Open Journal of Discrete Mathematics, 2015, 5, 74-87 0020 Scientific
Published Online October 2015 in SciRes. http://www.scirp.org/journal/ojdm ‘Q:Q. gﬁiﬁg;ﬁng
http://dx.doi.org/10.4236/0jdm.2015.54007 ¢

Edge-Vertex Dominating Sets and
Edge-Vertex Domination Polynomials
of Cycles

A. Vijayan}, J. Sherin Beula2

1Department of Mathematics, Nesamony Memorial Christian College, Marthandam, India
2Department of Mathematics, Mar Ephraem College of Engineering & Technology, Marthandam, India
Email: dravijayan@gmail.com, sherinbeula@gmail.com

Received 27 March 2015; accepted 27 September 2015; published 30 September 2015

Copyright © 2015 by authors and Scientific Research Publishing Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY).
http://creativecommons.org/licenses/by/4.0/

Abstract

Let G = (V, E) be a simple graph. A set S ¢ E(G) is an edge-vertex dominating set of G (or simply an
ev-dominating set), if for all vertices v € V(G); there exists an edge e€S such that e dominates v. Let
D (Cn N} ) denote the family of all ev-dominating sets of C, with cardinality i. Let

ev

d,(C,i)= |Dev (Cn,i)| . In this paper, we obtain a recursive formula for d, (C,,i). Using this re-

n

cursive formula, we construct the polynomial, D, (C,,x)=>" [ }dﬂ (C,,i)x", which we call edge-
P

vertex domination polynomial of C, (or simply an ev-domination polynomial of C,) and obtain
some properties of this polynomial.
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1. Introduction

Let G = (V, E) be a simple graph of order |V] = n. A set S < V(G) is a dominating set of G, if every vertex V' \S
is adjacent to at least one vertex in S. For any vertex v € V, the open neighbourhood of v is the set
N(v)={ueV/uve E} and the closed neighbourhood of vis the set N[v]=N(v)U{v}.ForasetSc V, the
open neighbourhood of S'is N (S)=U,_¢N(v) and the closed neighbourhood of Sis N[S]=N(S)US. The
domination number of a graph G is defined as the minimum size of a dominating set in G and it is denoted as
7(G) . A cycle is defined as a closed path, and is denoted by C, .
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Definition 1.1

For a graph G = (V, E), an edge e =uv e E(G), ev-dominates a vertex weV (G) if

1) u=wor v=w (wis incident to e) or

2) uw or vw is an edge in G (w is adjacent to u or v).

Definition 1.2 [ 1]

Aset ScE (G) is an edge-vertex dominating set of G (or simply an ev-dominating set), if for all vertices
ve V(G) ; there exists an edge e€ S such that e dominates v. The ev-domination number of a graph G is de-
fined as the minimum size of an ev-dominating set of edges in G and it is denoted as y,, (G) .

Definition 1.3

Let D, (C i ) be the family of ev-dominating sets of a graph C, with cardinality i and let

dev (Cn’i): "dev<c

i)x' the ev-domination poly-

no

D (Cn,i)|. We call the polynomial D, (C,,x)= ZLP

ev
4

nomial of the graph C, .

In the next section, we construct the families of the ev-dominating sets of cycles by recursive method. As
usual we use LxJ for the largest integer less than or equal to x and fx—| for the smallest integer greater than
or equal to x. Also, we denote the set {e,e,,--,e,} by [e,] and the set {1,2,---,n} by [n], throughout this pa-
per.

2. Edge-Vertex Dominating Sets of Cycles

Let D, (C,,i) be the family of ev-dominating sets of C, with cardinality i. We investigate the ev-domina-

ting sets of C, . We need the following lemma to prove our main results in this section.
Lemma 2.1: [2] 7,, (Cn) = {%—l .
By Lemma 2.1 and the definition of ev-domination number, one has the following Lemma:
Lemma2.2: D, (C,,i)=® ifandonlyif i>n or i{ﬂ.

Lemma 2.3: If a graph G contains a simple path of length 4k — 1, then every ev-dominating set of G must
contain at least & vertices of the path.

Proof: The path has 4k vertices. As every edge dominates at most 4 vertices, the 4k vertices are covered by at
least k edges.

Lemma 24.1f YeD, (C,,
YeD, (C,,,i-1).

Proof: Suppose that Y ¢ D, (C,_,,i—1). Since Y €D, (C,_s,i—1), Y contains at least one edge labelled
€p-5, €6 OI €-7.

If e, €Y then YeD, (C,,,i—1),acontradiction. Hence e, , or e, , €Y ,but then in this case
YU{x } N (Cn,i ) for any x € [e,], also a contradiction.

i—1), and there exists x € [e,] such that Y U{x} e D, (C,,i) then

Lemma 2.5. [3]

HIf D, (C,,.i —1):Dev(Cn ;i=1)=® then D, (C, z,i—l):Dev(C“,i—l):(D.

2)If D, (C,,i-1)#®,and D, (C, ,,i-1)#® then D, (C,,,i-1)#® and D, (C,;,i-1)=®.

3) If D,(C,,i-1)=®, D, (C,,,i-1)=® , D, (C,,,i-1)=® , and D, (C, ,,i-1)=® , then
Dev(Cn,z)=CD.

4
Proof: 1) Since D, (C,,i-1)=D, (C,,,i-1)=®, by Lemma 2.2, i-1>n-1 or i—1<{nT—‘.In ei-

ther case, we have D,,(C, ,,i-1)=® and D, (C,;,i-1)=®.

n2’

2) Since D, (C,,i-1)#® and D, (C, ,,i—1)#®, by Lemma 2.2, we have PT—‘Si—ISn—I and

{n_4—lﬁi—lﬁn—4.Hence {¥—‘<l—l<n 2 and { 43—‘<1—1<n 3 . Therefore,

@
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D, (C,,,i-1)#® and D, (C,,,i-1)#®.

-4 -4
3) By hypothesis, i—1>n—-1 or i—-1< [”T—‘ . Therefore, i>n or i< PT—lJrl . Therefore, i >n or

i< {%—‘ . Therefore, D, (C,,i)=®.

Lemma 2.6. [ 1If D(,V(C”,i)i(l),then

) p,(C,,i-1)=D,,(C,,,i-1)=D,,(C,;,i-1)=® and D, (C, ,,i—1)#® ifand only if n = 4k and
z—kforsomekeN

2) D,(C,_,,i-1)=D, (C,,,i-1)=D, (C,

1, (C,yi=1)=@ and D, (C, i 1);&(1) if and only if i = n.
3) D,(C

i-1)=®, D, (C,_,,i-1)2®, D, (C,;,i-1)=®, D, (C,,,i—1)=®, if and only if n =

4k+2and i= {%1 for some k € N.

n—1°

4) D, (C,,i-1)#®, D, (C,,,i-1)#®, D, (C,;,i-1)#® and D, (C, ,,i—1)=® ifand only if i

=n-2.

5) D, (C,,.i-1)#®, D, (C,,,i-1)#®, D, (C,;,i-1)=® and D, (C, ,,i—1)#® ifand only if i
=n-1.

6) D, (C,.i-1)£®, D, (C,,.i-1)#®, D, (C, .i-1)#® and D, (C, ,.i-1)%d if and only if

[n_l—|+1<z<n 3.
4

Proof: 1) (=) Since D, (C, ,i-1)=D,,(C,,,i-1)=D,,(C,5,i-1)=®, by Lemma 2.2, i-1>n-1 or

ev ev

-3
i—l<[nT—‘.If i—1>n-1,then i>n andbyLemma22, D, (C,,i)=®,a contradiction.

So
n-3
i-1<|— 2.1
B @
and since D, (C,_,,i—1)# ®, we have
"4 1<n-4 2.2)
4
From (2.1) and (2.2),
n—4 st-l{”_ﬂ 2.3)
4 4

_4 _
When n is a multiple of 4, L =21 and |2 3 =
4 4 4

I . Therefore, " < i-1< n . Therefore,
4 4 4

z—lzz—l ,weget i=—.Thus, when n =4k, (2.3)holds good and z—4=k.When n#4k,

n
4
[n;(‘ lrn—‘ l’ —l [ —‘ 1. Therefore, {%—‘—lﬁi—l<{%—l—l,whichisnotpossible.

Hence n=4k and i=k

-1 4k -1
(<) If n = 4k and i = k for some k € N, then by Lemma 2.2, PT—l = {T—l =k =i>i-1. Therefore,

i—1<{nT_l—|,whichimplies D, (C,,,i-1)=® . Similarly, D, (C,,,i-1)=® and D, (C,,,i-1)=®.
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-4 4k -4 -4
Now {n4 —‘:[T—‘:k—lzi—l.Therefore, [”4 —‘si—l,whichimplies D, (C, ,i-1)#®.

2) (=) Since D, (C,,,i-1)=D, (C,,,i-1)=D, (C,,,i-1)=® , by Lemma 2.2, i-1>n-2 or

4 4
i_1<{nT—l'If i—1<{nT—| then by Lemma 2.2, D, (C,_,,i—1)=®, a contradiction.
So
i—1>n-2 (2.4)

Since,

-1
D, (C, .i-1)%®, lrnT—lﬁi—ISn—l 2.5)

ev

From (2.4) and (2.5), we have n—12i—1>n—2. Therefore, i—1=n—1. Therefore, i=n
-1
(<) If i=n,then by Lemma 2.2, }VZ-‘ <i<n. Therefore, PT—‘ <i—-1<n-1

Therefore, D,,(C,_,i—1)#®

n-1»

3) (=) Since D, (C,

nl’

-1
-1)=®, by Lemma 22, i-1>n-1 or i_1<"nT-‘. If i-1>n-1, then

i-1>n-2>n-3>n-4,by Lemma22, D, (C,,,i-1)=D, (C,,,i-1)=D, (C,,,i—1)=®, a contradic-

ev €

tion.

-1
Therefore, i—1< [nT_I , which implies,

n-1
i<|Z 41 26
= 6)
. , -2
Since, D, (C,,,i—1)=® {——IS1—1<n—2
Hence,
”_2}199—1 2.7)
4
Similarly,
"3\ i<isn-2 2.8)
4
and
nd | <i<n-3 2.9)
4
From (2.6), (2.7), (2.8) and (2.9),
{” 2—‘+1<1<|7 411+1 (2.10)

4k+2

2 or n=4k+2 and l—k+1—’VT—‘,forsome k € N . Suppose

Therefore, (2.10) hold when & =

-2 -1
n=4k+2, then { 2 —l+l—k+l and l’ 2 —|+l—k+2 Therefore, from (2.10), we have, k+1<i<k+2,

which implies i=k+1. Suppose n#4k+2,ie, n=4k4k+1,4k+3.

@
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Case 1) When n=4k.
4k -1

4k -2
From (2.10), we get { —‘+l:k+l and ( —‘+1=k+l.Therefore, k+1<i<k+1, which is not

possible.

Case 2) When n=4k+1. From (2.10), we get ’7#-‘+1:k+1 and {$W+I:k+l. There-
fore, k+1<i<k+1,which is not possible.

Case 3) When n=4k+3. From (2.10), we get {4]{%3_2—‘+I=k+2 and {$1+1=k+2

Therefore, k+2<i<k+2,which is not possible. Therefore, n=4k+2
4k +2

(<) Ifn=4k+2 and i={ —l for some k € N, and D, ( );&d) then by Lemma 2.2, {2—‘31'3}1,

4k +2 -1
lrg-‘:" 4+ —l:l‘>i—1_Therefore, i—1<|rn4 -‘ Therefore, D, (Cnl, 1)=CD.

Also, lr%z—‘zk.Therefore, {nfzz—‘ﬁi—lgn—2 and PT_{‘SZ'—lﬁn—Z% and [”T4—|Si—1£n—4.

Hence D, (C,,.i-1)#®, D, (C, ,.i-1)£®, D, (C, ,.i-1)%®.
4) (=) Since D, (C, ,,i—1)=® by Lemma 2.2,

n

—4
i-1>n—4 or i—1<[”71 @.11)
Since D,,(C,_;,i—1)#®, by Lemma 2.2,
o
T2 <ic1<n-3 2.12)
4
Similarly, D,,(C,_,,i-1)#® and D, (C,,i—1)#®, by Lemma 2.2
"2l i<n-2 (2.13)
4
and
{”41}1—1«1 1 (2.14)

-4
From (2.11), we get i—1< PT—‘ which is not possible.

Therefore,
i-l>n-4=i>n-3=>iz2n-2 (2.15)
From (2.12),
i-1<n-3=i<n-2 (2.16)
From (2.15) and (2.16), i=n—-2

-4

() If i=n-2, i-1=n-3 then by Lemma 2.2, i-1>n-4 or i—l<{nT—‘. Therefore,
n-1]| . n=2|_.

D, (C,,,i-1)=®. Also e <i-1<n-1, therefore, D, (C, ,i—1)#®; e <i-1<n-2, there-

-3
fore, D, (C, ,,i—1)#®;and [ 1 —‘<i—1£n—3,therefore, D, (C, _,,i-1)=®

5) (=) Since D,,(C, ,,i—1)=® by Lemma?2.2,
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—4

i-1>n-4 or i—1<[”4 1 2.17)
Since D, (C, ;,i—1)=® by Lemma 2.2,

i—1>n-3 or i—1<{’%ﬂ (2.18)

Since D,,(C,,,i-1)#® and D, (C, ,i—1)#®, by Lemma 2.2,
[n_ﬂgi—lgn—Z (2.19)

4
and

{nT_l—iﬁi—ISn—l (2.20)

-1
From (2.19) and (2.20), we have [”T—‘Si—lﬁn—Z. From (2.18), we have i—1>n—-3. Therefore,

i—-1>2n-2.But i—1<n-2.Therefore, i—1=n—-2. Therefore, i=n—1.
(<) If i=n-1, i-1=n-2 then by Lemma 2.2, D, (C,,,i-1)=® and i-1>n-4 therefore,

-1 -2
D, (C,,,i-1)=® and PT—‘SI'—ISn—l, therefore, D, (C, ,i—1)#® and [HT—‘Si—2Sn—2,

therefore, D, (C,_,,i—1)=®.
6) (=) Since D, (C, ,,i-1)£®, D, (C,,.i-1)£®, D, (C, .i-1)=®, and D, (C

n4’

);t(l) by

Lemma 2.2, [”T_l—‘ﬁi—lﬁn—l, ["7_2131'—13;1—2, {”7"3131'—13;1—3, and {”7_4131'—13;1—4.

So [n41—‘<1—1<n 4 and hence PT_l—‘+1Si£n—3.

-1 -1
(©) If{ 2 —I+1<l<n 3, then by Lemma 2.2 we have, [T—‘Si—lﬁn—l, [

23 i ien-3, | "2t <isi<n-a,
4 4

Therefore, D, (C, ,i-1)=®, D, (C,,,i-1)#®, D, (C,,,i-1)=®,and D, (C,_,,i-1)=®.
Theorem 2.7 5]

n
Forevery n>5 and iz[ﬂ,

Hif p,(C,,,i-1)=D,,(C,,,i-1)=D,,(C, ;,i-1)=® and D, (C, ,,i—1)#® then

(¢
Dev(Cn’i) {{el’es7 . 3},{6 5€65° 7756, 2} {e3,e7,--- €, 1} {e4=ex""’en}}'
2) If D ( n— 29 ) Dev( n— 3’ ) ev (Cn 4’ 1) ® and D (

D, (Co1)={le]}-
3)If D, (C,,.i-1)=®,D, (C, ,.i-1)#®,D,, (C, ,.i-1)#® and D, (C, ,.i—1)%® then
D, (C,,i)=Y,UY,UY;, where

ev

1) #® then

nl’

Y :{{el’eS"“’en—S’en—l}’{62’66"“’en—4’en}’{63’87’“.’en—3’en—1}’{64968"“’en—2’en}}

{n2} ife e X,/X,eD, (Cn%,i—l)
Y, =1X,Uq{e,,}, ife,e X,/ X, €D, (C,5,i—1)
{e,}, otherwise
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le,s}. ife eX,/X,eD, (C,_,,i-1)
le,.n}. ife,e X,/ X, €D, (C,,.i—1)
{e’l*|}’ ife3 € X3 /X3 € Dev(cn—49i_1)
{e,}. otherwise

MIf D, (C, 4i-1)=®, D, (C,,.i-1)#®,and D, (C, .i-1)#® then

D, (Cﬂ,i) = {[en]—{x}/x € [en]}

5If D, (C,,,i-1)=®,D,,(C,,,i-1)#®,D, (C,;,i-1)=®and D, (C,_,,i—1)#® then

D, (C,i)={{x,U{e,}/ X, €D, (C, ,i-1)}U{X,U{e, .}/ X, €D, (C,,,i~1)}
U{X,Ule,,}/ X, €D, (C,,i-1)JU{X, Ufe,,} / X, €D, (Cn_4,i—1)}}

Proof:
1) Since, D, (C,,i-1)=D,,(C,,,i-1)=D,,(C,,i-1)=® and D, (C, ,,i—1)#®, by Lemma 2.6 (i)

n=4k, and i=k for some ke N. The sets {el,eS,-'-,eH},{ez,eé,---,en_2},{e3,e7,---,eﬂ_1},{64,68,---,en}

have " elements and each one covers all vertices. Also, no other sets of cardinality " covers all vertices.
Therefore, the collection of ev-dominating sets of cardinality 2 1s

{{elses"'"en—z}’{ezaeea""en—z}’{93"37v'"ven—l}’{euex""’en}}
Hence, Dev(Cn,i):{{e,,es,---,en%},{ez,eé,---,enfz},{e3,e7,---,eH},{64,68,---,en}}.
2) We have D, (C,,,i-1)=D, (C,,,i-1)=D,,(C,_,,i-1)=® and D, (C,,i—1)#®.By Lemma 2.6
(2), we have i=n. So, D, (C,, ):{[en]}.
3)Wehave D, (C,,i-1)=®,D, (C,,,i-1)#®,D, (C,;,i-1)#® and D, (C,,,i-1)=®,by
4k +2

Lemma 2.6 (3), n=4k+2 and i=[ —‘=k+l,f0rsome keN.

Let Y :{{elﬂeS’n'ﬂe4k—3’e4k+l}9{62’669'”’e4k—29e4k+2}’{e3ﬂe7’”"e4k—l’e4k+l}’{e4388""’e4k’e4k+2}}

eyt ife e X,/ X, €D, (Cyy,k)
Y, =1X,Ui{eyn ), ife, € X,/ X, €D, (Cypy k)

€412 | » Otherwise

eyt ife, e X;/ X, €D, (Cyy.k)

Y,=<Xx,U
} P ey ), ife, € X,/ Xy €D, (Cyyssk)

{e,
{
{
{e4k 1} ife e X,/ X, EDQV(C4k_2,k)
{e,
{
{

€4,z |- Otherwise

We shall prove that D,, (C,,,,.k+1)=Y,UY,UY, . Itis clear that ¥, ¢ D,,(C,,,.k+1),
Y, D, (Cysr.k+1),and Y, € D, (C,,,,,k+1). Therefore, ¥, UY,UY, c D, (C,,,,.k+1).
Conversely, Let Y e D, (C,,.,,k+1). Suppose, Yis of the form {e, e, €5 _5,€41} »

{ez’eé""’e4k—2’e4k+2}a{63’67a'"’e4k—1ae4k+1}’{e4a68""’e4k’e4k+2} then Yel ED@V(C4kak)~ Now suppose,
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{e4k}, ife eX,/X, e DeV(CMH,k)
YeY, and Y is of the form {X,U<{e,.,}.ife,eX,/X,eD, (C,_.k); then YeY,cD, (C,_.k).
{€4,2} - otherwise

Now suppose, Y¢Y,, Y¢Y, and Y eD, (C,,,,,k+1). Wesplit D, (C,,_,.k) as four parts. If

X;e€D, (Cyy.k) with ¢ eX; then X,U{e, }eY, and X;U{e, ,}¢Y, and ¢V .If

X;eD, (Cyy.k) with e, e X, then X;U{e,}eY, and X,U{e,}eY, and ¢V If

Xy €D, (Cyy.k) with e;eX; then X,U{e,, }eY and X,U{e,, }eY, and ¢ If

X;eD, (Cyy.k) with e, €X, then X;U{e,,,}€Y, and X;U{e,.,}¢Y, and ¢Y,.In this case Yis of

ey}, ife € X/ X, eDe‘,(CA‘kfz,k)

{
{e } ife, e X,/ X, eDeV(CMH,k)
{
{

the form X, U then Y eV, €D, (C,,_,.k). Therefore,

e4/<+1} ife; e X; /X, eDeV(C4/(72’k)
€442 Otherwise
D, (Cyra.k+1) = Y, UY, UY,. Thus, we have proved that
Dev(cn’i):YluY2UuY3
where Y] :{{eI’eS’.”’en—S’en—l}’{62766’”"en—4’en}’{63767"“’en—3’en—1}7{64’68’”.’en—2’en}}
le,n}. ifqeX,/X,eD, (C,5,i-1)
=4X,U {en 1}, ife,e X,/ X,eD, (C,_;,i-1)

{e,}, otherwise

en_3}, ife eX,/X,eD,, (Cn_4,i—1)
e, .}, ife,e X,/ X;eD, (C,_,,i-1)
enfl}’ ifeB EXS /X3 eDev (C ,4,1'—1) .

{
Y, =X,U {
{ )
{e,}, otherwise
4HIf D, (C,,i-1)=®,D, (C,,,i-1)#®, and D,,(C,_,,i—1)# D, by Lemma 3.6 (iv) i=n-1.
Therefore D,,(C,,i)= {[en]—{x} /xe [e,,]} .
5) D, ( sl 1)¢CD,D (Cniz,i—l);t(D,Dev(Cn%,i—l);t(DandDev(Cn%,i—l);t(D.
{{x,U{e,}/ X, eD, (C,.i-1)}U{X,U{e, ,}/ X, €D, (C,,,i-1)}
U{x,U{e,,}/ X, € D, (C, i)} U{X, Ufe, s}/ X, €D, (C, ,i-1)}} D, (C,.i).
Conversely, let YeD, (C,,i) . Then e, ore, ore,,ore, ;€Y . If e €Y, then we can write
Y =X,U{e,}, forsome X, €D, (C,,i-1).1f e, €Y and e, ¢Y then we canwrite ¥ =X, U{e, }, for
some X, eD, (C,,,i-1).1f e,, €Y and e, ¢Y,e,, ¢Y then we can write ¥ =X;U{e, ,}, for some

Clearly,

X,eD, (C, ;,i-1). If e, €Y, e, ¢Y,e, &Y, e,_5 &Y then we can write ¥ =X, U{e, ,}, for some
X, eDev(Cn_],i—l).
Therefore we proved that
D, (C,.i){{X,U{e,}/ X, €D, (C,i-1)}U{X,Ufe,,}/ X, € D, (C, ,.i-1)}
U{x;U{e,,}/ X, €D, (C,5,i-1)}U{X,U{e, s}/ X, € D, (C, ,i-1)}}.
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D, (C,.i)={{x,U{e,}/ X, €D, (C, .i-1)}U{X, U{e, .}/ X, € D, (C, ,,i-1)}

Hence,
U{x,Ufe,,}/ X, €D, (C,,.i-1)}U{X,U{e,,}/ X, €D, (CH,i—l)}}

3. Edge-Vertex Domination Polynomials of Cycles

Let D, (C,,x)=2 mafev (C,,i)x" be the ev-domination polynomial of a cycle C, . In this section, we de-

rive the expression for D, (C,,x).
Theorem 3.1 [6]

)If D, (C,,i) isthe family of ev-dominating sets with cardinality i of C, , then
d,(C,.i)=d,(C,.i-1)+d, (C,_,,i-1)+d,(C,_s,i-1)+d,, (C,,,i-1)

WheI‘C dev (Cnal): Dev (Cn’l)| .
2) Forevery n>5,
Dev(cynx):x[Dev (Cn—l’x)+Dev(Cn—2’x)+Dev (C"*3’x)+DEV (C’174,X):|

with the initial values
D, (Cl,x) =x,

D, (C,,x)= 2x% +x,
D, (Cy,x)= 3%’ +3x7 +x,
D, (Cy,x)= 4xt +6x° +4x7 +x .

Proof:
1) Using (1), (2), (3), (4) and (5) of Theorem 2.7, we prove (1) part.
Suppose, D,,(C,,i-1)=D,,(C,,,i-1)=D,,(C,,,i-1)=® and D, (C, ,,i-1)#® then,

Dev(cn i): {{el,es,-‘-,en%},{ez,eé,-‘-,enfz},{63,67,---,enfl},{eweg,-”,en}} .

D, (C,,i) :|{{el,es,-~,enf3},{ez,eﬁ,---,ewz},{e3,e7,-~,eH},{e4,es,-~,en}}| =4 . In this case

Therefore,

Dev (Cnf4’i_l)| = |{{elye5,"',e,,,3},{62,66,"',6,,72},{63,67,"',6,,71},{64,e8’~--’en}}| =4 and
D, (C,.i- 1)| =|D,,(C,_,,i— 1)| =|D,,(C,_s,i— 1)| = 0. Therefore, in this case the theorem holds.
Suppose, D, (C,,,i-1)=D,,(C,;,i-1)=D(C,_,,i-1)=® and D, (C,,i—1)=®, then
D, (C,.i)={[e,]} Therefore, Dev(Cn,i)|=|{[en]} =1. In this case D, (C, .i—-1)={[e,,]} . Therefore,
D, (C, i1 =[{[e..]}| =1 and |D,,(C,.i-1)|=

case the theorem holds.
Suppose, D, (C,,i=1)=®,D,,(C, ,.i=1)#®,D(C},,i~1)#® and D(C} ,,i~1)# ®. In this case,

Dev(Cn’i):YlU}qu}

Dev(CH,i—l)| = Dev(Cn74,i—1)| =0. Therefore, in this

where

Yl = {{61’65"”’en*5’e"*1}’{62586"”’en—4’en}’{e3’67"'"en—3’en—1}9{64’687”'7en—27en}}

{en_z}, ifleX,/X,eD, (Cn_z,i—l)
Y, =9X,Us{e, .}, if2eX,/X,eD,(C,,,i-1)
{e,}, otherwise
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{e,s}, ifle X,/ X, eD, (C,,,i-1)
{e,,},if2eX,/X,eD, (C,;,i-1)
{en_,}, if3e X,/ X, eDev(Cn_3,i—1)
{

e,}, otherwise

D,.(C,1)| =

D, (C,,.i )| 4 . Therefore,

(n3’ )|

Dev (Cn’l)| =

o (Cgol 1)|.Also, ng(Cn_l,i—l)|:0 and
o (C,ni=1)|+|D,, (C, i =1)|+|D,, (C, i ~1)| and

D, (C,.i )| 0. Therefore, in this case the theorem holds.

Suppose,
D, (C

ev n—1°

i-1)#®, D, (C

' i—1)2®and D, (C,_;,i-1)=®
Then we have D, ( ",) {[e] { }/xe[en]}.

Therefore, D, (C,.i- 1)| =n-1,

D, (Cn,z)| =n. In this case,

D, (C,,.i-1)=1 and
D, (C

n73’l_

1)| =0. Therefore,

D, (Cn,i)| =

D, (C,,i-1)|+

ev

o (C,ani=1)|+|D,, (C, 5.i=1)[=n=1+1+0=n.

Therefore, in this case the theorem holds.

Suppose, D, (C,,i-1)#®, D, (C,,,i—1)#®, D(C2 i—- l)id)andDev(C i-1)=® . In this case,

bt 3> s
we have
D, (C,.i)={{x,U{e,}/ X, €D, (C,,,i-1)}U{X, Ufe, ,}/ X, € D,, (C, ,,i-1)}
U{x;Ufe,,}/ X, D, (C,,.i-1)}U{X,U{e,,}/ X, €D, (C,Hl,i—l)}},
Therefore,
D, (€| =[Do (€, 1ot #]D (G = D[40 (€ i~ D] | (€ i1,
Hence,

d,(C.i)=d, (C_.i-1)+d,(C,,,i-1)+d, (C, ,,i-1)+d, (C,_,,i-1).
d,(C,.i)x' =d, (C, .i-1)x +d,,(C, ,.i-1)x' +d,,(C, ,i-1)x' +d,, (C, ,.i~1)x’
Xd,(C.i)x'=Xd, (C,.i-1)x'+Xd, (C,_,.i-1)x'+Xd,, (C,_,i-1)x'+Xd,, (C,,,i—1)x’
¥d, (C,.i)x' =xXd, (C,_.,i-1)x"+xXd,, (C,,,i-1)x""
+x2d, (C, 5. i-1)x"+xXd, (C,_,i-1)x""
Xd, (C,.i)x' =x[2d,,(C, .i-1)x"+%d,,(C, ,.i-1)x"' +Xd,, (C, ,.i-1)x"+2d,, (C, ,.i-1)x""]
D, (C,.x)=x[D,(C,.x)+ D, (C,,.x)+ D, (C,.x)+D, (C,_,.x)].
with the initial values
D, (C,x)=
D, (C,,x)=2x"+x
D, (Cy,x)=3x"+3x" +x

D, (Cy,x)=4x"+6x° +4x” +x
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We obtain d,, (C

no

i) for 1 <n <16 as shown in Table 1.

In the following Theorem, we obtain some properties of d,, (Cn,i ) .
Theorem 3.2
The following properties hold for the coefficients of D, (C,,x);

1) dev(C4n,n)=4 for every n € N.
2) d

( . )—1 for every n € N.
3) d,(C,.n- ) n, for every n > 2.

-1
4) d,(C,,n-2)= nszw,foreverynZ&

—1)(n-2
5) deV(C n—3):nC3 ZM, for every n > 4.

6
-1)(n-2)(n-3
6) dev(Cn,n—4)=nC4—n:n(n )(n4' )(n )—n,foreverynZS.
7) d,,(C,,.n)=4n—1, forevery n € N.
Proof:
1) Since D (C4”’ ) {{61’65’“.’en*3}’{62’667“'7en—2}7{63’67:"'9en—1}7{e4’685"':en}}sWehaVe
d (C4n’n)

2) Since D, ( .n)={[e,]}, we have the result d, ,(C,.i)=1 foreveryn e N.
3)Since D, (C,,n—1)= {[ - {x}/xe[en]},wehave d,(C,n—-1)=n forn>2.

no

3x2

4) By induction on . The result is true for n=3. LHS.=d,, (C;,1)=3 (from Table 1) RHS.= =3.

Therefore, the result is true for n = 3. Now suppose that the result is true for all numbers less than ‘n’ and we
prove it for n. By Theorem 3.1

Table 1. d, (C,,i), the number of ev-dominating set of C, with cardinality i.

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
n

1 1

2 2 1

3 3 3 1

4 4 6 4 1

5 0 10 10 5 1

6 0 9 20 15 6 1

7 0 7 28 35 21 7 1

8 0 4 32 62 56 28 8 1

9 0 0 30 90 117 84 36 9 1

10 0 0 20 110 202 200 120 45 10 1

11 0 0 11 110 297 396 319 165 55 11 1

12 0 0 4 93 372 672 708 483 220 66 12 1

13 0 0 0 65 403 988 1352 1183 702 286 78 13 1

14 0 0 0 35 378 1274 2256 2499 1876 987 364 91 14 1

15 0 0 0 15 303 1450 3330 4635 4330 2853 1350 455 105 15 1

16 0 0 0 4 208 1456 4384 7646 8800 7128 4192 1804 560 120 16 1
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d,(C,n-2)=d,(C,_,n-3)+d, (C,,,n=3)+d, (C,_s,n-3)+d, (C,_,,n—-3)
—1)(n-2
=D))< )= 2) 200 1)]= L (n )2+ 2)] =2 (n-1)1]
5) By induction on n, the result is true for n=4. LHS.=d, (C,,1)=4 (from Table 1).

432

RHS.=d, (C,,1)= =4 . Therefore, the result is true for n=4. Now suppose the result is true for all

natural numbers less than n. By Theorem 3.1,
d, (Cn,n —3) =d, (CH,n —4)+d€v (Cnfz,n —4)+dev (Cn73,n —4)+ d, (Cn74,n —4)

(n—l)(n—2)(n—3) +(n—2)(n—3) +(n—2)

6 2
=%[@—an—zxn—3y+qn—2xn—3yunn—2ﬂ
=££:22Rn—lﬂn—3)+3(n—3)+6]

6
=@[(n—l)(n—3)+3(n—l)]
:w[n_3+3]: (n—2)(n—1)n
6 6

6) By induction on n, the result is true for n =5. LHS.=d, (C;,1)=0 (from Table 1)

n(n—l)(n—2)(n—3)_n_ 5><4><3><2_5
1x2x3x4 C 1x2x3x4

RHS.=

Therefore the result is true for n=35.
Now suppose that the result is true for all natural numbers less than n and we prove it for n. By Theorem 3.1,

d,(C,n-4)=d, (C,,n-5)+d,,(C,,,n=5)+d, (C,5,n=5)+d, (C,,,n=5)

n-1° n

(n—l)(n—2)(n—3)(n—4)_(n_1)+(n—2)(n—3)(n—4)+(n—3)(n—4) (n-4)

24 6 2

=i[(n—1)(n—2)(71—3)(n—4)+4(n—2)(n—3)(n—4)+12(n—3)(n—4)+24(n—4)+24]—n

=§ (n=1)(n=2)(n=3)(n—4)+4(n-2)(n-3)(n-4)+12(n-3)(n—4)+24(n-4+1)]-n

:i[(n—1)(n—2)(n—3)(n—4)+4(n—2)(n—3)(n—4)+12(n—3)(n—4)+24(n—3)}—n

= ) n-2)(n-4)+4(n-2) (n-4)+12(n-4+2)]

=gﬁ:ixﬁ:z)ﬂn—lxn—4ywun—4yuz]—n

24

:Qtfg;:qurJXn—ﬂ+4@—4+ﬂ}—n
_ (n—l)(n—Z)(n—3)[n_4+4]_n
24

n(n—l)(n—Z)(n—3)

= —-n

24
7) From the table it is true.
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Theorem 3.3
D Xda(Con)=43""d, (Cn=1), n22.

2) For every ] 2 —‘ > dev (Cn+lﬂj+1)_dev (Cn’j+1) = dev (Cn! j)_dev (Cn—47j)'

DN

HIf S, = ZLM d, (C,.i), then for every n >5, S, =8, +S,,+S,,+S,, with initial values S, =1,
4

S,=3, §;=7,and S,=15.
Proof:
1) We prove by induction on 7.
First suppose that n =2 then,

> da (C2) =434, (C.1)=40
Z —k ev(Ci,k) Z —k &(C,fl,k—l) Z —k ev(c—z’k_l)
Zlk d,(Csk=1)+ 2, W(C, k1)
=4yt ev(c k=2)+4Y g (€, k-2)
42 e Vd, (C, k- 2)+4Zk1 d,(C_,.k-2)
=437\ d., (C.k-1)

We have the result.
2) By Theorem 3.1, we have

d,(C..j+1)-d,(C,,j+1)=d,(C,,j)+d,

_de ( n— l’])
dev(cl1+l9j+l)_d (Cl1’-]+1) dev( n’j) dev

Therefore, we have the result.
3) By Theorem 3.1, we have

2

}[ v( 1ol 1)+dev(cn 200 )+d (Cn—B’i_1)+d9v(Cn—4’i_1):|

( n— l’])+d (Cn,z,j)erw(CH,j)
d ( n-2sJ ) dev(Cn—3’j)_dev(Cn_4sj)
( n— 49])

.as\:

5,-3
S AARACRI NARACEOR WARMCEUR sARACIY

4 4

.M:

S, =8 ,+S,,+S 5+S, 4.

4. Concluding Remarks

In [7], the domination polynomial of cycle was studied and obtained the very important property,
d(C,,i)=d(C,,i-1)+d(C,_,,i—1)+d(C,_,i—1). It is interesting that we have derived an analogues rela-
tion for the edge-vertex domination of cycles of the form,

d,(C,.i)=d,(C,.i-1)+d, (C,,,i-1)+d, (C,;,i-1)+d,, (C, ,,i—1). One can characterise the roots of

the polynomial D, (Cn,x) and identify whether they are real or complex. Another interesting character to be

investigated is whether D,, (C,,x) is log-concave or not.
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