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Abstract

Inagraph G=(V,E), two disjoint sets V,,V, =V are said to form a coali-
tion, if neither V; nor V, isadominatingsetof G,but V, UV, isadom-
inating set of G.Thesets V| and V, forming a coalition are said to be co-
alition partners. A coalition partition, called a c-partition, is a vertex partition
7 ={V,,V;,--,V,} suchthateach V, ez satisfies the following conditions:
V. isa singleton dominating set of G, or V, isnota dominatingset of G
but has a coalition partner V; € 7, a non-dominating set of G. The maxi-

mum order k ofa c-partition of G is called the coalition number, denoted
by C(G). In this paper, we study the coalition numbers of the dth power of

the n-path P, get the exact values of C (Pn") for enough large 7, and also
provide some bounds of C (Pn" ) for the other cases. As a special case, we get

the exact values of C(Pnz) except for ne{l11,12,---,20}.

Keywords

Coalition, Coalition Partition, Coalition Number, Dominating Set

1. Introduction

In this paper, all graphs are finite simple graphs. Foragraph G =(V,E) having ver-
texset ' andedge set E, the open neighborhood and the closed neighborhood of
avertex vel aredenotedby N(v)={u|uveE} and N[v]=N(v)u{v}, re-
spectively. The degree of a vertex veV , denoted by d,(v), is the number of
verticesin N (v). A full vertex of a graph G is the vertex of degree |V| —1,and

an isolate vertex is the vertex of degree 0. The minimum degree and the maximum
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degree of G are denoted by &(G) and A(G), respectively. Foraset ScV,
its open neighborhood is the set N ()= U\!ES N (v),and its closed neighborhood
is the set N[S]=N(S)uUS.Let V' be a nonempty subset of ¥ .If |V'|=1,
then we call it a singleton set. Otherwise, we call it a non-singleton set. A domi-
nating set DV ofagraph G is the set such that N(x)nD =& for every
vertex x eV —D. For two positive integers a and b with a<b, we denote
the integer set {a,---,b} by [a,b].Note that [a,b]=& for a>b.We denote
the set of all even and odd numbers in [a,b] by 0[a,b] and o[a,b], respec-
tively.

Coalitions and coalition partitions were first introduced by Haynes et al [1] in
2020. In a graph G, two disjoint sets V|,V, c V' are said to form a coalition, if
neither ¥, nor V, is a dominating set of G, but V; UV, isa dominating set
of G.Thesets V|, and V, forming a coalition are said to be coalition partners.
In a graph G, a coalition partition called a c-partition, is a vertex partition
7 ={V,,V,,---,V,} suchthateach V, e satisfies the following conditions: ¥,
is a singleton dominating set of G,or V, isnotadominatingsetof G buthas
a coalition partner V; € 7, a non-dominating set of G.The maximum order &
of a c-partition of G is called the coalition number, denoted by C(G). The par-
titton 7 ={{n},{v,},-.{v,}} is called the singleton partition of a graph G
with vertex set {v,,v,,---,v,} .

Suppose that 7 ={V;,V,,--,V,} bea c-partition of a graph G . The coalition
graph CG(G,7) of G is the graph with vertex set {V,V,,---,V;}, and two
vertices V; and ¥, are adjacent in CG(G,7z) if and only if the sets ¥, and

V. in 7 are coalition partners. If a graph G is isomorphic to its coalition
graph CG(G,7') in which 7" is the singleton partition of G, then G is
called a self-coalition graph.

In 2020, Haynes et al [1] first introduced the concepts: coalition, coalition parti-
tion and coalition number of a graph G, studied these properties, and provided
some bounds about C(G). Moreover, they determined the exact values of C(P,)
and C(C,) for n=3, where P, and C, denote the path and cycle with »
vertices, respectively. In 2021, Haynes et al. [2] proved that C(G)<(A(G)+ 3)2 / 4
for any graph G . They also showed that C(G)<(5(G)+1)(A(G)-5(G)+2)
for a no full vertices graph G with §(G)<A(G)/2.In 2023, Davood
Bakhshesh et al [3] characterized all graphs G of order n with & (G) <1 and
C(G)=n . Moreover, they characterized all trees 7 of order n with
C(T)=n—-1.1In 2024, Saeid Alikhani er al. [4] studied the coalition number of
the cubic graphs and provided the exact value of the coalition number of the cubic
graphs with at most 10 vertices. In the same year, Dobrynin and Golmohammadi
[5] constructed an infinite family of cubic graphs satisfying C(G)=9.

In 2023, Haynes et al. [6] first studied the coalition graph and showed that every
graph is a coalition graph. Then they [7] studied and characterized self-coalition
graphs. Shortly after, they [8] studied and characterized the coalition graphs of
paths, cycles and trees. In the same year, Davood Bakhshesh et al. [3] determined
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the number of coalition graphs that can be defined by all coalition partitions of a
given path. In 2024, Dobrynin and Golmohammadi [9] showed that C; is the
shortest cycle having the maximum number of coalition graphs.

In this paper, we investigate the coalition number of the dth power of the n-
path P‘,where d>2 and n>3.In section 2, we provide the exact values or
bounds of the coalition numbers of P? . In section 3, we determine the exact val-

ues of the coalition numbers of P’ except for ne[11,20].

2. The dth Power of the n-Path P/

The following two lemmas are useful in this section.

Lemma 1 (Haynes ef al) Let 7 be a C(G)-partition of a graph G with
maximum degree A(G).If X erx,then X can form a coalition with each of
atmost A(G)+1 othersetsin 7, respectively.

Lemma 2 (Haynes et al) Suppose that G is a graph with maximum degree
A(G), then we have

(a(6)+3)
4

C(G)<

For any positive integers d >2 and »>3, the dth power of the n-path P’
has the vertex set

V(Pnd):{vl9v27'”’vn}
and the edge set

E(R,d): U {v,.vj | j= min{i+1,n},min{i+2,n},---,min{i+d,n}}.
1<i<n-1
It is obvious that, for n<d+1, P’ =K, and C(Pﬂd): C(K,)=n.Itis not
difficult to see that, if n e[d +2,2d +2], then for each vertex xe V(Pnd ) , there
exists another vertex ye V(Pnd ), such that {x} and {y} form a coalition of
P . So the following result holds.
Proposition 3. Forany d >2,if ne[3,2d +2], then we have

C(Pnd)zn.
When n2>2d+3, A(Rf) =2d . By Lemma 1, we have

C(Pd)<(A(Pf)+3)2 _(2d+43) _4d® +12d +9
= 4 4 4 ’

So the following result is obvious.
Proposition 4. Forany d 22,if n22d+3, then we have

C(R!)<min{n,d*+3d +2}.
Furthermore, we show that the upper bound is sharp as 7 is large enough.
Theorem 5. For any d >2,if n>2d”+5d+3, then we have
C(P')=d’+3d+2.
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Proof Suppose that n>2d” +5d +3,where d >2.ByProposition 4, in order
to show that C(Pnd ) =d’ +3d +2, we just need to prove that
C (Pnd ) >d* +3d+2. To this end, in the following, we label the vertices of the

graph P¢ with integers ie [l,d2 +3d +2J , define the set ¥V, to consist of all

i

vertices labeled i, and then show that 7 = {V],Vz,---,V

d2+3d+2} is a c-partition

of C: - Let S, = {v(i—l)d+i’v(i—l)d+i+1’”.’vmin{idﬂ',n}} > in which /e |:1’IVE—H - De-

fine a labeling ¢: V(Pnd ) - [l,a’2 +3d + 2} of the vertices of the graph P’ as
follows. Let
o(v,), if #'(v;)<d+1 forv, €5,,ico[l,2d +2];

J

Vi

f("j): '

f/

~

Vi

()

H’(v])—(d+l), ifz'(vj)zd+2 forv, e S,,i €o[l,2d +2];
(v;): forv, eS,,ie0[1,2d +2];

()

v, N

s forv, € §,,ie|2d+3, o s
! d+1

where

forv, €S, ico[l,2d +2];

for v, eSi,ie0[1,2d+2];

'(v,)= j—(é—lj(dﬂ),

j=(i-1)d—-(i-1), forv,es,i 6{2‘“3’[#”

Itis easy to see that ¢(v,)e[l.d+1] forany v, eS,, where

ieo[1,2d+2]u{2d+3,{%—”,and
+

Z(vj)e[éd+(é+lj,(é+ljd+(é+lﬂ for any vjeS,.,where
i€0[1,2d+2]. So we have ¢(v,)e[1.d*+3d+2] for each j e[l n]. For any
ke[Ld® +3d+2],let ¥, ={vj |/@(vj)=k,je[l,n]}.Notethatfor each
ke[l,d®+3d+2], V, isnota dominating set of C{, and it is not difficult to

check that for each ie[l,d +1], V; forms a coalition with ¥, where

jelid+(i+1),(i+1)d+(i+1)]. So 7 ={V. W,V

d2+3d+2} is a c-partition of

C?, and we have C(Pnd ) >d* +3d +2. The proof is complete.o
It is easy to see that the subset {VI,VZ,---,V } of ”z{Vana"'aV

d?13d+1 d2+3d+2} >
defined in the proof of Theorem 5, is a c-partition of P’ for n=2d’ +5d +2.
So the following result is immediately.

Corollary 6. Forany d >2,if n=2d’ +5d +2, then we have
C(P')zd*+3d+1.
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Theorem 7. Forany d >2 andany te[ld],
(1) if 2td+3t£ns(2t+1)d+(2t+1) then we have

C(P')=n —(2t-1);

(2)if (2t+1)d+(2t+2)<n (21+2)d+(3t+2),then we have
( ) t+2 d+2.

Proof. (1) Suppose that 21d +3t <n<(2t+1)d +(2t+1),inwhich d>2 and

. n
e[l.d]. Let S, = { Vityaeis Vi 1)d+i+1’”"vmin{id+i,n}} , where le{l,{ﬁ—u. De-

fine a labeling /: V(Pd ) —[Ln—(t—-1)d—(2t—1)] of the vertices of the graph

n

P as follows. Let

'(v,), if ¢'(v;)<d+1 forv, €S,,ieo[l,2];
()= O'(v,)=(d+1), if 0'(v,)2d+2 forv, eS,,ieo[l,2];
(v forv, € S,,ie0[L,2];
'(v,), for v, €S,

where

j—(i—l)d—%, forv, € S,.i e o[1,21];

f’(v‘/)= j—(é—l)(d—i—l), forv, €S,,ie0[1,2t];

j=(t=1)(d+1), forv,eS,,,.je[2td+2t+1,n—1t];
j—(n-t), forv, €S,,,,je[n-t+1n].

ests" ">V, | » Where

ieo[l,2t]; E(vj)e[id+(é+lj,(é+ljd+(é+lﬂ forany v, €S, where
ieO[L2t]sand ¢(v,)e[(¢t+1)d+(t+2),n—(t=1)d —(2t~1)] for
je[2td+2t+1,n—t] . So we have é( ) [ln (t—1)d —(21- 1] for each
je[Ln].Forany ke[lLn—(t-1)d—(2t-1)],let

It is easy to see that E(v./.)e [1.d+1] for any v, S, U{y

v, ={vj |€(v_,.)=k,je[l,n]} . Note that for each ke[l,n—(t—l)d—(Zl—l)] ,

V, is not a dominating set of C?, and it is not difficult to check that for each

ie[lt], V; formsa coalition with V,, where

je[id+(i+1),(i+l)d+(i+l)].When n=2td +3t, for each ie[r+1,n], V,

forms a coalition with V( . When n > 2td +3t, for each

t+1)d+(1+1)

e[Ln-t—(2td +(2t+1))], ¥,

i ; for each

forms a coalition with V(m) ()i

ie [n —t—(th +(2¢ +1))+1,d +1] , V... forms a coalition with

t+i

, Le, V,,,(,A)d—(ZH)

.So & ={V1,Vza"'aV,ﬁ(pl)d—(Qt—l)} is

(t+1)d+(t+1)+(n—t—(2td +(20+1))+1)

DOI: 10.4236/0jdm.2025.152002

35 Open Journal of Discrete Mathematics


https://doi.org/10.4236/ojdm.2025.152002

Q. L. Jiaetal.

a c-partition of P?,and we have C(Pd) —(t-1)d—(2t-1).
(2) Suppose that (2r+1)d+(2t+2)<n (2t+2)d+(3t+2), where d>?2
and te[l,d].Let S, = {( Nasi> Vi l)dﬂﬂ,n-,vmm{idﬂ,n}},1nwh1ch

ie {1,[%“ . Define a labeling /: V(Pnd ) - [1,(t +2)d + 2] of the vertices of

the graph P’ as follows. Let

'(v,), if ¢'(v;)<d+1 forv, €S,,ie€o[l2f];
0(v;) =10 (v,)=(d+1), if ¢'(v,)2d+2 forv, €S,.ico[l,2f];
'(v,), forv, € S,,ie0[1,2],
where
j—(i—l)d—%, forv, € S,,ieo[1,2];
o= .
J_[E_lj(d+l)’ forv, €S,,ie0[1,2t],
and let
f(vj):j—(t—l)d—t+l, for jeT;
( ) é(vl.)=j—(2t+1)d—t—l, for jeT,;
lv, )= )
Tl(v,) = (2t +2)d—1=2, for jeT;
((v)=Jj-(2t+3)d~t-3, forjeT,
in which

T=[2td +2t+1,(2t +1)d +1+1],
=[(2t+1)d +1+2.{(2t+2)d +1+2,n}],
T, =[(2t+2)d +t+3,{(2t+3)d +t+3,n} |, and
T, =[(2t+3)d+t+4,n].

Itis easy to see that ¢(v,)e [1d+1] forany v, €S, u{ ml)d”ﬂ,---,vn},

where ieo[l,2¢]; Z {% +1jd+[2+1ﬂ for any v, €S,,
where i€ 0[1,2¢]; and Z(V.)e[(t+1)d+t+2(t+2 d+2] forany

v, € {Vaaietrr Varsnaernt | - SO we have £(v,)e[1,(1+2)d +2] for each
je[l,n]. For any ke[1,(r+2)d+2], let ¥, ={v,|{(v,)=k,je[Ln]}. Note
that for each k e[1,(t+2)d+2], ¥, is not a dominating set of Cy, and it is
not difficult to check that for each i e[l,7], ¥; formsa coalitionwith V,, where
jelid+(i+1),(i+1)d+(i+1)]; for each ie[t+1,d+1], ¥, forms a coalition

with V- S0 7= {Vl,Vz,---,V(Hz)d”} is a c-partition of P’, and we have
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C(P')=(t+2)d+2.0

3. The Power of the n-Path P’

By the results about C (Pnd) provided in previous section, as a special case for
d =2, The following results are obvious.

Corollary 8. Forany n>3,

(1)if 3<n<6,then we have C(Pﬂz):n;

(2)if 7<n<9, then we have n—lSC(Pnz)Sn;

(3)if 10<n <12, then we have 8<C(P’)<n;

(4) if 13<n <15, then we have n—SSC(Pn2 <12;

(5)if 16<n <19, then we have 10<C(P)<12;

(6) if n=20, then we have 11< C(Pnz)ﬁ 12;

(7)if n>21, then we have C(Rf) =12.

In fact, some upper bounds can be further optimized. For convenience, we may
assume that |V1 7,z = Vk| for any cpartition z={V,,V,,---,V,} of a
graph G.

~— S

Observation 9. It is not difficult to verify the following statements.
(1) If n>7,then v, can not form a dominating set with any other vertex of
B’
(2) Except for {v;,v},any two vertices of Fj can not form a dominating set;
(3) If n>11, then any two vertices of P’ can not form a dominating set.
n—1, ifne [7,9]
8, ifn=10
Proof. By (1) of Observation 9, we have C(Pnz)S n—1 for n>7. By (2) of
Corollary 8, we have C(Pn2 ) =n-1 for ne[7,9].By(3) of Corollary 8, we have
8< C(Plf)) <9. Suppose that C(Plf)) =9 and 7 ={V,V,,-V,} isa c-parti-

tion of Pj. Then we just need to consider the case: |Vj|=2 and

Corollary 10. C(Pf) = {

|V2 =7 == K,| =1.ByLemmal, ¥, canform acoalition with each of at most
5 singleton setsin 77, respectively. Thenin 7 there are at least 3 other singleton
sets. By (2) of Observation 9, at least 1 of these 3 singleton sets cannot form a
coalition with any other set in 7, a contradiction. So we have C (Plﬁ) <8 and
c(ch)=8.o

For ne[11,20], we conjecture that the lower bounds of C(Pnz) provided in
Corollary 8 are the exact values of C (Pn2 ) . But the proof of this may be tedious.

For the further research, it would be interesting to study the coalition number

of regular graphs and graphs with special structure.
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