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Abstract

This study investigates the flow and heat transfer of dusty Williamson (MHD)
Nanofluid flow over a stretching permeable cylinder in a porous medium.
Dusty Williamson Nanofluid was considered due to its thermal properties
and potential benefits of increasing the heat transfer rate. Firstly, partial dif-
ferential equations are transformed into coupled non-linear ordinary diffe-
rential equations through a similarity variables transformation. The resulting
set of dimensionless equations is solved analytically by using the Homogony
Perturbation Method (HPM). The effects of the emerging parameters on the
velocity and temperature profiles as well as skin-friction coefficient and Nus-
selt number are publicized through tables and graphs with appropriate dis-
cussions. The present result has been compared with published papers and
found to be in agreement. To the best of author’s knowledge, there has been
sparse research work in the literature that considers the effect of dust with
Williamson Nanofluid and also solving the problem analytically. Therefore to
the best of author’s knowledge, this is the first time analytical solution has
been established for the problem. The results revealed that the fluid velocity
of both the fluid and dust phases decreases as the Williamson parameter in-
creases. Motivated by the above limitations and the gaps in past works,
therefore, it is hoped that the present work will assist in providing accurate
solutions to many practical problems in science, industry and engineering.

Keywords

Williamson, Dusty Particles, Homotopy Perturbation Method (HPM),
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1. Introduction

The study of non-Newtonian fluids has attracted researchers due to its wide va-
riety of applications in engineering, manufacturing processes biomechanics and
industry like the extraction of crude oil from petroleum products, Malik et al
[1]. A non-Newtonian fluid can be characterized by a viscosity that varies with
motion. For non-Newtonian fluids, the viscosity varies with the shear rate. The
research on non-Newtonian fluids has received attention because of the limited
application of Newtonian fluids. Honey, ketchup, lubrication sprays, and starch,
etc., are the examples of non-Newtonian fluids. Amjad [2]. The rheological cha-
racteristics of non-Newtonian fluids cannot be explained using the renowned
Navier-stokes equations; as a result, various models have been used to describe
the properties of non-Newtonian fluid to overcome this deficiency. these models
include the Ellis model, Carreus model, power law model, cross model and casson
model, etc. The Williamson fluid is one of the most important non-Newtonian
fluids characterized by less viscosity with an increase in the rate of shear stress
and very similar in its properties of polymeric solutions. Williamson [3] dis-
cussed the flow of pseudo plastic materials and discovered a model of William-
son equation to describe the flow of pseudo plastic fluids and experimentally ve-
rified the results. Ramesh et al [4] studied Williamson fluid over moving and
stationary surfaces with convective boundary conditions. The analysis of Wil-
liamson fluid flow over a stretching surface has been conducted by Nadeem et al.
[5]. A non-Newtonian Williamson boundary layer flow was numerically tackled
by using a homotopy analysis method by Khan and Khan [6] The industrial and
biological liquids that obey the Williamson fluid are polymers, melts/solution,
ketchup, blood, paint, and whipped cream, to mention just a few. Husain et al
[7]. Williamson in his theory of pseudo plastic fluid has elaborated the worth of
fluid dynamics. It is very important due to its practical implementation in vari-
ous industries like biological sciences, geophysics, petroleum, chemical indus-
tries, and so on Bilal ef al [8]. Due to its usefulness, numerous researchers have
employed the Williamson model to accurately describe the behavior of fluids
throughout the past decade.

Nanofluids are fluids formed by suspending tiny volumes of nanometer-sized
particles in base fluids. The traditional heat transfer fluids with low thermal
conductivity, such as oil and water, are not able to meet the increasing demand
of the more sophisticated heat transfer technologies. To resolve this issue, small
solid nanoparticles are added to boost the heat conductivity of these convection-
al fluids. Choi [9] was the first to investigate and improve the thermal conduc-
tivity of fluids. Nanofluids also have an important role in the medical fields, for
example, in the use of nanoparticles of gold in the treatment of cancerous tu-
mors, as well as the manufacture of microscopic bombs that are used to eliminate
cancerous tumor, Bouslimi [10]. Ashraf ef al [11] examined the MHD peristaltic
flow of blood-based nanofluid containing nanoparticles, these fluids have signif-

icantly influenced the advancement of innovative thermal transportation fluids,
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and remarkable efforts have been made in this field in recent years. Tewari-das
model was used to model the problem. It is a mathematical model used to de-
scribe the thermo physical behaviour of Nanofluids. It was used for this particu-
lar model because the velocity and temperature of the fluid and that of the dust
particles are the same. The model is a theoretical model that predicts the thermal
conductivity of the Nanofluid based on the effective medium approximation
(EMA), Tewari and Das [12].

Also, in fluid dynamics, heat and mass transfer play a significant role. Trans-
fer of heat occur when a fluid flows across a surface. The generation of heat is
not solely caused by an external heat source, but can also result from frictional
forces. There are a lot of applications of heat and mass transfer such as com-
pressor of refrigerator, air conditioner, engine of automobiles and many ther-
modynamical objects, Nazir et al. [13]. The study of fluid flow over a stretching
sheet has been a subject of interest in recent years due to its significant impor-
tance in areas such as metallurgical processes, polymer extrusion, plastic films,
metal spinning, etc. Muzara and Shateyi [14]. The heat transfer of boundary
layer flow of non-Newtonian fluids over a stretching cylinder is of great interest
to scientists, engineers and researchers because of its extensive range of applica-
tions, examples of its applications include the extrusion process, metal extrac-
tion, annealing, copper wire thinning, and the pipe industry, Ibrahim and Nege-
ra [15]. Kumar ef al [16] investigated the two-phase stream of an incompressible
liquid with dust particles past a cylindrical geometry stretching at a constant
rate. Rashid et al [17] described the heat transfer features of a hybrid nanoliquid
and its flow over a stretchy cylinder. Malik et a/. [18] observed flow of William-
son fluid numerically with heat generation/absorption and variable thermal
conductivity effects over a stretched cylinder using Runge Kurta-Fehlberg me-
thod. Salahuddin et al [19] considered non-Newtonian fluid flow characteristics
utilizing stretching cylindrical surfaces. The effects of heat transportation over
stretched cylindrical surfaces are critical in such mechanisms, such as wire draw-
ing, hot rolling and fibre spinning operations. In view of this, numerous re-
searchers have expounded the flow, heat and mass transfers of various kinds of
liquids through a stretching cylinder. Umeshaiah et a/. [20].

The combined effect of heat transfer and temperature across the boundary
layer of Nanofluid flows through the porous space in the presence of an external
magnetic field is considered an effective means of improving thermal perfor-
mance. A number of research scholars have been engaged in the fluid dynamics
of porous media with different problems. Kothandapani and Srinivas [21] pre-
sented magneto hydrodynamic peristaltic transportation and heat transfer under
properties of walls action through a porous medium. Gireesha et al. [22] focused
their attention on the magnetohydrodynamic boundary layer flow and heat
transmission embedded in a porous medium.

Magnetohydrodynamics (MHD) is a combination of fluid mechanics and

electromagnetism, which defines the behaviour or treatment of a magnetic field
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on an electrically conducting fluid and the first to start studying this field, is
Alfvén [23]. Wakif and Sehaqui [24] presented the MHD water-based nanofluids
with convective boundary conditions. The influence of magnetic fields with con-
stant or varying field strengths, for numerous natural and artificial flows cannot
be over-emphasized, whether they are diagonally placed to the direction of flow
or inclined at an angle. This is because magnetic fields are important in produc-
ing electricity in thermal power stations, heating, magnetic stirring, levitation of
molten metals and confinement of some high-temperature electrically conduct-
ing pollutants and nuclear wastes in industrial processes.

Dusty fluid model flows have been a subject of particular interest in recent
studies due to their two-phase nature. Many researchers worked on the dusty
fluid model for various flow configurations and boundary conditions. However,
realizing the difficulty of nonlinear coupled equations, no attempt has been made
to work out any analytical solution. Although few authors have studied Wil-
liamson and nanofluid separately, over-stretching cylinder and plate with a num-
ber of publications up to some extent. To the best of the author’s knowledge, there
has been sparse research work in the literature that considers heat and mass trans-
fer of a dusty Williamson MHD nanofluid flow over a permeable stretching cy-
linder in a porous medium. Also researchers realized the difficulty of nonlinear
coupled equations and have not been able to solve this problem using analytical
method. They have always been using numerical methods.

Therefore this is the first time analytical solution is established for the prob-
lem. Motivated by the above limitations and the gaps in the past research works,
an attempt is made in this study to examine theoretically the problem of boun-
dary layer flows, heat and mass transfer of incompressible, electrically conduct-
ing, dusty Williamson MHD nanofluid flow over a permeable horizontally placed
stretching cylinder in a porous medium using Tiwari-Das model. The highly
non-linear partial differential equations that govern the dusty Williamson Nanof-
luid flow are reduced into non-linear ordinary differential equations using suitable
similarity transformations and then analytically solved using the homotopy per-
turbation method (HPM). The effects of some chosen pertinent parameters on
the fluid velocity, temperature, skin friction coefficient and Nusselt number (heat
transfer rate) were displayed using graphs and tables. The results obtained in this
current research work were validated by comparing the present results with
those from already-published work. An excellent agreement was established. The
current research can be employed in a variety of disciplines, including heat en-
gines, heat exchangers, thermocouples, permafrost melting, hot extrusion, oil flow

filtration, solar collectors, and many others.

2. Materials and Methods

Consider a steady two-dimensional boundary layer flow of an incompressible
viscous dusty Williamson MHD Nanofluid flow over a permeable stretching cy-

linder in a porous medium which is schematically represented in Figure 1.
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Magnetic field B, is applied normal to the flow along the axis in a radial direc-
tion with the assumption of a small Reynolds number so that the induced mag-
netic field is neglected. T, and U, are surface temperature and surface veloc-
ity respectively. The ambient fluid temperature and velocity are denoted by T,
and U_ respectively. Further, wand u are the velocity components in the di-
rection of z and r axis respectively. The dust particles are taken to be small
enough and of sufficient number to be treated as continuum and allow concept

such as density and velocity to have physical meaning.

TR

Figure 1. Schematic representation of cylinder boundary-layer flow.

Using the assumptions given above and the well-known boundary layer ap-
proximation, the equations governing the heat and mass transfer of dusty Wil-
liamson Nanofluid, continuity, momentum, energy, and concentration are spe-

cified as follows.

2.1. Continuity Equation

divv =0 (1)
2.2. Momentum Equation
p(ij—\t/:V~To+pb (2)

av
where e is the material time derivative. The Cauchy stress tensor 7is given

as:

r:{;w%}ﬂ 3)

The Cauchy stress tensor 7 for an incompressible flow is —pl +S in which

| is the identity tensor, Here, u_,u,,I',A,y corresponds to the viscosity at
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infinity, viscosity at zero, positive time constant, first Rivlin-Erickson tensor and

shear rate. The shear rate is defined as:

7}= E’ (4)
where
trace( A

A =Rivlin-Erickson tensor= A =L+L";
L= Gradient of the velocity vector L' = is the transpose of L.
Here we consider only the case for 4, =0 and T, <1. Now Cauchy stress

tensor, 7is reduced to

Or, by using binomial expansion to Equation (6), we get
r=p[1+T, | A (7)
A=L+L", (8)

L=Vv Gradient of the velocity vector L™ = (VV)T* , the transpose of Z;
T Represents transpose.

a_u la_u_! a_u az.rr + 1 aTr& + az.zr + T —Tag
or rod r oz or r 08 oz r
Wy = oV EQJFE o V.re 6rr9+16193+8129+219r )
or ro% r oz or r 089 oz r
ow 1low  ow or, 10r, o7, 7,
— —— — + + +—1=
or rog oz or r 08 oz r

In the absence of pressure gradient 7= 7. The boundary layer equations that
govern the present flow, as per the above assumptions, are listed below as stated
by Manjunatha [21].

FLUID PHASE

or oz (10)
ow  ow low o°w r(ow) ow 0’
u_+W__ nf AL 2 an N~ __2
or oz ror or J2lar or or
, (11)
+ﬂ(wp—w)— 9By , Y w
pnf pnf kp
oT oT k (10T &°T oCoT D, (o1 2
W—tlU—=—r| ——+— [+ 71D ——+ = —
oz or pc,\ror or oror T _\or
(12)
+ o1
P
DUST PHASE
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+ =0, 13
or 0z (13)
ow ow, K
p p_
Wp?-FUpE—;(W—Wp) (14)
oT oT C
W —> gy —2 = Ps (T -T ) (15)
Por "oz TCp P

Equations (10)-(12) are continuity, momentum and energy equations for the
fluid phase and Equations (13)-(15) are for the dust phase, where (w; u) and
(w,u,) are the velocity components of the nanofluid and dust phases, in the z
and r directions respectively. v, p, N, m, K, and &, are the kinematic viscosity of
the fluid, density of the fluid, number density of the particle phase, mass of the
dust particle, Stoke’s resistance (drag co-efficient) and permeability of the por-
ous medium respectively, in addition, a represent the thermal diffusivity, p refer
to density of the fluid. A uniform magnetic field of strength B, is applied in the
transverse direction of the flow, due to the small magnetic Reynolds number, it
is not necessary to introduce the effect of the induced magnetic field.

The associated boundary conditions are as follows
w=u,+U,(z), u=0, atr=a, (16)

WU, (z), asr—o
w—0, w, >0, p, >m,, atr—o. (17)

The following similarity variables are introduced in order to convert the go-

verning equations into the relevant ordinary differential equations (ODEs).

v g izt (n)
n=— [k v=avitdzf (n),

(18)
T-T a [vil,
= = = f’ =——=,|—f
e U, (2) (), u=——y == (n)
And dust phase:
a [viU,
V/P:avquZF(n)' up:__ f—F(U)l
A
Wp=UW(Z)F’(77), gp(n)sz _-l-OC

v Is the stream function is introduced which satisfy the continuity equation,

such that U= _%%_yr/ and W= —%%—y/ 1, fand @ Aredimensionless transverse
Z

distance, dimensionless stream function and dimensionless temperature of the

0

fluid respectively? The kinematic viscosity v = He

It can be confirmed that Equation (10) satisfies the similarity transformations
established above in an identical manner. By substituting (18) and (19) into

(11)-(16), we obtain the following nonlinear ordinary differential equation
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Fluid phase

¢1{(1+ 2yn) t"+ 2y f "}+¢1We(1+ 2;/77)% [;/f”2 +2{7f "+(1+2ym)f "’}J
+¢, (16— %)= BB, (f'-F')—(sHa+4Da)f'=0

%{(1+ 2yn)0" +2y0'} + i, (0’ T —201")

r
(20)
Pr

+ ¢ig,Ha-Ec( ) (Af'+BO)+ 3 B(6,-0)=0

Dust phase
F?—FF"-B,(f'-F')=0
O,F —20,F'+y' B, (0-6,)=0

And the corresponding Dimensionless BCs for the prescribed surface temper-
ature (PST)

77:01 f:fW; f’:]-! 0=1

21
n—>wo,f'=0, F=f, F'=0, #=0, 6,=0 21)
Boundary conditions for the prescribed heat flux (PHF)
=0, f=1, f'=¢, ¢6'=-1
n ¢, & (22)

n—-wo, f'=0, F=f, F'=0, #=0, 6,=0

The emerging parameters in the dimensionless equations are respectively

listed below:
/ucp . O BOW . .
P = = is Prandtl number. Ha= U is Hartman/magnetic number;
P

1 |viz z
y=— —~ is Curvature parameter, B =——, is porosity parameter;
a \j u, ru

w

-1/2
6=h, (j—vj is the fluid particle interaction;

©

2u vz
A=T |—% is the We is senbergparameter, S =
Vie Z k.u
prw
S . u.(2)
parameter, Q=——- is first order heat source/sink, R, =

pnfuw

Reynold’s number;

is the permeability

is the

u,z . u . .
Ec=—— isEckert, Da=—"— isDarcy/homogenous porous medium;

Ac, K, 02
D
N, = z-?T(TW —T,) is the thermophoresis parameter.
%

©

2.3. Parameters of Physical and Engineering Interest for the
Problem

The Physical quantities of engineering interest are skin friction coefficient, (C)
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and Nusselt numbers (Nu), which physically indicate the wall shear stress, rate
of heat transfer and rate of mass transfer, respectively. They are defined respec-
tively as follows:

Skin friction coefficient, Nusselt number and defined as

C =—
panw (23)
q
Nu, =—*——
’ kf (TW _Too)

is the shearing stress and @, is the heat flux respectively and defined as

. 5_U+L(@_sz
w = Mo or \/E or

Tw

r=a (24)
oT ATr |U
=—ky— =-kj— |70
qw nf or Y nf a sz (77) .
Using the dimensionless variables we obtain
e 4
ReZCy, =] 7(0)+Wef "’ (0)],
%, (25)

1
Re.Nu, =-4,0'(0).

U z

W

Local Reynold’s number Re, =

Vi

2.4. Method of Solution

Here we employ the use of Homotopy Perturbation Method HPM to obtain the
exact analytical solution, this is because the reduced set of similarity equations
are coupled and nonlinear in nature, thus it is very difficult to get exact solu-
tions. Here, choosing HPM is very important, because the HPM successfully
couples the homotopy theory with the perturbation theory and the main idea
is that a complicated problem is continuously deformed into a simple prob-
lem which is easy to solve in order to get an analytic exact or approximate

solution.

Analysis of the Nonlinear Model Using Homotopy Perturbation Method
Similarly, the governing equation of the model can be transformed to dimen-
sionless forms using the similarity transformation defined (19 and 20) with a lit-
tle modification in fluid temperature.

Consider a system of nonlinear ordinary differential equations given; there are
four equations in total
e Two equations of the fluid phase (Velocity and energy equations).
e Two equations of the dust phase (Velocity and energy equations).

Using homotopy perturbation method to solve velocity equation for the

fluid phase mode
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B {(1+29m) £+ 2 £ b+ gA (L4 20m)2 [y £+ 2{y £+ (1+ 2m) £} ]
+¢,(fF"—17)= BB, (1~ F')~(gHa+gDa)f'=0

(26)

We rewrite the equations in form that is amendable for ease of analysis

1 1
¢ f"+24ynt" +24y f"+ gWe(1+2ym)2 y £72 + 24We(1+2ym)2 y £
3 1
+ 2\We(L+2yn)2 1"+ AhWe(L+ 2yn)2 yn £ "+ ¢, (17— £72) (27)
- BB, (f'—F")—(gHa+¢4Da)f' =0

and the non linear velocity equations of fluid phase were separated into the High-

est linear derivative (L), non linear (V) and remainder (R)

Le(f)=af" (28)
N, (£) = dWe(L+2ym) 72 + g, (17— £72) (29)

1 3
Re(f)=24ynf"+24yf"+2¢We(1+2yn)2 y "+ 2¢We(1+2yn)z " (30)

1
+4gWe(1+2yn)zynt" - BB, (f'— F')—(¢5Ha+¢1Da) f’
The solution of Equation (30) can be assumed to be written as a power series
in p
f=fo+pfi+p*f,+p'fy+ (31)

We make assumption of approximating the solution and simplified we ar-
range the equation and the boundary conditions according to the power of the
embedding parameter p, and by Decomposing into zero order, first order and
second order.

Solution of Velocity Equation for Fluid Phase for the PST

"= 20 11— 2 17— gWe(L+ 2m)2 7 (1) — 20We(L+ 2m)2 1,
24 We(L+ 2ym) 17— dgWe(L+ 2m)2 ym t— g, ( fo £/~ ( fo')z) (32)
+ BB, (f,—Fy)+(sHa+¢Da) fj,
Solution of Velocity Equation for Fluid Phase for the PHF
¢ 1= =24y ;- 24 ym 1"~ gWe (1+ 2yn )% y ()" —26We(1+ 2y )% rf)
—2¢4We(1+ 2)/77)% fo"— 4gWe (1+ 27/77)% mt—a, ( fo fo'—( fo')z) (33)
+ BB, (f,—F)+(sHa+¢4Da) fy.

3. Results and Discussion

3.1. Computational Verification
Authentication of accuracy of the analytical procedure used was done by com-

parison, first computations for f’and 8"”are carried out for Williamson fluid for

various values of M and compared with the available published results as shown
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in Table 1 and Table 2 and they are establish an excellent agreement.

The accuracy of the result is tested and shown in Table 1, when 8(0) was
compared with the results of Kumar et al [16] and Manjunatha et al [25] and
for different values of Ha, the present results are found in a very good agreement
with existing published results. Similarly in Table 2 when f{0) was compared
with the results of Ramesh et al. [4], Giresha 22 and Chen [26] the present re-
sults are found in a very good agreement. This confirm that the HPM used in
this work is perfect and accurate. This proves the validity of the present results,
along with the accuracy of the present analytical technique. Therefore, we are
confident that our results are highly accurate to analyze this boundary layer flow

problem.

Table 1. Comparison of the present results for the dimensionless temperature gra-
dient-8(0) with previous published work of Majunathan et a/ and Kumar et al.

Ha Kumar et al. [16] Manjunathan et al. [25] Present
-610) -610) -610) study -610)
0.72 1.0885 1.0885 1.0885
1.00 1.3333 1.3333 1.3333
10.00 4.7969 4.7969 4.7969

Table 2. Comparison of the results of £(0) for stretching cylinder for various values of Ha
with previous published work when ¢ = y=1={= M= Pr.

Ha Ramesh etal.  Giresha et al Chen [26] Present study
[4] £1(0) [22] £10) £10) £10)

0.0 1.000 1.000 1.000 1.000

0.2 1.095 1.095 1.095 1.095

0.5 1.224 1.224 1.224 1.224

1.0 1.414 1.414 1.414 1.414

1.2 1.483 1.483 1.483 1.483

1.5 1.581 1.581 1.581 1.581

2.0 1.732 1.732 1.732 1.732

3.2. Results and Discussion

The exact analytical solution to the governing ODEs (21)-(23) with the boudary
conditions (24)-(26) was achieved using the Homotopy Perturbation Method.
Graphical illustrations were used to analyze the influences of the pertinent pa-
rameters, namely the Curvature parameter, the Magnetic parameter, Prandtl
number, Porosity parameter, the Eckert number, Wesseinberg, Fluid particle in-
teraction parameter and the Volume fraction parameter, on respective fluid- and

dust-phase. The graphical representation are as follow:
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Table 3. Variation of C,Re? and Nu,Re,*” for various values of pertinent parameters

(M, B, y, A, Ec and Pr) Magnetic (M), fluid particle interaction (f), curvature (y), Wes-
seinberg (1), Eckett (Ec), Prandtl (Pr).

M B y A Ec Pr C,Re}* Nu,Re,"*
0.1 0.1 0.1 0.1 0.1 0.1 0.9385 2.26737
0.3 0.93561 2.26851
0.5 0.93234 2.26872
0.1 0.1 0.99703 2.27093
0.3 0.96795 2.30030

0.4 0.93234 2.28734

0.1 0.1 0.2 0.3 0.82409 2.19961
0.3 0.93234 2.26872

0.5 0.96953 2.30332

0.1 0.1 0.3 0.98271 2.33303
0.4 0.5 0.98869 2.35366

1.0 0.99467 2.38337

1.0 0.99776 2.41308

0.5 1.00374 2.44279

1.0 1.00749 2.44500

2.0 1.00972 2.44614

(a)

Fluid Phase|
""" Dust Phase

==
nmwnn

_—_a00
ohOON

f(n)F'(n)

0 2 no 4 6 8

Figure 2. Effect of magnetic number on the fulid and dust phase velocity.
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3.3. Influence of Various Parameters on the Velocity and
Temperature Profiles

Velocities (£) and (F) as well as, fluid- and dust-phase temperature (6'and ;)
are shown in Figures 2-17, Also, the nature of the velocities and temperatures of
both phases is examined in this section and an appropriate explanation is pro-
vided here. For the analysis of the model Figures 2-17 are plotted for different
values of physical parameters. Furthermore, the values of the skin friction coeffi-
cient C, and Nusselt number Nu, in the presence of the pertinent parameter are
shown in Table 3. It is noted that the value of C,, decreases as Wesseinberg 4,
volume fraction and fluid particle interaction and increases with Ec. On the oth-
er hand, the value of Nu, decreases with an increase in A or a decrease in the re-
maining parameters, as displayed.

Figure 2 and Figure 3 illustrate the effect of the magnetic parameter A on the
velocity and temperature distribution of the fluid phase and dust phase respec-
tively. It is clear that higher values of the magnetic parameter A result in a re-
duction in the fluid and dust phase velocity, along with an elevation in the tem-
perature profiles of both phases. This occurs due to the generation of a resistive
drag force, referred to as the Lorentz force, when a transverse magnetic field is
applied perpendicular to the flow direction. The force operates in the opposite
direction of the flow. This has the effect of reducing the velocity boundary layer
and increasing the thickness of the thermal boundary layer. Due to recent ob-
servations, we have noticed a rise in the temperature profiles of the flow fluid
transport phenomena. With an increase in magnetic parameter A, the momen-
tum boundary layer thickness decreases, leading to a higher velocity gradient.

Figure 4 and Figure 5 illustrate the influence of the curvature parameter, on
the velocity and temperature profiles of both fluid and dust particles. With an
increase in the curvature parameter, there is a notable enhancement in both the
velocity of the fluid phase and the velocity of the dust phase. It is quite evident
from Figure 4 that the velocity of the fluid as well as dust phase corresponding
to (y = 0) is minimum and the increase of (}) is to increase the velocity within
the boundary layer. Moreover (y = 0), the problem reduces to flat surface, and
hence, the velocity within the boundary layer in the case of cylinder is larger
than the flat surface. The presence of a cylinder leads to an increase in the flow
rate within the boundary layer compared to a flat surface. This indicates that the
increasing speed within the boundary layer is due to expansion in the cylinder
size... Consistent with expectations, there is a noticeable increase in both veloc-
ity and momentum as we approach the surface of the cylinder. On the other
hand, as we move away from the surface, we see a decrease in velocity and mo-
mentum, accompanied by an increase in the thickness of the boundary layer.
This is because the resistance exerted by the viscous forces near the surface of
the cylinder is considerably higher compared to those located further away from
it. Furthermore, as the curvature parameter increases, there is a corresponding

decrease in the radius of the cylinder. As a result, there is a reduction in the re-
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sistance to fluid motion, leading to a subsequent increase in fluid velocity. In the
dust phase, the rate of velocity gradient increase is significantly greater in com-
parison to the fluid phase. An increase in the curvature parameter leads to a sig-
nificant reduction in the radius of the cylinder, thereby causing a decrease in the
resistance to fluid motion. Consequently a decrease in the distribution of heat in
both the fluid and dust phases is observed. The data clearly indicates that the
temperature profiles of both the fluid and dust phases show an upward trend as
the curvature parameter increases.

Figure 6 and Figure 7 show how the Eckert number affects the velocity and
temperature distribution of the fluid phase and dust phase, respectively. Just like
a mechanical engineer, the graphs clearly show that as the Eckert number Ec in-
creases, the temperature profile also increases. Increases in the Eckert number
enhance the intermolecular mobility and kinetic energy within liquids. The
thermal variation, with its various stages and the accompanying boundary layer,
is further amplified by the intermolecular tension. When the Eckert number (£c)
goes up, there is usually a corresponding increase in the dissipation of energy
due to viscosity between particles. The main cause of this phenomenon is that
the fluid’s viscosity absorbs energy from its motion and transforms it into inter-
nal energy, leading to an increase in the fluid’s temperature. As a result, the
thickness of the thermal boundary layer increases, leading to a higher tempera-
ture distribution within the dusty Nanofluid.

The fluid particle interaction parameter B has a significant impact on the ve-
locity and temperature profiles of the fluid and dust phases, Figure 8 and Figure
9. It is worth noting that an increase in the value of Sleads to an enhancement in
the velocity of the dust phase and a reduction in the velocity of the fluid phase.
This phenomenon occurs when there is a strong interaction between the fluid
and particle phases, resulting in the particle phase exerting a force that opposes
the fluid phase until the particle velocity equals the fluid velocity. It is evident
that an increase in the fluid particle interaction parameter leads to an elevation
in the temperature profiles of both the fluid and dust phases. This agrees with
the general fact that the interaction between the fluid and the particle phase has
a greater impact on enhancing the thermal conductivity of the flow than it might
otherwise. From Figure 10 and Figure 11, it is clear that an increase in the vo-
lume fraction of dust particles leads to a decrease in the velocity profiles of the
fluid and dust phases, as well as the temperature profiles. The reason for this
phenomenon is that the dust particles take up more space per unit volume of the
mixture, resulting in an increase in the mass concentration of the dust phase and
a decrease in velocity and thermal boundary layer thickness. The influence of
Wesseinberg parameter, A on velocity and energy profiles in both fluid and dust
phases are seen in Figure 12 and Figure 13. The Weissenberg parameter refers
to a quantifiable correlation between the rate of fluid flow and a specific dura-
tion of the process. The increasing values of the A lead to an increase in the re-

laxation time of fluid molecules, so elevating the significance of viscosity and
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generating a resistance to the flow of a fluid, ultimately leading to a decrease in
velocity of the fluid. The rate of flow and the corresponding increase in boun-
dary layer thickness decrease for the fluid phase and increase for the dust phase
as the A increases. However, the thickening of the temperature boundary layer
increases for both the liquid and dust phases as the A increases. The impact of
the permeability parameter on velocity profiles in both the fluid and dust phases
is illustrated in Figure 14. The presence of porous medium is observed to cause
increased restriction of fluid flow, resulting in slowing down the velocity. Hence,
as the permeability parameter increases, there is a corresponding increase in the
resistance to fluid motion. Figure 15 demonstrates the impact of increasing val-
ues of the permeability parameter on temperature distributions for both the fluid
and dust phases. It is evident that higher values of the permeable parameter lead
to the thickening of the thermal boundary layer. The influence of non-dimensional
governing parameters on the skin friction coefficient for the fluid and dusty
phases of Nanofluids is illustrated in Figure 16. The data presented in the fig-
ures clearly indicate that an increase in the values of magnetic field parameter,
Wesseinberg, mass concentration volume fraction of Nano particles, result in a
rise in the skin friction coefficient, while the skin friction coefficient is depre-
ciated as the value of the fluid particle interaction parameter increases. On the
other hand the impact of non-dimensional governing parameters on the local
Nusselt number can be observed in Figure 17. From the figures, it can be seen
that an increase in fluid particle interaction parameter leads to an enhancement
in the heat transfer rate in both fluid and dust phases. However, an increase in
the magnetic field parameter, Wesseinberg, parameter, mass concentration of
dust particles and volume fraction of Nano particles, leads to a decrease in the

heat transfer rate.

4. Conclusion

This study examines the flow of a two-dimensional Williamson MHD Nanofluid
over a stretching permeable cylinder immersed in a porous medium. The ma-
thematical equations of this two-phase flow model are solved by using the Ho-
motopy perturbation Method on the Matlab software. The work graphically
presents and discusses the impacts of various governing parameters on the ve-
locity and temperature profiles, as well as the skin friction coefficient and Nus-
selt number. The main findings of this investigation are as follows:

e Increasing values of Magnetic field parameter A/ decreases the velocity profile
as well as the momentum boundary layer thickness and increases tempera-
ture profile of the fluid.

o The velocity of the fluid and dust phases rises as the curvature parameter was
increased. Similar patterns were noted in the temperature profiles of both
phases.

e The temperature profile for both the fluid and dust phases improves as the

Eckert number increases.
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e Increasing the fluid particle interaction S decreased the velocity of fluid phase
and increased the velocity of dust phase and a rise in S, increased the tem-
perature of the fluid phase and decreased the temperature of the dust phase.

o Increasing the volume fraction of the dust particles results in a reduction in
the velocity profiles and enhances the temperature profiles of both phases.

e Increasing the Wesseinberg, fluid particle interaction and the porosity para-
meter improves the Nusselt (heat transfer rate) and reduces the skin friction
coefficient.

e Magnetic field parameter has the tendency to reduce the skin friction coefficient
and Nusselt number.

e An increase in magnetic field parameter and porosity parameters contributes

to a gradual decrease in the skin friction coefficient.

5. Contributions to Knowledge

The following contributions are made in advancement of the body of knowledge:

The uniqueness of this current study is the addition of dust to Williamson
nanofluid. Also, researchers realized the difficulty of nonlinear coupled equa-
tions and have not been able to solve this problem using analytical method, they
have always use numerical method. Nobody has approached the problem ana-
lytically. Therefore this is the first time analytical solution is established for the
problem. Also the study revealed that dusty particles and nanoparticles contri-
buted significantly to reducing temperature profiles and this can be researched
further to be a coolant in larger engineering industries. Motivated by the above
limitations and the gaps in past works, therefore, it is hoped that the present
work will assist in providing accurate solutions to many practical problems in

science, industry and engineering.
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