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Abstract

In this article, we will present a particularly remarkable partitioning method of
any infinite set with the aid of non-surjective injective maps. The non-surjective
injective maps from an infinite set to itself constitute a semigroup for the /aw
of composition bundled with certain properties allowing us to prove the exis-
tence of remarkable elements. Not to mention a compatible equivalence rela-
tion that allows transferring the said Jaw to the quotient set, which can be pro-
vided with a lattice structure. Finally, we will present the concept of Co-injectivity
and some of its properties.
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1. Introduction

The concept of map in mathematics has a primordial role in understanding the
links that exist between the different mathematical fields and structures. A map
is binary relation over two sets that associates to every element of the first set ex-
actly one element of the second set, sometimes with a specific property. For in-
stance, a “map” is a “linear transformation” in linear algebra, a “continuous func-
tion” in topology, operators in analysis and representations in group theory, etc.
In this article we will show how non-surjective injective maps allow to partitioning

an infinite set in several ways.

2. Partl

Proposition 1

Let £, and Fbe non-empty sets. If f,g are two non-surjective injective maps
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from Eto Fand from Fto Erespectively, then:
o (A, f (B),Ifog) forms a partition of F.
) (B,g(A), Igof) forms a partition of E.

where,

A={yeF|vxeE f(x)#y} and B={xeE|vyeF,g(y)=x}

and I, |, representing the image sets under f,g respectively.

Proof

Let Eand Fbe two non-empty sets, and let f and gbe two non-surjective injective
maps from Eto F, and from Fto Erespectively. Since f and g are non-surjective,
then the following sets:

A={yeF|VxeE, f(x)=y} and B={xeE|vyeF,g(y)=x} are
non-empty.

Also, obviously E=BUI, suchas B(l, = as follows from the definition
of I,.

For any such map f from E'to F:

I, =f(E)=f(BUI,)= f(B)Uf(Ig)z f(B)Ul,.,
So F=AUTf(B)Ul,.,

Since f is an injective map then:
f(BNI,)=f(B)Nl.,=f(2)=0

Therefore, (A, f (B), | fog ) forms a partition of F.

In analogy to the map g from Fto £ (B, g (A), gt ) forms a partition of E.

Note 1

This process could be applied repeatedly, and for each iteration, finer parti-
tions of the sets £ and F respectively will be obtained, e.g. after 2™ iteration we
have:
o E=BUg(A)U(gof)(B)Uly .,
o F=AUT(B)U(fog)(A)Ul .

In case that f and gare (two) (2) different non-surjective injective maps from
an infinite set E'to itself, we can compose either by f or by g, or by both indefinitely.

Thus several partition classes of E can obtained, for example after a second (2")

iteraélinAf Ut (AU (A)UI,

* E=AUY(A)UG(A)UI,

o E=AUF(A)U(feg)(A Ul
o E=AUg(A)U(ge f)(A Ul
o E=AUT(A)U(feg)(A)UI,
. E:AgUg(Af)U(gof)(Af)UIgcfz
where,

A ={yeF|vxeE, f(x)=y} and A ={xeE|VyeF,g(y)=Xx]
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Example 1
If E=F =N Je the set of natural numbers, f and g are two maps from N
to itself (Ze. f and gare non-surjective injective) and defined by: X
e VneN,f(n)=2n
e VneN,g(n)=2n+1
Knowing that A; =2N+1 and A, =2N then:
() =4
g(A)=4N+3
(fog)(A)=8N+6
(9-1)(Ay) 8141
(fogof)(N)=8N+2
(gofog)(N)=8N+5
Therefore, we can partition the set N to the second (2) order by f and g

such as:
N=(2N+1)U(4N)U(8N+6)U(8N+2)
N =(2N)U(4N+3)U(8N+1)U(8N +5)

2.1. Remarkable Partition

Proposition 2
Let E be an infinite set, N be the set of natural numbers, and f be a non-

surjective injective map from E'to itself, such that:
A ={yeE|vxeE, f(x)=y]

Then,

Il
>

i=0

VneN,E{ f' (A )}Ulfnﬂ
where, fi(Af): fofouof (Af)
N S
i times

Proof

By induction:

For n=0, we have, by definition E =A; Ul,;,and for n=1 the proposition
1 states that, if E=F and f =g then, E=A Uf (Af )U I Suppose that the
said property is true for n. Then, by composing by f, we get:

I, = f(E)={U F (A )}UHM {igf‘(Af )}Ulfm

i=0

Then,

i=1

E=A, U{Injlfi (A )}U o =|:i01fi (A )}U o
Therefore,

fr(A )}uw
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Note 2

For all non-surjective injective maps f from an infinite set £'to itself,
i=n
vneN,A . :UO f'(A)
i

Definition 1
Let f be a map from no-empty set £'to itself,
e xeE isafixed point of fif, f(x)=x.
e ACE isafixed point setof fif, f(A)=A.

Proposition 3

For all non-surjective injective maps ffrom an infinite set E'to itself, VheN,
f" (Af ) contains no fixed points of f.

Proof

By induction:

For n=0,let xe A, and by definition VyeE, f(y)= X, particularly for
y=x so f(x)#x then A; contains no fixed points of £ Suppose that the
aforementioned property is true for n, let xe f”*l(Af): f(f” (Af )), then
Jyef" (Af ) such that x= f(y),wehave f(y)=y (byinductive hypothesis),
since f is injective then f (f (y)) # f(y) so f(x)=x,then Vxe fr”l(Af ),
f (x)# x . Therefore, VneN, f" (Af ) contains no fixed points of f.

Note 3

Let £ be an infinite set, and f be a non-surjective injective map from F to it-

self, we define the following:
Fix, ={xeE| f(x)=x} and St,(E)={AcE|f(A)=A]

e VneN,Fix, Nf"(A) =0

e Vne N, Fix, Fix,

e VneN’, Fix, < Fix ,,

e YpeN,vneN', f°(Fix, )= Fix,

e For all f non-surjective injective maps from an infinite set E'to itself,

Fix, € St; (E)
Proposition 4
For all f non-surjective injective maps from £to itself,
VAeSt, (E),vneN, f"(A )NA=0

Proof

Let Ae St, (E), by induction, For n=0, we have, by definition A; N1, =&
then A; NA=A N f(A)=DKSuppose that the said property is true for neN,
let xe f"*l(Af)ﬂA, then, Jye f"(Af ),X= f(y) and 3y, e Ax="f(y,).
Since f is injective so y=Y, € f" (Af )ﬂ A, which contradicts the inductive hy-

pothesis. Then,
(A )NA=3.
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Therefore, VAeSt, (E),vneN, f" (Af )ﬂAz@

Lemma 1 (Generalization)

VpeN',vAest , (E),vneN, f"(A )NA=Q

Proof

By complete (strong) induction,

Let peN',and AeSt, (E):{Ac E|f°(A)= A}:For n=0, we have, by
definition A; NI, =& ,since 3peN’,I , c |, then:
ANA=ANT"(A)=0

Suppose that the said property is true for all ie{L--,n},let xe " (Af )ﬂ A,
then, Jye A;,x=f"(y) and 3y, €A x=fP(y,). Since f is injective then,
o f"P%(y)=y,,if n+1> p, which contradicts the inductive hypothesis, be-

cause i=n—-p+le{l--,n}
o y=fP"(y,),if p>n+1,which contradicts A N1
e Yy=Y,,if n+l1=p, which contradicts A, NA=¢
Then,

=

§pn-l

(A )NA=2,

Therefore,
VpeN',VAeSt , (E),vneN, f"(A )NA=0

ED
For all ne N, and for all f non-surjective injective maps from an inﬁnig set
E'to itself, we define the following:
e S, (E)={AcE|Tpe{l-n+1},fP(A)=A}
e S.(E)={AcE|3peN, f’(A)=A]
. s, Z{XE AlAesS, (E)}

e S.={xeAlAes,. (E)|

Theorem 1

Let £be an infinite set, and f be a non-surjective injective map from F to it-

self, then:
E {U (A )}Usfw
neN
Proof
Note that for n=0, S, (E)=St; (E), The sequence of subsets of £, (an )
neN
is increasing by inclusion, so it is convergent, the limit is: UnEN Sa=S5.

We have already established that,

Il
=1

‘v’neN,E:|:

(A )}Ulfm

Otherly, according to the Lemma 1, VneN,E = [U:g f! (Af )Jﬂ S, =9

0

—

Let’s define the following, VneN, | oa =laa \S, the sequence of subsets
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of ( I na ) is decreasing by inclusion then, it is convergent [1], the limit is:
neN

ﬂ I fn+1 = @
neN
Because, let x e[ .| (na » then:

Xeﬂ Ian\an & VneNxel

neN

\an < VneNxel ., and Xeg

f n+l

o vneNxel ,andVneN,xeS , < xe(]l,,andxe (1S,
neN neN

S Xe ﬂ | and x e Uan o Xe n o and xeSfQo
neN neN neN

@Xe{ﬂ Ifm}\sfw

neN

On the other hand, the sequence of subsets of Z, (Ifm) is strictly de-
neN

creasing by inclusion, then it is convergent and the limitis H = ﬂ I v >and

neN
since f is injective, so f(H)z H then f is bijective from H to itself, and

H eStf(E)chm(E).

=

VneN,E{ fi(Af)}Uﬁ;Uan

o

Therefore,

E:{U f”(Af)}Uwa

neN

N.B.If S . =9, then we get:

E=U fn(Af)

neN
QED
Example 2
R is the set of real numbers, and P (]R) is the set of subsets of R.
Let f be amap from R to itself, defined by:

f(x)— x+1 if x>0
Cx if x<0

Therefore, f is injective non-surjective from R to itself, because f is injective
and A, =[01].
where,
. x+n, if x>0
vneN, f"(x)= )
X, if x<0
We have, f (Af ): [f (0), f (1)[ = [1, 2[ c R, since f is increasing There-

fore,

vneN, (A )=[nn+1]

e WVneNS, =S, =R
¢ WneNS,(E)=S,.(E)=P(R")
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According to the theorem 1, we can write:
R=R" U{U [n,n+1[}
neN

Example 3

Remark

If A is an affine map from R to R, so that h(x)=ax+b/a,beR and
a =0, then:

VneN*,VXeR,h”(x):a”x+b(1+a+--~+a”‘l)

If a#1, then:

_ n
VneN*,VXeR,h”(x)za“x+b[ll a J
-a

Let f be a map defined from E =[0,4] to itself by:

—x+1, if xe[0,1]

vxe[0,4], f (x) = x+1, if xe],2]

%x+2, if xe[2,4]

f is non-surjective injective map from E'to itself, so that:
A = ]1’ 2]
Fix, ={4}
The set A=[0,1] < E, fulfills the condition f(A)=A
We have A =]12], f (Af ): f(lL2])=]2.3]c[2.4], f (12.3]) = }3%} ,

Sf ={4ufo]

The restriction of f to [2, 4] is an affine function such as a = %, and b=2,

then:

vneN', f”(x):zinx+2(l+%+-~-+2nllj

We have: f”(2)=4—2n—{l,and f”(3)=4—2in,

According to Theorem 1:

1 1

[0,4]:{]1,2]Un€N}4—F,4—2—n}}U{4}U[O,l]

Example 4
Let f be a map defined from E =[0,3] to itself by:

x+2, if xe[0,1]
wxe[0.3], f (x) = %x+1, if xe L2

x-2, if xe[2,3]
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f is non-surjective injective from E'to itself, so that:

~H

Fix, =&
Theset A= [0,1] c E, fulfills the condition f(A)=A,and f 2 (A) =A
The set B =[2,3]c E, fulfills the condition f(B)=B,and f?(B)=B
s.. =[0.1]U[2.3]
We have,

vxell2[,vneN’, f"(x)zzinx+2[1—2inj

lim__ £"(x)=2-= and f”(§j=2 1
X—>. 2

n - 2n+l
Therefore, according to Theorem 1:

1

[0,3] = {U%N}z—zin, 2- ot }}U[O,l] U[2.3]

Corollary 1
Let f,g be non-surjective injective maps from an infinite set £ to itself such
as S _ =S _ ,then:
f g

E=JB,

neN

where, VneN,B = f" (Af )U g" (Ag)
Therefore, (B,)
Definition 2

e Let Ebe an infinite set, we write: Injns(E) as being the set of non-surjective

.o forms a partition of E.

injective maps from E'to itself.

e Injns(E, F) as the set of non-surjective injective maps from a set £to a set
F, that being said, £ and Fare supposed to be non-empty and |E| < |F| (|E|
is the cardinal of E).

Properties

1) (Injns(E),o) is a semigroup, because the composite of 2 (two) injective
maps f and gis injectiveand I, < 1,,s0 Vf,gelnjns(E), feogelnjns(E).

2) vi,gelnins(E), AL =AUT(A), (Af (A fog) is, indeed, a
partition of Eand E = A, Ul ,because foge Injns(E).

3) There is no idempotent element for the law of composition in Injns(E)
and if such an element exists, then f2=f and since f is injective, then f =1,
which is contradictory, because, f e Injns(E).

4)Let f elInjns(E), and assuming that f is a map from E to itself such as:

i X, if xe A
(x)= f(x), if xel,
5) We have, Vf e InjnS(E), fe Injns(E) knowing that |, =AU |, and

A =T(A) ]
6)Let f e Injns(E), wehave, f(A;)=T(f(A;))=1?(A),and
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I,

e = ()= F(A UL )= F(A)UT(1.)=AUT,

Then,

E=Af.uf(Af)U|f.2:Afuf(Af)Ufz(Af)wfa
Therefore, f allow us to reduce order of iteration.
7) Vi elnjns(E),
o A =AUF(A)=AUTf(A)=A, then I; =1,
c=AUT(A 2=AfU 2(A, ) then, Im-_f( AU,
:f( Ac)=f2(A;), then 1. =A UT(A)UI,
8)Let f eInjns(E,F) and g e Injns(F,E), so
f

ogelnjns(F) and go f elnjns(E)

2.2. Equivalence Relations

Example 5
Let f,g e Injns(E), we define the binary relation Ron Injns(E), by:
Rg= A=A <1 =1,

Ris, indeed, an equivalence relation, because:
o Ris reflexive, fRf,Vf e Injns(E)
» Ris symmetric, fRg < A, = A, < gRf,vf,g e Injns(E)
* Ris transitive, Vf,g and helnjns(E), fRg and gRh< A, =A; and
A=A <A =A < fRh
Example 6
Let f,g e Injns(E), we define the binary relation Ron Injns(E), by:

vf,gelnjns(E): fRg & vneN', 1, = o

Ris, indeed, an equivalence relation, because:
* Risreflexive, fRf,Vf e Injns(E)
* Rissymmetric, fRgVneN' 1, =1, < gRf,vf, gelnjns(E)
e Ristransitive, f,g and helnjns(E), fRg and

gRh < Vne N, | fn—Ign and
VneN,1, =1, < VneN I =1 < fRh
Example 7

vf,gelnjns(E), fRg < f (A )=g(A)
Example 8
vf.gelnjns(E), fRg =S, =S, <:>Uf( ):Ug”(Ag)

neN neN

Uf" (Af ) : as being the f-semicoverage of a set £.

neN

3. PartIl

Let Ebe an infinite set, f e Injns(E), and f_:{gelnjnS(E)Hgﬁlf ;t@}

DOI: 10.4236/0jdm.2020.103008 82 Open Journal of Discrete Mathematics


https://doi.org/10.4236/ojdm.2020.103008

C. Harrafa

We get the following:
e Vf elnjns(E),vn eN', flef
e vf,geljns(E):l,cly=fcg

Let hef ie I, N1, =D let xel, Nl,,s0 Xel, and xel, ly, so
Xel, and xe Ig,so Xe Ihﬂlg SO Ihﬂlg #,then heJ therefore
fc g

Theorem 2

Let E be an infinite set, then there exists a non-surjective injective map w
from F to itself, so that for any such non-surjective injective map ¢ from £ 'to
itself, we have:

I, NI, =2

Proof
By contradiction, let’s suppose that for all  non-surjective injective maps
from E'to itself, there exists amap ¢,  Injns(E) suchas I, NI 4, =9 sothat
| 4 S A, . Additionally Eis an infinite set, so £'is equipotential [2] to
E\{a},Vae E. Considering this bijection f as a map from F to itself, then
f e Injns(E), and A; ={a}, according to all of the above, there exists a map
f, e Injns(E) suchas I c Af = {a} , which contradicts the fact that f, in-
jective.
QED
Note 4
e 3y elnjns(E), so that: Ve Injns(E), y/‘l(lw) 0]
e If y applies to the former theorem then: = Injns(E).
Proposition 5
vf enjns(E), 3gelnjns(E)\{f},sothat A/ NA =D
Proof
By contradiction, assuming that exists a map f e Injns(E), so that
vgelnjns(E)\{f}, A /NA =D, then vgelnjns(E)\{f}, I, Ul, =E.
Let g=f?,s0 1, Ul,=1; CE because f e lInjns(E) which is contradic-
tory.
Proposition 6
vf e Injns(E), 3g e njns(E)\{f},suchas A NI, =
Proof
By contradiction, assuming that exists a map f e Injns(E), so that,

vgelnjns(E)\{f}, A NI, =@ then vgeInjns(E)\{f},1,UA =E. On
the other hand, if g=f,I, UA, = E, additionally A, = f (Af )C i so
I, UA, =1, =E which is contradictory.

Note 5

We can define another composition law 7'for Injns(E) so that,
g(x), if xe f’l(lg)
f(x), if xe f(A)

o fTf = f,vf elnjns(E) then every element is idempotent under the law 7.

vf,g e lnjns(E),(fTg)(x)=
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vf,gelnjns(E),if I, NI, =, then fTg=f.
vf,gelnjns(E),if 1, <l ,then fTg=g.
vf e Injns(E), fTf=f and fTf=".
Generally, Vf,gelnjns(E), fTg=gTf.

4. Part 111
4.1. Study of the Quotient Set

Let Ebe an infinite set, and f,g e Injns(E). We define the binary relation R on
Injns(E), by:

fRg < A; and A, have the same cardinal

The binary relation R is reflexive, symmetric and transitive, so R is an equiva-

lence relation on Injns(E).

We define Cl(f):{geInjns(E)||Ag|:|Af |} the equivalence class of a

map f.

Note 6

Let f elnjns(E),as A; = f(Af) so A; and A; have the same cardinal,

because f is injective then fecl ( f ) , therefore,

vf e Injns(E), f eCI(f)
Let f,geInjns(E), assuming that the cardinals of A; and A, are finite,
and thus, Afog|:‘Af Uf (Ag)‘ :|Af |+|Ag|—‘Af Nf (Ag) , and since
ANT (Ag):® , then: |Afﬂg|:‘Af Uf (Ag)‘ :|Af |+|Ag .Since the compo-
sition of two (2) maps f and gon Injns(E) yields a disjoint union, Ze.
A=A UT (Ag), with A, N f (Ag):g,then we can extend the sum of

the cardinals even for infinite sets, such as:

Aol =AU (A )] =[]+ |A | =supfla] |A )
Forallmaps f,g,h and telInjns(E) sothat fRg and hRt ie.
|Af|=|Ag| and |A1|:|A|.Since:

[Acn| =sup A | [Ay[} =sup{[A] |A]} = || therefore,
fogRhot

The map’s composition law is compatible under the equivalence relation R,
then we can provide the quotient set (Injns(E) / R, *) with a structure of a
semigroup.

vCI(f) and ClI(g)e Injns(E)/R: CI(f)=Cl(g)=CI(fog)

4.2, Partial Order

Let CI(f),CI(g)e Injns(E)/R, define a binary relation on Injns(E)/R by:

CI(f)<Cl(g)=|A|<|A]

VCI(f)eInjns(E)/R,CI(f)<CI(f)

So < isreflexive.
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VCI(f),Cl(g)eInjns(E)\R, CI(f)<ClI(g) and CI(g)<CI(f) =S
A <|A| and |A]<|A] = |A|=|A] so cI(f)=CI(g)

So < isasymmetric.

VCI( )Cl(g) and Cl(h)eInjns(E)/R: CI(f)<ClI(g) and
Cl(g)<cCl(h) < |A]<|A] and [A|<[A] = [A]<[A] =
CI(f )<C'(

is transitive.

So
Therefore, the relation < is a partial order on Injns(E)/R.
Note 7
Since VCI(f),Cl(g)e Injns(E)/R, f)<Cl(g) or Cl(g)<CI(f)
then < isa tota]parﬂa]order on InjnS(E /R .
The partial order on the semigroup (Injns(E)/R,*) is, indeed, compatible

[3] with the equivalence class’s composition law of composition *, then:

VCI(f),CI(g) and ClI(h)e Injns(E)/R,

If CI(f)<ClI(g) then
CI(f)=Cl(h)=CI(foh)<Cl(goh)=CI(g)*Cl(h) and
Cl(h)=CI(f)=Cl(ho f)<Cl(hog)=ClI(h)=Cl(9g)

e Injns(E) / R is well-ordered, because any non-empty subset has a smallest
element.

e Injns(E) / R is a /attice, because it is ordered and every pair of elements has
both upperbound and Jowerbound [4].

e Injns(E)/R provided with the order relation has a minimal element CI(f),
so that |Af | =1, and also maximal element Cl(g), so that A  has the same
cardinality as E.

e If Eis an infinite countable set, the map ¢ defined by:

@ Injns(E) > N U{N0} = M, Vf ¢ Injns(E),go(f):|Af

>

where, N0 represents the cardinal of N.
Considering the convention: YneN", n+N0=X0, ¢ is a morphism of
semigroups of (Injns(E),o) on (M,+).

vf,g e lnjns(E),o(f Q) _|Afg|—|A| |Ag| ?(9)

Complement
Let f,gelInjns(E) so that |Af | <|Ag
A, are considered finite, I, and I are equipotential because, the map y
defined from 1, to I, by:
vxel,, (//(X)z(g ° f’l)(x) is bijective, where ' is defined from I, to
E and forall xel,,we associated its inputs by f, we have:
o Wxyel, w(X)=y(y) = (go f’l)(x):(go f’l)(y) =
g(f‘l(x))z g(f‘l(y)) = f*(x)=f"(y)=x=y (because both gand
f ' are injectives). Therefore y is injective.
e On the other hand z//(lf)z(go f’l)(lf)z g(f’l(lf))z g(E)=1, so v

is surjective.

, with the assumption that A, and
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Let pe InjnS(Af A ) so that the map @ is defined by:

6(x) = {(p(x), if xe A

- w(x), if xel,

Belongto Injns(E) and A, =A, .
Note 8

e If g=1% so ¥xel,,w(x)="f(x) soif p= f/A; then we have, 6=,
andif p=1,/A; so 0=f

* We considered, previously, that, A; and A are finite. That said, we can build
the ¢ mapevenincasethat A, and A, areinfinite and that |Af | = |Ag | .

5.PartIV

E Permutations Group Action

Let o(E) be the permutations group of £ f e Injns(E) and o eo(E),

f oo e Injns(E), because, since f and o are injective then f oo is injective
and Voeo(E), (feo)(E)= f(G(E)): f(E)=1, CE then foo is
non-surjective.
where Voeo(E),l;, =1, then A  =A.

We have,

e Wo,,0,e0(E) and felnjns(E): (fooy)eo,="fc(0,00,)

o Vfelnjns(E), foly ="

Let §:0(E)xInjns(E)— Injns(E)

sothat Vo eo(E), Vfelnjns(E), 6(c,f)=foo
Therefore, the E permutations group operates on the rightmost on Injns(E).
Note 9
The relation Rdefined on Injns(E) by: fRg < 3o eo(E) suchas
g = f oo isan equivalence relation, that is called Intransitivity relation [5].
Proposition 7
Letbe, gelnjns(E): Joeo(E) sothat g=foo 1, =1,.
Proof
= ) Ifthere exists cec(E) sothat g=foo=1,=1,,=1,.
<) If I, =1,,thenthemap o:E — E, so that X o (X)= f‘l(g(X)) is
bijective, because:
e o(E)= f'l(g(E)) =E so o issurjective.
© WyeE: o(x)=o(y) = f(9(x)=1"(a(y) = g(x)=9(y)
= X=Y so O isinjective.
o VxeE, foo(x)=f(o(x))=9(x)
Note 10
The equivalence class (Intransitivity relation) of the element f is called the
orbit of f, Cl(f):{f oalaea(E)}:{g e Injns(E)]| l, = If}.
The stabilizer of f is: Af = {0' eo(E)|feo= f} ={l}, ie the morphism

associated with the said action is injective.
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6. PartV

Let f,gelnjns(E).
Definition 3

f and gare said to be Co-injectives, if,

I, N, =@ and Vx,yeE, f(x)=g(y)=x=y

Let f={ge Injns(E)]g is Co-injective with f |

Wehave f =@ because Vf elnjns(E), I, NI, #& and VX, yeE,
f(x)=f(y)=x=y so fis Co-injective with itself.

Therefore Vf e Injns(E), fe f ,then, Vf e Injns(E): fzg

Proposition 8

Let helnjns(E), Vf,geInjns(E):

f,g are Co-injectives = hof and hog are Co-injectives.

Proof:

Let helnjns(E), and f,gelInjns(E) such as f and g are Co-injective.
I, N1, =@, additionally h(1; N1;)=1,; Nl., =@ (kisinjective).

Let X,yeE, hof(x)=hog(y)= f(x)=9g(y)=x=y (because A is in-
jectiveand f,g are Co-injectives).

Therefore hof and hog are Co-injectives.

Note 11

Forall f,gelnjns(E),sothat f,g are Co-injectives, so: X

f? and fog are Co-injectives

vzel;Nl,, 3xeE,sothat, z=f(x)=g(x)

(1) =97 (1)

If, I,=1,,then f=g K

Let helnjns(E), if f(I,)Ng(l,)#D, then foh and geh are Co-

injectives.

Proposition 9

vf,gelnjns(E),if 1, C I > then f,g arenot Co-injective.

Proof

vf,g eInjns(E), suppose that 1, C 1, then we have I, =1, U(Ig \ If). If
f,g are Co-injectives, then f’l(lg): g’l(lf): E, which is contradictory

because:
E=g*(1,)Ug™(I,\1;),and g™ (I,\1;)=D,s0 g7 (I)CE.

Proposition 10

Let f,gelnjns(E), so that f and g are Co-injectives, Vhe Injns(E), if g
and 4 are Co-injectivesand 1, N1, =1, N1, then f and A are Co-injectives.

Proof

I, N1, #D,let x,yeE,sothat f(x)=h(y).Wehave
f(x)=h(y)el, Nl =1, NI, , then f(x)=g(x)=h(y) (because f,g
are Co-injectives), and since g and A are Co-injectives then Xx=Yy . So
Vx,yeE, f(x)=h(y)= x=y.Therefore f,h are Co-injectives.
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