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http://creativecommons.org/licenses/by/4.0/ T the André/Bruck and Bose representation of PG(Z, qz) in PG(4,q) (cf.[1]
[2]) a non-affine Baer subplane B corresponds to a ruled variety V; (cf. [3]
[4]). In [5] is proved that a non degenerate conicin B is a rational normal curve
of V.
Using that technique, in [6] is studied the representation of the projective plane
PG(Z,q’) in PG(2r,q) and of a non-affine subplane PG(2,¢) in a variety
I/ZZr—l _
More precisely, if II= PG(Z, q’) with kernel F = GF(q), then it can be rep-
resented in a 2r -dimensional projective space X = PG(2r,q), by fixing a hy-

perplane X'=PG(2r—1,q) and a spread S of X' consisting of (r—1)-di-
mensional subspaces, with |S|=¢" +1.

The affine points of II correspond to the points of X \ZX', the points at infin-
ity correspond to the elements of &, and the affine lines are represented by the
r-subspaces S, of X suchthat S NZX'eS.Theline atinfinity is represented
by the spread S itself. If II is Desarguesian, then the spread & isregular (cf.
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[1] [2], see also [4], and [3] for »=2,[7] for r =3, and [6] for the general case).
A subplane of I1 is affine or non-affine (also referred to as tangent) depending
on whether it intersects the line at infinity in a subline or in one point, respectively.
An affine subplane of order ¢q is represented by a transversal plane to the
spread; that is, a plane of X intersecting g+1 elements of the spread.

A non-affinesubplane r of Il= PG(Z,q’) of order ¢ isrepresented by a
variety V,”"',aruledvarietyin X =PG(2r,q) whose minimum order directrix
a rational curve of order »—1 and with a maximum order directrix is a rational
curve of order 7. These two curveslie in two complementary spaces of dimension
r—1 and r, respectively. The variety ¥, can be obtained by joining corre-
sponding points on the two directrix curves via a projectivity (cf. [8], Cap.13, 8.,
9. and [6], Section 4).

Building on the results obtained in [5], Theorems 3.1 and 3.2 for » =2, this
note studies a generalization for r > 2. Several properties of the hyperplanes of
Y and their intersections with the variety 7, are established, an essential step
in demonstrating how to represent substructures of the plane z in the space £
(cf. Subsection 3.1) and viceversa (cf. Subsection 3.2), specifically certain types of
arcs and caps.

In Theorem 3.7 is shown how to constructin ¥, a rational normal curve of
order r+1 thatrepresentsaconicin r.The paper concludes with Theorem 3.8
which presents a partition of the affine points of ¥, into caps corresponding

to a partition of z into conics.

2. Preliminary Notes and Results

Denote F =GF (q) a finite field, ¢ =p°, p an odd prime, F the algebraic
closure of the field F, F""' the (n+1) -dimensional vector space over F,
PG(n,q)=PrF"" the n -dimensional projective space contraction of F"*!
over F.The geometry PG(n,q) is considered a sub-geometry of PG(n,q),
the projective geometry over F . A subspace of PG(n,q) of dimension /% (an
h -space) is denoted by S, (cf. [7], Section 2), possibly with an apex used when
needed to distinguish between different subspaces.

Definition 2.1. A k -arc K in PG(n,q) is a set of k>n+1 points no
n+1 ofwhich are lie in a hyperplane.

A k-cap K of PG(n,q), n>=3 isasetof k pointsno three of which are
collinear.

A tangent of K is a line which has exactly one point in common with /.

See Thas [9].

A curve of order r is denoted C”, possibly with a subscript used when
needed to distinguish between different curves.

Definition 2.2. A rational normal curve C" of PG(n,q) consists of q+1
points (q2n ) no n+1 of which in a hyperplane S, | (that is, a hyperplane
meets C" inatmost n points).

See Hirschfeld [10] p. 229, Theorem 21.1.1, (iv).
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Consequence—No set of n pointslieinan S, _,;nosetof n—1 points lies
inan S, ;; and so on, down to the fact that no three points lie on a line. That is,
an §,_, meets the curve in at most n—1 points,an S _, in n-2 points,..,
aline in 2 points).

In PG(3,q) , ¢ odd,a (g +1) -arc is a twisted cubic, that is, a rational nor-
mal curve of degree 3 (cf. [10], pp.242-243, Theorem 21.2.3).

Definition 2.3. A variety V, ofdimension u andoforder v of PG(n,q)
is the set of the rational points of a projective variety V,' of PG (n, q) defined
by a finite set of polynomials with coefficients in the field F .

Definition 2.4. The ruled variety V,"' of PG(n,q), n24 and n#5, is
generated by the q+1 lines joining the corresponding points of two birationally
(projectively) equivalent curves of order m and n—1-m, respectively, lying in
two complementary subspaces of the same dimensions, m and n—1-m re-
spectively. As such directrix curves have no point in common, then the number
ofpointsof V™" is (q + 1)2 and the order is the sum of the orders of the curves.

The g+1 lines are generatrices (or, generatrix lines).

See Bertini [8], Cap.9, n.1-3, Cap.13, n.1-8, p. 290, 7., Vincenti [7], Lemma 2.2,
and [6].

From [8], p. 287, 3., follows

RESULT 1—In PG(n,q) ahyperplane S, | meets a ruled variety V,'"' in
one of the following ways:

1) in a rational normal curve of degree n—1 (provided q=n-1)

or,

2) in a curve of degree m<n-—1 met by all the generatrix lines and in
n—1-—m generatrix lines and not composed of two or more distinct curves.

3) Every irreducible curve C" of degree m<n-1 contained in V;”" is a
rational normal curve, that is, it lies in an m -dimensional space S,, .

Note that since throughout this paper we refer to rational normal curves C"
of PG(h,q) for some /©>2,weassume ¢g=>#h (see Definition 2.2).

Let X be the projective space PG(2r,q), r=2, X' =PG(2r—1,q) a hy-
perplane of £, S a regular spread of (r—1)-spaces of ¥'.1Itis |S|=¢" +1.
For the definition of spread, regulus and regular spread see [2] and [7], Definition
2.3 and the representation.

The Desarguesian plane PG(Z,q’) is represented by X and by the spread
S of ¥ according the André/Bruck and Bose method (cf. [1] [2]).

Let »=2. In such a case the projective plane is PG(Z,qZ), T =PG(4,9),
¥'=PG(3,q), S is a regular spread of ¢’ +1 lines of ¥'.If B=PG(2,q)
denotes a non-affine Baer subplane of PG(Z,qZ), and P, € B its the unique
point on the line at infinity, then B is represented by a variety ¥, , which has
as its linear directrix aline 7 €S and as a conic directrix a conic C lyingina
plane that meets ¥’ inaline [ €S, [, #r, with Cnl =& (cf. [3]-[5]).

RESULT 2—A non degenerate conic C of a non-affine Baer subplane B

through P, is represented on the variety V, by either a twisted cubic curve
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(and viceversa), or by a normal rational curve of order 4 depending on whether
P, belongsto C ornot.

See [5], Theorem 3.1 and Theorem 3.2.

Let r>2, Il= PG(Z,q") tis 2 =PG(2r,q) , Z':PG(Zr—l,q), S isa
regular spread of (r—1)-subspaces, |S|=¢"+1.

RESULT 3—A non-affine subplane = =PG(2,q) of I1 having only one
point P, atinfinity is representedin ¥ by a ruled variety V)’ . Such a variety
is the locus of the lines connecting corresponding points (via a projectivity) of a
curve C.”' ofa subspace S°, €S and ofa curve C, ofa subspace S X
such that S' "Y' =S’ #8° and C; NS’ , = . Such lines are the generatrix
lines, the curves C" =S, NV;"™" with S NY' €S aredirectrices of V;'™'. The
q+1 linesof r through P, are represented by the generatrix lines, the other
lines by the q° directrix curves of V'™ .

See [6], Theorems 4.7, 4.8.

RESULT 4—A subspace S, of S, =PG(r,q) with i>r—k, meets a vari-
ety V' inavariety V[, _ .

See [8], p. 191, 3., comma 2.

3. Main Results
3.1.From X to I1

Represent 1= PG(Z,q") in £=PG(2r,q) with r>2, ¢g=22r-1.

Let S be aregular spread of (r - 1) -spaces of a hyperplane
¥'=PG(2r-1,q), |S|=¢" +1. The elements of S are the points at infinity of
IT, the r-spaces S, such that § NX'eS are the affine lines of II, S is
the line at infinity [ of II.

Note that a transversal r -space, that is, an S, with S NX'¢S can repre-
sent a Baer sybplane S of Il only if r is even. This is because S would
have order ¢q? , and hence the (r —1)-space S, X' must intersect exactly
qE +1 elementsof S.

Fixan (r—1)-space S”, of S,andchooseacurve C.' =S, oforder
r—1.Let S° bean r-spacesuchthat S°NX =S #S” ,and let curve
C; = S° beacurve satisfying G/ NS’ , =0 .

Let 7 =PG(2,q) be a non-affine subplane of II of order ¢ with P, e/,
as its unique point at infinity, corresponding to the (r —1)-space S”,.Then 7
is represented by the ruled variety V =V¥;""', obtained by connecting correspond-
ing points of C."' and of C, (see Result 3).

The point P is the center of a bundle of g+1 lines in r. The remaining
g® lines of 7 each determine a unique point on the line [, . Therefore, there
exists a subset S < S, with |§ | =q* corresponding to these points.

NOTE 1—For each element S, | €S, there exists a unique 7 -space S, that
meets the ruled variety V in a directrix curve C", which corresponds to a line
of x. This is the only line of = whose point at infinityis S,_,. Similarly, for
SO

r=12

there exists a unique 7 -space S’ thatintersects ) in the directrix curve

DOI: 10.4236/0jdm.2025.154005

76 Open Journal of Discrete Mathematics


https://doi.org/10.4236/ojdm.2025.154005

R. Vincenti

Cr S

Since C.' is a rational normal curve, it consists of g+1 points, no » of
which in a hyperplane S _,. This holds under the assumption ¢ >r—1, which
is satisfied by the hypothesis g >2r—1 (cf. Definition 2.2).

Choose a subset P={R,---,P_}=C." consisting of r—1 independent
points. Let S”, =(P) denotethe (r—2)-spaceof S, generated by the points
of P.For r=2 theset P isasingleton.

Let G, ={g,,-,g,,} be the set of the r—1 generatrix lines joining the
points of P and the corresponding »—1 pointsof C;.Let G' = {g; ,---,g;H}
be the set of the remaining g +2—r generatrix lines.

The hyperplane H =S’ +S”, intersects the ruled variety ) in the union of
the curve (C; and the set of generatrix lines G, (cf. Result 1, 2)).

Consider the subspace S,, , =S, +S/,, the direct sum of the two subspaces.

The bundle B,,_, of hyperplanes with axes S§,,_, contains g+1 hyper-
planes. Among them are the hyperplane X’ and the hyperplane H =S°+S”,.

Each hyperplane H'eB, ,\X' intersectsall g+1 generatrix lines
GG .If H "# H and contains no generatrix line, then the r—1 lines of Gy
meet H' in the points of P cC."'. The remaining g+2—r lines in G’
meet H' in affine points. Denote this set of affine points by Q = {Qr,---,QqH}
such a set.

Lemma 3.1. If r>2, then the set B, ,\{X',H} contains both hyperplanes
that include one generatrix line from G, and hyperplanes that contain no gen-
eratrix line from G, .

If r=2, there exists exactly one hyperplanein 3, ,\X’ that contains a gen-
eratrix line.

Proof. From Result 1, it follows that a hyperplane H'eB, ,\{X,H} inter-
sects the ruled variety ) either in a rational normal curve C*~' of degree
2r—1, or in a curve of order m <n—1, which is met by all the generatrix lines
andin n—1-m generatrix lines.

Let r>2.Assumethat H'N) contains at least two generatrix lines,

2,8, €Up . Since all generatrix lines intersect each directrix curve, denote 4,
and A; the points on g, and g;, respectively, that lie on the directrix curve
C, =S;. Note that 4,4; ¢Q. Because S, — H' and the line 4,4, meets
S”,,itfollowsthat H' containstheentire S, and H'= H ,which contradicts
the assumption.

Hence H'NV contains at most one generatrix line.

Now, assume that each of the ¢—1 hyperplanes of B,,_,\{X',H} contains
exactly one generatrix line from G,.Let H' and H" be two distinct hyper-
planes from B, ,\{X,H},andlet g c H', g, = H" be two generatrix lines
such that g,,g,€0,.

Two distinct hyperplanesin B,,_, \{X',H} can intersect only in the space
S,,_, . Therefore such generatrix lines they contain must be distinct. Since
qg22r—1>r, we have ¢g-1 =|82r_2 \{Z',H}| >r—1 =|73

, which implies that
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there more generatrix lines than elements in P, contradicting the definition of
G, . This contradiction completes the argument.

Hencein B, ,\{X,H} thereare both hyperplanes containing a generatrix of
G, and hyperplanes that contain none.

If r=2, P={P}, then there is only one generatrix line g through 7.
Hence, there exists a unique hyperplanein 5, ,\X' that contains g.

The following cases should be considered.

Theorem 3.2. i) If r>2 and H'NYV contains no generatrix line, then
H'AYV s a rational normal curve C*".

ii)) If »>2 and H'NV contains a generatrix line g e G, then
HNY=gul’ .

In both cases, the curve consists of the r—1 points of P and of g+2-r
affine points, each lying on one of the ¢+2—r generatrix lines of G’ with no
two of them lying on the same directrix.

i) If »=2 and H'NV contains a generatrix line g, then
H' NV =guC where C isa conic directrix.

Proof. i) Assume that H' contains no generatrix line from Gp .

The hyperplane H' intersects all ¢+1 generatrix lines of G, WG’ . The
r—1 linesof G, areintersected at the pointsof P < C. ', while the remaining
q+2—r linesof G' are intersected at affine points. Denote Q = {Qr,---,QqH}
the set of these affine points.

Then, from Result 1, 1), it follows that H NV =C*"", where C*"' > PuUQ
is a rational normal curve. The condition ¢ =27 -1, although assumed as hy-
pothesis, can be proved although it was taken as a hypothesis, can be proven (cf.
[10], Theorem 21.1.1, (i)).

Assume thatapoint Q € Q lieson a generatrixline g e, .Thentheline g,
containing two points in H', must lie entirely in H', which contradicts the as-
sumption. A similar contradiction arises if either a point O andapoint P, € P,
or two points Q,,0, € Q, lie on the same generatrix g.

Hence, the g+2—r affine points of Q are distributed one per line over the
g+1—(r—1)=g+2—r generatrix lines {g;,~~~,g;+1} .

Assume that H' contains two points 4,B on a directrix curve. Since
H'>S, ,>S, thisdirectrix mustbe C;,because theline AB intersects
S” . Therefore H' would contain the entire S ,implying that H'= H , which
is a contradiction.

ii;) If H' contains one generatrix g € G, , then from Result 1, 2), it follows
that 2r—1-m=1 sothat m=2r—2.Therefore H' "NV =gUC”*.From Re-
sult 3, since C*° is irreducible, it is a rational normal curve and hence lies in a
subspace S, _, of H'.Notethat C*7, in addition to Q, contains the entire
set P, including the point gC."' € P, otherwise it would have only ¢
points. Moreover, it meets all the generatrix lines.

There are no affine point of C*> on g;otherwise, C*> would have

g+2 points. Therefore, the line g intersects C* > in exactly one point and
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does notliein S, , . The proof of the first property of C*~* isanalogous to the
proof in i), where contradictions arise from the possibility that H' contains
more than one generatrix. The proof of the second one is similar.

ii) Let #=2.Then P={P} and H'=S,.Theline gc H' is the unique
generatrix line, so the residual curve of H'NV isaconic C.Let « denotethe
plane of C;clearly, a c H'.

Assume that the line /=a X' contains the point P.If / coincides with
theline C!,then « would contain g skew generatrix lines of 7', which is a
contradiction. If / isaline of X' that meets g+1 lines of the spread, C. in-
cluded, then ¢« isatransversal plane and thus represents an affine Baer subplane
of II. Since it would share ¢ points with the non-affine Baer subplane repre-
sented by 7, , the two would have to coincide, again leading to a contradiction.
Therefore [ isaline of S\C., and we conclude that H' NV, = gUC, where
C isadirectrix curve, that, as required, intersects all the generatrix lines.

Let H' beahyperplane in the bundle 5, _,\{X',H} that contains no gener-
atrix line. Denote by O = {H'mgi' =Q |i= r,~--,q+1} the set of the g+2—r
affine points where H' intersects the generatrix lines g .

Let Q' = {Qr',- : -,Q;H} be the subset of points of the projective plane 7 cII,
represented in X by the points of Q, to which we add the point P, repre-
sented by S”,.Denoteby K =Q"U{P,} thissubsetof pointsof .

Proposition 3.3. Theset K isa (q+3—r)-arcof x.Itis maximal, that is, a
(g+1) -arc, when r=2. In this case, if q isodd, K isa conic.

Proof. First, note that ' has cardinality ¢+1-(r— 1) +l=g+3-r.

If three affine points of /C were collinear, then the corresponding points in
Q would lie on a directrix curve, contradicting Theorem 3.2. Similarly, if the
points O/, Q;,Pw were collinear, their line would pass through P_, implying
that the two affine points O, and Q, of C*"' lie on a generatrix line of V,
again contradicting both our assumption and Theorem 3.2.

The arc K is maximal when ¢+3-r=g¢+1, that is, when » =2, In this
case, I1= PG(2,q2) and 7 isaBaersubplane.If g isodd, K isa conic.

Denote by ¢ the tangent line of X at the point P ,andlet g, be the cor-
responding line of the variety V in X.

Corollary 3.4. The line t is represented in ¥ by a generatrix line g, such
that g, ¢ H'.

Proof. The tangent line ¢ to X atthe point P, isaline through P, and,
clearly, it lies in the subplane x. Since all lines through P, in r are repre-
sented in X by the generatrix lines of V, it follows that g, isa generatrix line

of V.By hypothesis, H' contains no generatrix lines; therefore g, ¢ H'.

3.2.FromIlto X

Let Cc 7z beanon degenerate conic containing the unique point at infinity P,
of 7. Denote by {F;’,---,P'

q
the g affinelines of 7 joining P, with the points {E',--~,RI'}.Let ¢t be the

} the ¢ affine points of C, and by {g{,~~~,g;}
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tangent lineto C at P, .

Let K, bethesubsetof V correspondingin X to the pointsof C,
K= {Pl,---,Pq} is the set of the ¢ affine points of X, representing
{F{',---,Pq'} , G= {g,,---,gq,g,} the set of the ¢g+1 generatrix lines of V' cor-
responding to { g8 gt} where g, is the generatrix representing ¢, T
the point g, NC.™".

Theorem 3.5.1i) Theset K, consistsof q+1 pointsof V. Among them, the
q affine points of K each lie on a distinct generatrix in the set { g8 q} .
The point T , which lies on the curve C.™', is the unique point at infinity of K, .

ii) The set K, forms a (g+1)-cap, with the line g, being the tangent to
K. atthe point T.

Proof. i) Obviously no point of K belongs to the generatrix g, as no affine
point of the conic C belongs to the tangent ¢.

Assume two points of X lie on the same generatrix ge {gl,---,gq}. That
would imply that the corresponding two points of the conic C are collinear with
P, contradicting the fact that C isnon-degenerate. Hence, the ¢ affine points
of K lie each on a distinct generatrix among 81> 8y» all different from the
tangent line g,;thatis, Peg, for i=1,-,q.

Assume that K, contains a point 7' eC.”', with T'#T. Then the genera-
trix containing 7' must be a line g, €G for some i=1,--,q. Since Peg,,
the entire generatrix g, = FE would lie in the configuration. This would intro-
duceto K the remaining g—1 affine points of the generatrix g;, whose cor-
responding points in 7 would lie on a line through P, . That line would then
be added to the conic C, contradicting its non-degeneracy. Therefore 7'=T,
and 7T isthe unique point at infinity of /..

ii) First, note that no two points of /C lie on the same generatrix, since no two
affine points of the conic C corresponding to them are collinear with P, .

Assume that F,P,B, €K are collinear, and let / be the line passing
through them. Let P, P/,F; be the corresponding points on the conic C. The
line / is not a generatrix line, and therefore it determines, via its intersection
point /X' anelement S/, €S, and subsequently aspace S| such that
S'NX' =S’ .Thisspace S| contains a directrix curve C".

The line in 7 through F, and P, is represented in ¥ by the curve C",
that is the same line in 7 through PB,PB, and P,F,. Hence, the three points
P,P/,B € C must lie on a common line in 7, a contradiction to the fact that
C is anon-degenerate conic.

Theline g, €V, corresponding of the tangent ¢ to the conic C at the point
P, has only the point T in common with X, . Therefore, g, is the tangent
lineto X, at T.

To complete the characterization of K, <V, it remains to understand the na-
ture of K, in the case where it is contained in the intersection of V' with a hy-
perplane.

Let S'=S,,, beahyperplane such that I, ¢ S". Necessarily S'=ZX'.
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The subspace §;, _, =S"NX’ may either intersect each element of the spread

S in subspaces of the same dimension, or contain one element of S entirely.

2r— 2r-3

Note that the number of pointsin S , is ¢~ > +¢” 7 +---+q+1.

Since this number is not divisible by ¢" +1= |S|, the first case, where S, ,
intersects each element of the spread S in subspaces of equal dimension, cannot
occur. Hence S, , must contain one element of the spread.

1) Assume that S, , 587 ,sothat §'o58",.

Then S’ contains the curve C."' as well as the ¢ generatrix lines of G
(excluding g, ) that connect the g affine points of K, to the corresponding
g pointsof C.' \{T } .Let g denote the set of the affine points on the line g, .
Then S'NV=V\{g}, which consists of the ¢ generatrix lines together with
C.™', that is, a reducible curve of order g+ 7+1>2r—1, contradicting Result 1.

2) Assume S, , containsan elementof S, € S\{Sf'i]} ,sothat S'o 8 .

Since S'#Y', it follows that S'nS S

©
r

", is a subspace S, ,, which intersects
the curve C.™' in r—1 points, including the point T (cf. Definition 2.2).

Define 8] _,=S",+S,,.

There are ¢g+1 hyperplanes containing S, ,, one of which one is X'
(which contains S, ). Another hyperplane contains an r -dimensional sub-
space S such that S/ NX'=S . This subspace S| represents a line d of
IT, and its intersection with ) is a directrix curve C;, which corresponds to
the unique line of 7 through the point at infinity represented by S/, .

Since S’ contains the r—1 generatrix lines, say g,,-:,g,,, through the
points of 5',72 , as well as the corresponding points of the directrix curve C;, it

follows that

S’ﬂVZC;U{gp'”’gr—l}’

in accordance with Result 1.

Let 4,B€K be any two affine points of /C,, and let 4 _,B, be the corre-
sponding points in 7 represented by 4 and B, respectively; note that
A_,B_€C .Byhypothesis 4 and B lieinthehyperplane S’,since S'>K,.
Then the point at infinity R oftheline r= 4B lieseitherin E,,,z orin S/ ;
thatis, R, €S” US .

The line », =4 B, is a secant of the conic C, and therefore it cannot pass
through P, . This implies that the point at infinity R, of theline »=AB can-
notliein S7,.

If, on the other hand, R, €S ,then 4,B e (] . Since this would hold for any
pair of affine points of 4,B €K, it would follow that X =C). However, in =,
the points of C, are represented by the line d, and thus C would have to co-
incide with theline d, contradicting the assumption that C isanon-degenerate
conic.

Therefore, K, cannot be contained in such a hyperplane S’ representing a
line of 7.

Based on cases of 1) and 2), we now make the following choices. Fix a subspapce
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S, €S =8\8",and chooseasubspace S_, cS”, suchthat S_, intersects

the curve C.”' inexactly r—1 points. Define
832 =8, +§r—2'

In the bundle B, , of hyperplanes with axes S, ,, there are g+1 hyper-
planes: oneis X', and anotheris H =S/ +S, ,, where S’ representsa line d
of 7. Thus,

B, , \{Z\ H}|=q-1.

Choose a hyperplane §'eB,, ,\{X',H}.

NOTE 2—From NOTE 1, it follows that for each choice of S’ €S, there are
q° possibilities, and for each of these, there are g—1 hyperplanes like S’.
Moreover, one must count the possible choices of »—1 independent points on
C.™', each determining a distinct subspace S, ,, and hence giving rise to differ-
ent hyperplanes.

Assume that S’ contains K, . In this case, the point 7 =g, NC." is one of
the r—1 points of the intersection S, , NC.", and theline g, cannot contain
any affine points. Denote by {g,,--,g, ,,g,} the r—1 generatrix lines passing
through the points of S, NC.™.

Theorem 3.6.i) r>2.Then S'NYV consistsof r—2 generatrix lines and a
residual curve C'' representing K, . The curve C'™' meets all the generatrix
lines; it is a rational normal curve lying in a subspace S., c S', with
C A, ={T).

ii) r=2.Then K, =8'nV.If ¢ isodd, K, isa twisted cubic containing
in S'.

In no case does g,, tangentto K, atthe point at infinity, belongto S'.

r+l1

Proof.i) r>2.The intersection S’'"Y must either be a curve of order
2r—1 consisting of a total of g+1 points, or consist of 2r—1-m generatrix
lines and of a residual curve of order m <2r—1 (cf.Result1).Since S’ contains
K. » which includes ¢ affine points, it follows that S’V must consist of the
r—2=2r—1-m generatrixlines {g,-,g, ,},and ofaresidual curve of order
m satisfying 2r—1-m=r—-2, hence m=r+1<2r—1. Such a curve C""'
must intersect all the generatrix lines (cf. Result 1).

More precisely, thelinesin {g,,---,g, ,} intersect C"*' atthe corresponding
points of S, _,.The generatrix g,, which represents the tangent ¢ to the conic
C at its infinite point, does not belong to S" (by hypothesis). Since g, con-
tains no affine points of K, it intersects C'*' only at the point T .

Therefore K, isrepresented by C'*',arational normal curve of V', lying in
a subspace S.,, of S’ (cf. Result 1, 3)). Indeed, since a’im(S,,+l N 5‘72) =0,
which is equivalent to C"*' NC."' ={T}, the remaining ¢ affine points are dis-
tributed one on each of the remaining ¢ generatrix lines.

ii) For » =2, case i) can still be applied since 2r—1=r+1. Specifically, note
that V=V, isembeddedin PG(4,q),wherethe hyperplane S’ isa3-dimen-
sional subspace. The curve at infinity, C. =C."',isaline [ .Thehyperplane S’
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meets [ in exactly one point, T, and intersects each generatrix line in exactly
one of the ¢ affine point of ..

From Theorem 3.5, it follows that no three points of X, are collinear. There-
fore, in this case and for ¢ odd, K, is a twisted cubic curve of §’, thatis, a
normal rational curve of S’ (cf. [10], Theorem 21.2.3, [5], Theorem 3.1).

In neither case i) nor ii), by construction, does g, belongto S’.

This result shows that for »>2 (that is, for 2r—1>r+1), no hyperplane
strictly defines a substructure of the variety )V capable of representing a cap of
g+1 points, unless one considers a subspace of dimension »+1 within a hy-
perplane S', which can be constructed as follows.

First, remind that the curve C."' of S°, consists of g+1 points,no r of
which lie in a hyperplane of S, with g 2>r—1 (since by hypothesis
q 2 2r —1; cf. Definition 2.2).

Choose a subset P ={R,---,P_,,T} of r—1 pointsfrom C.".Let
S, = <P> c S, be the subspace generated by P . Choose a subspace
S _,€S\S”, . Denote by G={g,,-:,g, ,,g,} the set of the generatrix lines
through the pointsof P with T'=g, NP.

Theorem 3.7. There exists a hyperplane H' containing a subspace S,,,, in
which lies a rational normal curve C™*'. This curve C'*' isa cap of V, con-
sisting of q+1 points, exactly one of which is at infinity. The curve C'*' corre-
sponds in the plane r, to a conic passing through the point at infinity P, .

Proof. Set r>2.Consider theset G\{g,} consistingofthe r—2 generatri-
ces {g,,-.g_,},and denoteby S, the subspace they generate. Let
H'=S _,+S,, bethe hyperplane defined as the span of S, and a chosen ele-
ment S, ,€S\S”,. Since H' contains 2r—1-m=r—2 generatrix lines, it
follows by Result 1 that H'V includes a residual curve C"*' of order
m =r+1, which meets all the generatrix lines.

Since H'NS, is a subspace of dimension r-2, it follows that H' con-
tains the entire subspace S’ , = (P), and in particular, the point T . Therefore,
H' isahyperplane of the bundle 5,,_, of hyperplanes.

The curve C'*' is a rational normal curve, so it lies in a subspace S,,, c H'
that intersects S/ , in a single point. If C"*' = S,.,, met each generatrix in an
affine point, it would be a directrix. However, the maximum possible order of a
directrix is 7 <r+1, which leads to a contradiction. Therefore, C"*' must inter-
NS, whichliesin P.

Assume P#T.Then C'*' meets g, in an affine point, implying that g,

sect one of the generatricesin G at the point P=3S
must lie in A'. This leads to a contradiction, as including g, would increase
the dimension to S, . Therefore P=T.

The remaining ¢ generatrices are each intersected by C’' at exactly one af-
fine point, so that C"*' contains ¢ affine points and one point at infinity. This
configuration does not contradict the presence of the lines {g;,---,g,,} in H',
as they are already contained within in. Since C’*' is a normal rational curve

with ¢+1 points, it clearly formsa (g +1)-cap.
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Moreover, H'#X' since X' contains no generatrices, and H'=#= H , as the
hyperplane H contains r—1 generatrices and the unique directrix curve of or-
der r.

If r=2,then P= {T} and G= {g,} . Although the previous procedure can
still be applied, to clarify this case, let H'=S, be oneofthe g—1 hyperplanes
around the plane S _, +7 =S, +7 distinct from both X' and H,sothat H’
contains no conic directrix.

If g, eH', then 2r—-1-m=3-m=1, so that the residual curve C would
have order m =2r—-2=2.Thatis, C would be a conic meeting all the genera-
trix lines (cf. Result 1). Therefore C would be a directrixand H'= H , which is
a contradiction.

Hence H' does not contain g,; it meets the line C.' =C' in single point,
namely, T .Consequently, H'nV isanirreducible rational normal curve of or-
der 2r—1=3 (cf. [5], Lemma 2.1) having T as its unique point at infinity.

By construction, in both cases, it is immediate to verify that C"*' represents a
conic of 7 passing through the point P,.

Theorem 3.8. There exists a partition of the affine points of the variety
V=V}"" consisting of q rational normal curves of order r+1, together one
generatrix line.

Proof. In the non-affine subplane z,let F be the bundle of hyperosculating
conics at the point P_, all sharing the common tangent line ¢ through P .Itis
straightforward to verify that |.7-" | = g . Consequently, the affine points of F Ut
provide a partition of the affine points of 7.

Denote by L, the set of g curves of order r+1 in the variety V' corre-
sponding to the conics of the bundle F . Let g, be the generatrix line repre-
senting the tangent line ¢ at P, (cf. Theorem 3.5).

Since two distinct conics in F meet only at the point P,_, the corresponding
curves in L, have no affine points in common. The total number of affine
points of V' are ¢’ +¢q, each curve in £, contains exactly ¢ affine points,
so the union of all these curves accounts for ¢-g=¢°. Adding the ¢ affine

points of the generatrix line g,, we coverall ¢°+¢ affine points of V.

4. Conclusion

The representation of a non-affine subplane PG(2,q) of the projective plane
PG(Z,qr) in the variety 1, of PG(2r,q) is a generalization introduced
in a earlier work. In this paper, we studied the connection between the caps
obtained from certain hyperplane sections of ¥, and specific arcs in
PG(2,q). This connection enabled us to establish a partition of the affine
points of ¥;”"' into caps, corresponding to a partition of the affine points
PG(2,q) into conics.
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