non-dimensional form and the resulting nonlinear 
systems of partial differential equations are then solved numerically using Finite—difference method with Keller-box 
Scheme. We have focused our attention on the evaluation velocity profiles, temperature profiles and species concentra- 
tion profiles of the fluid as well as the local skin friction coefficient, local heat transfer rate and local species concentra- 
tion transfer rate for a wide range of radiation parameter Rd, Schmidt number Sc and Prandlt number Pr. 
 
Keywords: Natural Convection; Radiation Heat Loss; Skin-Friction; Nusselt Number; Schmidt Number;  

Prandlt Number 

1. Introduction 

Convection is the mode of energy transfer between a 
solid surface and the adjacent liquid or gas that is in mo- 
tion and it involves the combined effects of conduction 
and fluid motion. The faster the fluid motion, the greater 
the heat transfers due to convection. Free convection 
flow is often encountered in cooling of nuclear reactors 
or in the study of the structure of stars and planets. The 
study of temperature and heat transfer is of great impor- 
tance to the engineers because of its almost universal 
occurrence in many branches of science and engineering. 
The application of boundary layer techniques to mass 
transfer has been of considerable assistance in deve- 
loping the theory of separation processes and chemical 
kinetics. Some of the interesting problems that have been 
studied are mass transfer from droplets, free convection 
on electrolysis in non-isothermal boundary layer. Radi- 
ation contributes substantially to energy transfer in fur- 
naces, combustion chambers, fires, and to the energy 
emission from a nuclear explosion. Radiation must be 
considered in calculating thermal effects in rocket no-  

zzles, power plants, engines, and high temperature heat 
exchangers. Radiation can sometimes be important even 
though the temperature level is not elevated and other 
modes of heat transfer are present. Radiation has a great 
effect in the energy equation which leads to a highly 
non-linear partial differential equation. Heat, mass and 
momentum transfer on a continuously moving or a stre- 
tching sheet has several applications in electrochemistry 
and polymer processing [1-3]. 

Gebhart and Pera [4] investigated the natural convec- 
tion flow resulting from the combined buoyancy effects 
of thermal and mass diffusion. Diffusion and chemical 
reaction in an isothermal laminar flow along a soluble 
flat plate was studied and an appropriate mass-transfer 
analogue to the flow along a flat plate that contains a 
species say, A slightly soluble in the fluid say, B has 
been discussed by Fairbanks and Wick [5]. Hossain and 
Rees [6] have investigated the combined effect of ther- 
mal and mass diffusion in natural convection flow along 
a vertical wavy surface. The effects of chemical reaction; 
heat and mass transfer on laminar flow along a semi-  
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infinite horizontal plate have been studied by Anjalidevi 
and Kandasamy [7]. By taking advantage of the ma- 
thematical equivalence of the thermal boundary layer 
problem with the concentration analogue, results ob- 
tained for heat transfer characteristics can be carried di- 
rectly over to the case of mass transfer by replacing the 
Prandtl number Pr by the Schimdt number Sc. However, 
the presence of a chemical reaction term in the mass dif- 
fusion equation generally destroys the formal equiva- 
lence with the thermal energy problem and moreover, 
generally prohibits the construction of the otherwise at- 
tractive similarity solutions. Takhar et al. [8] for example, 
considered diffusion of chemically reactive species from 
a stretching sheet. The application of the boundary layer 
theory with chemical reaction has been applied to some 
problems of free and mixed convection flow from the 
surface of simple geometry by the above authors. Chiang 
et al. [9] investigated the laminar free convection from a 
horizontal cylinder. Sparrow and Lee [10] looked at the 
problem of vertical stream over a heated horizontal cir-
cular cylinder. They have obtained a solution by ex- 
panding velocity and temperature profiles in powers of x, 
the co-ordinate measuring distance from the lowest point 
on the cylinder. The exact solution is still out of reach 
due to the non-linearity in the Navier-Stokes equations. 
By taking advantage of the mathematical equivalence of 
the thermal boundary layer problem with the concentra- 
tion analogue, results obtained for heat transfer charac- 
teristics can be carried directly over to the case of mass 
transfer by replacing the Prandtl number Pr, the Schimdt 
number Sc and the radiation parameter Rd. 

It appears that Merkin [11,12] was the first who pre- 
sented a complete solution of this problem using Blasius 
and Görtler series expansion method along with an inte- 
gral method and a finite-difference scheme. Ingham [13] 
investigated the free convection boundary layer flow on 
an isothermal horizontal cylinder. Recently, Nazar et al. 
[14], Huang and Chen [15] have considered the problem 
of natural convection flow from lower stagnation point to 
upper stagnation point of a horizontal circular cylinder 
immersed in a micropolar fluid. Effects of pressure work 
and viscous dissipation on natural convection flow 
around a sphere with radiation heat loss have been dis- 
cussed in Akther [16] and Alim et al. [17] respectively. 
Hye et al. [18] have considered conjugate effects of heat 
and mass transfer on natural convection flow across an 
isothermal circular cylinder in presence of chemical re- 
action. 

In the present study the focus is given on the effects of 
heat and mass transfer on the natural convection boun- 
dary layer flow across a sphere with radiation heat loss 
when the sphere is at a uniform temperature and a uni- 
form mass diffusion. The basic equations are transformed 
to local non-similarity boundary layer equations, which 

are solved numerically using a very efficient finite- 
difference scheme together with the Keller-box method, 
described by Keller [19] and later by Cebeci and Brad- 
shaw [20]. To the best of our knowledge, this problem 
has not been considered before. 

Numerical results have been shown in terms of local 
skin friction, rate of heat transfer, rate of species con- 
centration, velocity profiles as well as temperature pro- 
files for a selection of relevant physical parameters con- 
sisting of heat radiation parameter Rd, Prandtl number Pr 
and the Schmidt number Sc are shown graphically. Some 
results for Skin friction coefficient, rate of heat transfer 
and rate of species concentration for different values of 
Schmidt number Sc has been presented in tabular form as 
well. 

2. Formulation of the Problem 

Let us consider a steady two-dimensional laminar free 
convective flow that flows across a uniformly heated 
sphere of radius a, which is immersed in a viscous and 
incompressible fluid. It is assumed that the surface tem- 
perature of the sphere is w , where w . Here T T T T  

is the ambient temperature of the fluid, T is the tempera-
ture of the fluid in the boundary layer, g is the accelera-
tion due to gravity,  r x  is the radial distance from the 
symmetrical axis to the surface of the sphere and  ˆ ˆ,u v  
are velocity components along the  ˆ ˆ,x y  axis. The co- 
ordinates system and the configuration are shown in 
Figure 1. 

Under the usual Boussinesq and boundary layer ap- 
proximation, the governing equations of the flow are: 
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Figure 1. Physical model and coordinate system. 
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The boundary conditions for the Equations (1)-(4) are 

ˆ ˆ 0, , at 0w wu v T T C C y    ˆ



     (5a) 

ˆ ˆ0, , asu T T C C y         (5b) 

where   ˆ ˆsinr x a x a   is the radial distance from the 
centre of the sphere, g is the acceleration due to gravity, 

T  is the coefficient of thermal expansion, C  is the 
coefficient of concentration expansion, µ is the viscosity 
of the fluid, pC  is the specific heat at constant pressure , 
ρ is the density, D is the molecular diffusivity of the spe- 
cies concentration and qr is the radiative heat flux in the 
y direction. In order to reduce the complexity of the 
problem and to provide a means of comparison with fu- 
ture studies that will employ a more detail representation 
for the radiative heat flux; we will consider the optically 
dense radiation limit. Thus the Rosseland diffusion ap- 
proximation proposed by Siegel and Howell [21] and is 
given by simplified radiation heat flux term as: 
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We now introduce the following non-dimensional 
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where      is the reference kinematic viscosity 
and Gr is the Grashof number,   is the non-dimen- 
sional temperature and   is the non-dimensional spe- 
cies concentration function. 

Substituting the variables (7) into Equations (1)-(4) 
leads to the following non-dimensional equations 
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The boundary conditions (5) become 

0, 1, 1 at 0u v                  (12a) 

0, 0, 0 asu                (12b) 

where Rd is the radiation-conduction parameter, Pr is the 
Prandtl number and N is the ratio of the buoyancy forces 
due to the temperature & concentration are defined re- 
spectively as 
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To solve Equations (8)-(11), subject to the boundary 
conditions (12), we assume the following variables 
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where,  is the non-dimensional stream function, which is 
related to the velocity components in the usual way as 
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Substituting (14) into Equations (9)-(11) we get, after 
some algebra the following transformed equations 
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It has been seen that the lower stagnation point of the 

Copyright © 2013 SciRes.                                                                                OJFD 



S. AKTAR  ET  AL. 89

sphere or , Equations (16)-(18) reduce to the fol- 
lowing ordinary differential equations: 
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Subject to the boundary conditions at 
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In the above equations primes denote the differentia- 
tion with respect to η. 

In practical applications, the physical quantities of 
main interest are the shearin stress, the rate heat transfer 
and the rate of species concentration transfer in terms of 
the skin-friction coefficients Cf, Nusselt number Nu and 
Sherwood number Sh respectively, which can be written 
as 
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Using the variables (7), (14) and the boundary condi- 
tion (19a) into (24)-(25), we get 
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and 

 ,0xSh x                     (28) 

The values of the velocity, temperature and concentra- 
tion distribution are calculated respectively from the fol- 
lowing relations: 
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3. Results and Discussion 

Equations (16)-(18) subject to the boundary conditions 
were solved numerically using a very efficient implicit 

finite difference method together with the Keller-box 
scheme, which is described by Cebeci and Bradshow 
[20]. The numerical solutions start at the lower stagna-
tion point of the sphere i.e. at  with initial profiles 
given by the Equations (20)-(22) along with boundary 
conditions (23) and proceed round the sphere up to the 
upper stagnation point 
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πx  . Solutions are obtained for 
fluid having Prandtl number  
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ues of the local skin-friction coefficient fx , the local 
Nusselt number 
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,

 are calculated respectively from the Equations (26)- 
(28) for the surface of the sphere from lower stagnation 
point to upper stagnation point. Numerical values of 

fx x  and C Nu xSh  are depicted in Tables 1, 2 and Fig- 
ures 2-5. A comparison of the local Nusselt number 

xNu  and fxC  for different values of curvature parame- 
ter x while 1.0Pr   and , obtained in the 
present work and obtained earlier by Hye et al. [18] and 
Merkin [12] has been made in Table 1. It is clearly seen 
that there is an excellent agreement among the re- spec-
tive results. 

0.0Rd 

The effect of the Prandtl number Pr, on the reduced 
 

Table 1. Numerical values of Cfx and Nux for different 
values of curvature parameter x while Pr = 1.0 and Rd = 
0.0. 

Nux 

x Hye et al. [18] Merkin [12] Present 

0.0 0.4241 0.4214 0.4235 

π/6 0. 4161 0.4161 0.4157 

π/3 0.4005 0.4007 0.4004 

π/2 0.3740 0.3745 0.3745 

2π/3 0.3355 0.3364 0.3361 

5π/6 0.2812 0.2825 0.2819 

π 0.1917 0.1945 0.1935 

Cfx 

x Hye et al. [18] Merkin [12] Present 

0.0 0.0000 0.0000 0.0000 

π/6 0. 4145 0.4151 0.4146 

π/3 0. 7539 0. 7558 0.7565 

π/2 0. 9541 0.9579 0.9514 

2π/3 0. 9696 0.9756 0.9689 

5π/6 0. 7739 0.7822 0.7801 

π 0.3264 0.3391 0.3299 
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Table 2. Skin friction coefficient, rate of heat transfer and 
rate of species concentration against x for different values 
of the Schmidt number Sc with other controlling parame- 
ters Pr = 0.72 and radiation parameter Rd = 0.30. 

Sc = 0.73 

x Cfx Nux Shx 

0.00000 0.00000 0.40909 0.13436 

0.26180 0.54186 0.37491 0.10403 

0.52360 0.71155 0.35191 0.10024 

0.78540 0.83237 0.33378 0.09533 

1.04720 0.92934 0.31929 0.09254 

1.30900 1.01182 0.30707 0.08915 

1.57080 1.08445 0.29677 0.08712 

1.83260 1.14992 0.28774 0.08452 

2.09440 1.20991 0.27989 0.08302 

2.35619 1.26557 0.27282 0.08086 

2.61799 1.31773 0.26654 0.07974 

2.87979 1.36697 0.26079 0.07586 

Sc = 0.90 

x Cfx Nux Shx 

0.00000 0.00000 0.40909 0.13436 

0.26180 0.52051 0.34828 0.09366 

0.52360 0.67411 0.31911 0.10475 

0.78540 0.77996 0.29495 0.09209 

1.04720 0.86262 0.27701 0.09561 

1.30900 0.93120 0.26086 0.08710 

1.57080 0.99024 0.24804 0.08976 

1.83260 1.04235 0.23602 0.08275 

2.09440 1.08916 0.22615 0.08562 

2.35619 1.13179 0.21663 0.07907 

2.61799 1.17103 0.20864 0.08251 

2.87979 1.20745 0.20079 0.07687 

Sc = 1.20 

x Cfx Nux Shx 

0.00000 0.00000 0.40909 0.13436 

0.26180 0.51415 0.25954 0.09964 

0.52360 0.66316 0.20714 0.10333 

0.78540 0.76488 0.16056 0.09523 

1.04720 0.84366 0.09650 0.09532 

1.30900 0.90856 0.08983 0.12826 

1.57080 0.96406 0.07245 0.08992 

1.83260 1.01273 0.04785 0.08550 

2.09440 1.05621 0.02839 0.08595 

2.35619 1.09558 0.00805 0.08200 

2.61799 1.13163 −0.00849 0.08287 

2.87979 1.16491 −0.02601 0.07905 
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Figure 2. (a) Skin friction coefficient; (b) Rate of heat trans- 
fer and (c) Rate of species concentration for different values 
of Pr while Rd = 0.30 and Sc = 0.73. 
 
local skin-friction coefficient Cfx, local Nusselt number 
Nux and the local Sherwood number Shx is shown in  
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Figure 3. (a) Skin friction coefficient; (b) Rate of heat 
transfer and (c) Rate of species concentration for different 
values of Sc while Pr = 0.72 and Rd = 0.30. 
 
Figures 2(a)-(c) respectively for Pr = 0.72, 1.0, 3.0, 5.0, 
7.0, while  and 0.30Rd  0.73Sc  . It is seen that an 
increase in the Prandtl number, leads to a decrease in the  
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Figure 4. (a) Skin friction coefficient; (b) Rate of heat trans- 
fer and (c) Rate of species concentration for different values 
of Rd while Pr = 0.72 and Sc = 0.73. 
 
local skin-friction coefficient and the local Sherwood 
number and an increase in the local Nusselt number. This 
may be attributed to the fact that the increase in the val-
ues of implies more interaction of species concentration 
with the thermal boundary layer and less interaction with 
the momentum boundary layer. 

Variation in the Schimdt number Sc (Sc = 0.73, 0.80, 
1.00, 1.10, 1.30) are considered in Figures 3(a)-(c) while 

0.72Pr   and 0.30Rd  . The local skin-friction coef-  
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Figure 5. (a) Velocity; (b) Temperature and (c) Concentra- 
tion distribution for different values of Rd while while Pr = 
0.72 and Sc = 0.73. 
 
ficient fx  and the local Nusselt number C xNu  de- 
crease uniformly and the local Sherwood number xSh  
increases significantly with the increasing values of Sc, 
which is expected. 

Figures 4(a)-(c) show how variations in radiation pa- 
rameter  affect the 

flow. When 

 0.0,0.30,0.50,0.80,1.00Rd Rd  

0.0Rd  , the flow is induced entirely by 
thermal effects and the detailed concentration field is 
computed as a forced convection problem, however, 
when 1.0Rd  ,it is the concentration field which induce 
the boundary flow. It can be stated that an increase in the 
values of Rd leads to an increase in the values of the lo- 
cal skin-friction coefficients fx , local Nusselt number C

xNu  and decreases smoothly in the local Sherwood 
number xSh . 

Figures 5(a)-(c) illustrate the effect of varying values of 
radiation parameter  0,0.30,0.50,0.80,1.00Rd 0.Rd  
on the velocity, temperature and species concentration 
profiles at π 2x   while  and 0.72 0.73ScPr   . 
Here it is found that the velocity profiles increases 
sharply and the non-dimensional temperature and con- 
centration profile decrease significantly with the increase 
of radiation parameter Rd. 

In Table 2 we have entered the numerical values fxC
 .20

 
and Nux for different values of  
while 

0.73,0.90,1Sc Sc
 0.72Pr   and 0.30Rd  . It is observed that for 

increasing axial distance parameter x, the values of skin- 
friction increase and the values of rate of heat transfer 
and that of the rate of species concentration decrease for 
the values of Schmidt number Sc. On the other hand both 
the fx  and C xNu  decrease and xSh  increases accor- 
dingly as Schmidt number Sc increases. And these 
changes in ,fx x  and C Nu xSh  due to an increase in Sc 
are consistent with a free convection boundary layer. 

4. Conclusions 

Conjugate effect of heat and mass transfer in natural 
convection flow from an isothermal sphere with radiation 
heat loss has been investigated numerically. New vari- 
ables to transform the complex geometry into a simple 
shape have been introduced and the resulting non-simi- 
larity boundary layer equations are solved by a very effi- 
cient implicit finite difference method together with the 
Keller-box scheme [19]. From the present investigation 
the following conclusions may be drawn: 
 Both the local skin-friction coefficient fxC and the 

local Nusselt number xNu  increase and the local 
Sherwood number xSh  decrease when the value of 
the radiation parameter increases. 

 As Rd increases both the concentration distribution 
and the temperature profile decrease significantly and 
the velocity profile increases slightly at π 2x   of 
the surface. 

 An increase in the values of Pr leads to an increase in 
the values of the local skinfriction coefficients fxC , 
local Nusselt number xNu  and the local Sherwood 
number xSh . 

 The skin-friction coefficient fxC  and local Nusselt 
number xNu  decrease and the rate of species con- 
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centration xSh  increases within the boundary layer 
as the value of Sc increases. 
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Nomenclature 

a: radius of the sphere 
ar: Rosseland mean absorption co-efficient 
C: species concentration in the fluid 
C∞: species concentration with fluid away from the 
sphere 
Cf: skin-friction coefficient 
Cp: specific heat at constant pressure 
Cfx: local-skin friction 
D: chemical molecular diffusivity 
f: dimensionless stream function 
g: acceleration due to gravity 
Gr: Grashof number 
Gm: local mass Grashof number 
Jc: Concentration flux 
K: thermal conductivity 
Nu: Nusselt number 
Nux: Local Nusselt number 
Pr: Prandtl number 
qr: radiation heat flux 
r: radial distance 

Rd: radiation parameter  
Sc: Schimdt number 
Shx: local Sherwood Number 
T: temperature of the fluid in the boundary layer 
T∞: temperature of the ambient fluid 
Tw: temperature at the surface 
u, v: dimensionless velocity components  
ˆ ˆ,u v : velocity components  

x, y: dimensionless cartesian components cartesian com- 
ponents 

Greek Symbols 

: volumetric coefficient of thermal expansion 
: dimensionless coordinates along the surface 
: dimensionless coordinates normal to the surface 
: dimensionless temperature 
: viscosity of the fluid 
: kinematic viscosity 
: density of the fluid 
w: shearing stress 
: stream function 
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