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Abstract 
In a graph ( ),G V E= , two disjoint sets 1 2,V V V⊆  are said to form a coali-
tion, if neither 1V  nor 2V  is a dominating set of G , but 1 2V V∪  is a dom-
inating set of G . The sets 1V  and 2V  forming a coalition are said to be co-
alition partners. A coalition partition, called a c-partition, is a vertex partition 

{ }1 2, , , kV V Vπ =   such that each iV π∈  satisfies the following conditions: 

iV  is a singleton dominating set of G , or iV  is not a dominating set of G  
but has a coalition partner jV π∈ , a non-dominating set of G . The maxi-

mum order k  of a c-partition of G  is called the coalition number, denoted 
by ( )C G . In this paper, we study the coalition numbers of the dth power of 

the n-path d
nP , get the exact values of ( )d

nC P  for enough large n , and also 

provide some bounds of ( )d
nC P  for the other cases. As a special case, we get 

the exact values of ( )2
nC P  except for { }11,12, , 20n∈  . 
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1. Introduction 

In this paper, all graphs are finite simple graphs. For a graph ( ),G V E=  having ver-
tex set V  and edge set E , the open neighborhood and the closed neighborhood of 
a vertex v V∈  are denoted by ( ) { }|N v u uv E= ∈  and [ ] ( ) { }N v N v v= ∪ , re-
spectively. The degree of a vertex v V∈ , denoted by ( )Gd v , is the number of 
vertices in ( )N v . A full vertex of a graph G  is the vertex of degree 1V − , and 
an isolate vertex is the vertex of degree 0. The minimum degree and the maximum 
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degree of G  are denoted by ( )Gδ  and ( )Δ G , respectively. For a set S V⊆ , 
its open neighborhood is the set ( ) ( )v S

N S N v
∈

=


, and its closed neighborhood 
is the set [ ] ( )N S N S S= ∪ . Let V ′  be a nonempty subset of V . If 1V ′ = , 
then we call it a singleton set. Otherwise, we call it a non-singleton set. A domi-
nating set D V⊆  of a graph G  is the set such that ( )N x D∩ ≠ ∅  for every 
vertex x V D∈ − . For two positive integers a  and b  with a b≤ , we denote 
the integer set { }, ,a b  by [ ],a b . Note that [ ],a b = ∅  for a b> . We denote 
the set of all even and odd numbers in [ ],a b  by [ ],a b◊  and [ ],a b , respec-
tively. 

Coalitions and coalition partitions were first introduced by Haynes et al. [1] in 
2020. In a graph G , two disjoint sets 1 2,V V V⊆  are said to form a coalition, if 
neither 1V  nor 2V  is a dominating set of G , but 1 2V V∪  is a dominating set 
of G . The sets 1V  and 2V  forming a coalition are said to be coalition partners. 
In a graph G , a coalition partition called a c-partition, is a vertex partition 

{ }1 2, , , kV V Vπ =   such that each iV π∈  satisfies the following conditions: iV  
is a singleton dominating set of G , or iV  is not a dominating set of G  but has 
a coalition partner jV π∈ , a non-dominating set of G . The maximum order k  
of a c-partition of G  is called the coalition number, denoted by ( )C G . The par-
tition { } { } { }{ }1 2, , , nv v vπ =   is called the singleton partition of a graph G  
with vertex set { }1 2, , , nv v v . 

Suppose that { }1 2, , , kV V Vπ =   be a c-partition of a graph G . The coalition 
graph ( ),CG G π  of G  is the graph with vertex set { }1 2, , , kV V V , and two 
vertices iV  and jV  are adjacent in ( ),CG G π  if and only if the sets iV  and 

jV  in π  are coalition partners. If a graph G  is isomorphic to its coalition 
graph ( ),CG G π ′  in which π ′  is the singleton partition of G , then G  is 
called a self-coalition graph. 

In 2020, Haynes et al. [1] first introduced the concepts: coalition, coalition parti-
tion and coalition number of a graph G , studied these properties, and provided 
some bounds about ( )C G . Moreover, they determined the exact values of ( )nC P  
and ( )nC C  for 3n ≥ , where nP  and nC  denote the path and cycle with n  
vertices, respectively. In 2021, Haynes et al. [2] proved that ( ) ( )( )2

Δ 3 4C G G≤ +  
for any graph G . They also showed that ( ) ( )( ) ( ) ( )( )1 Δ 2C G G G Gδ δ≤ + − +  
for a no full vertices graph G  with ( ) ( )Δ 2G Gδ < . In 2023, Davood  
Bakhshesh et al. [3] characterized all graphs G  of order n  with ( ) 1Gδ ≤  and 
( )C G n= . Moreover, they characterized all trees T  of order n  with  
( ) 1C T n= − . In 2024, Saeid Alikhani et al. [4] studied the coalition number of 

the cubic graphs and provided the exact value of the coalition number of the cubic 
graphs with at most 10 vertices. In the same year, Dobrynin and Golmohammadi 
[5] constructed an infinite family of cubic graphs satisfying ( ) 9C G = . 

In 2023, Haynes et al. [6] first studied the coalition graph and showed that every 
graph is a coalition graph. Then they [7] studied and characterized self-coalition 
graphs. Shortly after, they [8] studied and characterized the coalition graphs of 
paths, cycles and trees. In the same year, Davood Bakhshesh et al. [3] determined 
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the number of coalition graphs that can be defined by all coalition partitions of a 
given path. In 2024, Dobrynin and Golmohammadi [9] showed that 15C  is the 
shortest cycle having the maximum number of coalition graphs. 

In this paper, we investigate the coalition number of the dth power of the n-
path d

nP , where 2d ≥  and 3n ≥ . In section 2, we provide the exact values or 
bounds of the coalition numbers of d

nP . In section 3, we determine the exact val-
ues of the coalition numbers of 2

nP  except for [ ]11,20n∈ . 

2. The dth Power of the n-Path d
nP  

The following two lemmas are useful in this section. 
Lemma 1 (Haynes et al.) Let π  be a ( )C G -partition of a graph G  with 

maximum degree ( )G∆ . If X π∈ , then X  can form a coalition with each of 
at most ( ) 1G∆ +  other sets in π , respectively. 

Lemma 2 (Haynes et al.) Suppose that G  is a graph with maximum degree 
( )G∆ , then we have 

 ( )
( )( )2

Δ 3
.

4
G

C G
+

≤  

For any positive integers 2d ≥  and 3n ≥ , the dth power of the n-path d
nP  

has the vertex set 

 ( ) { }1 2, , ,d
n nV P v v v=   

and the edge set 

 ( ) { } { } { }{ }
1 1

| min 1, ,min 2, , ,min , .d
n i j

i n
E P v v j i n i n i d n

≤ ≤ −

= = + + +



 

It is obvious that, for 1n d≤ + , d
n nP K≅  and ( ) ( )d

n nC P C K n= = . It is not 
difficult to see that, if [ ]2,2 2n d d∈ + + , then for each vertex ( )d

nx V P∈ , there 
exists another vertex ( )d

ny V P∈ , such that { }x  and { }y  form a coalition of 
d

nP . So the following result holds. 
Proposition 3. For any 2d ≥ , if [ ]3,2 2n d∈ + , then we have 

 ( ) .d
nC P n=  

When 2 3n d≥ + , ( )Δ 2d
nP d= . By Lemma 1, we have 

 ( ) ( )( ) ( )
2

2 2Δ 3 2 3 4 12 9 .
4 4 4

d
nd

n

P d d dC P
+ + + +

≤ = =  

So the following result is obvious. 
Proposition 4. For any 2d ≥ , if 2 3n d≥ + , then we have 

 ( ) { }2min , 3 2 .d
nC P n d d≤ + +  

Furthermore, we show that the upper bound is sharp as n  is large enough. 
Theorem 5. For any 2d ≥ , if 22 5 3n d d≥ + + , then we have 

 ( ) 2 3 2.d
nC P d d= + +  
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Proof. Suppose that 22 5 3n d d≥ + + , where 2d ≥ . By Proposition 4, in order 
to show that ( ) 2 3 2d

nC P d d= + + , we just need to prove that  

( ) 2 3 2d
nC P d d≥ + + . To this end, in the following, we label the vertices of the 

graph d
nP  with integers 21, 3 2i d d ∈ + +  , define the set iV  to consist of all 

vertices labeled i , and then show that { }21 2 3 2
, , ,

d d
V V Vπ

+ +
=   is a c-partition 

of d
nC . Let ( ) ( ) { }{ }1 1 1 min ,, , ,i i d i i d i id i nS v v v− + − + + +=  , in which 1,

1
ni

d
  ∈   +  

. De-

fine a labeling ( ) 2: 1, 3 2d
nV P d d → + +   of the vertices of the graph d

nP  as 

follows. Let 

 ( )

( ) ( ) [ ]
( ) ( ) ( ) [ ]
( ) [ ]

( )

, if 1 for , 1, 2 2 ;

1 , if 2 for , 1, 2 2 ;

, for , 1, 2 2 ;

, for , 2 3, ,
1

j j j i

j j j i

j j j i

j j i

v v d v S i o d

v d v d v S i o d
v v v S i d

nv v S i d
d

 ′ ′ ≤ + ∈ ∈ +

 ′ ′− + ≥ + ∈ ∈ +


=  ′ ∈ ∈◊ +

   ′ ∈ ∈ +   +  

 

 







 

where 

 ( )

( ) [ ]

( ) [ ]

( ) ( )

11 , for , 1, 2 2 ;
2

1 1 , for , 1, 2 2 ;
2

1 1 , for , 2 3, .
1

j i

j j i

j i

ij i d v S i o d

iv j d v S i d

nj i d i v S i d
d

 − − − − ∈ ∈ +

  ′ = − − + ∈ ∈◊ +  

 
    − − − − ∈ ∈ +  +   

  

It is easy to see that ( ) [ ]1, 1jv d∈ +  for any j iv S∈ , where  

[ ]1,2 2 2 3,
1

ni o d d
d

  ∈ + ∪ +  +  
, and  

( ) 1 , 1 1
2 2 2 2j
i i i iv d d      ∈ + + + + +            

  for any j iv S∈ , where  

[ ]1,2 2i d∈◊ + . So we have ( ) 21, 3 2jv d d ∈ + +   for each [ ]1,j n∈ . For any 
21, 3 2k d d ∈ + +  , let ( ) [ ]{ }| , 1,k j jV v v k j n= = ∈ . Note that for each  
21, 3 2k d d ∈ + +  , kV  is not a dominating set of d

nC , and it is not difficult to 

check that for each [ ]1, 1i d∈ + , iV  forms a coalition with jV , where  

( ) ( ) ( )1 , 1 1j id i i d i∈ + + + + +   . So { }21 2 3 2
, , ,

d d
V V Vπ

+ +
=   is a c-partition of 

d
nC , and we have ( ) 2 3 2d

nC P d d≥ + + . The proof is complete.□ 

It is easy to see that the subset { }21 2 3 1
, , ,

d d
V V V

+ +
  of { }21 2 3 2

, , ,
d d

V V Vπ
+ +

=  , 
defined in the proof of Theorem 5, is a c-partition of d

nP  for 22 5 2n d d= + + . 
So the following result is immediately. 

Corollary 6. For any 2d ≥ , if 22 5 2n d d= + + , then we have 

 ( ) 2 3 1.d
nC P d d≥ + +  
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Theorem 7. For any 2d ≥  and any [ ]1,t d∈ , 
(1) if ( ) ( )2 3 2 1 2 1td t n t d t+ ≤ ≤ + + + , then we have 

 ( ) ( ) ( )1 2 1 ;d
nC P n t d t≥ − − − −  

(2) if ( ) ( ) ( ) ( )2 1 2 2 2 2 3 2t d t n t d t+ + + ≤ ≤ + + + , then we have 

 ( ) ( )2 2.d
nC P t d≥ + +  

Proof. (1) Suppose that ( ) ( )2 3 2 1 2 1td t n t d t+ ≤ ≤ + + + , in which 2d ≥  and 

[ ]1,t d∈ . Let ( ) ( ) { }{ }1 1 1 min ,, , ,i i d i i d i id i nS v v v− + − + + +=  , where 1,
1

ni
d

  ∈   +  
. De-

fine a labeling ( ) ( ) ( ): 1, 1 2 1d
nV P n t d t→ − − − −    of the vertices of the graph 

d
nP  as follows. Let 

 ( )

( ) ( ) [ ]
( ) ( ) ( ) [ ]
( ) [ ]
( ) 2 1

, if 1 for , 1, 2 ;

1 , if 2 for , 1, 2 ;

, for , 1, 2 ;

, for ,

j j j i

j j j i
j

j j i

j j t

v v d v S i o t

v d v d v S i o t
v

v v S i t

v v S +

 ′ ′ ≤ + ∈ ∈

 ′ ′− + ≥ + ∈ ∈= 
′ ∈ ∈◊


′ ∈

 

 







 

where 

 ( )

( ) [ ]

( ) [ ]

( )( ) [ ]
( ) [ ]

2 1

2 1

11 , for , 1, 2 ;
2

1 1 , for , 1, 2 ;
2

1 1 , for , 2 2 1, ;
, for , 1, .

j i

j ij

j t

j t

ij i d v S i o t

ij d v S i tv

j t d v S j td t n t
j n t v S j n t n

+

+

− − − − ∈ ∈


  − − + ∈ ∈◊′ =    
− − + ∈ ∈ + + −

 − − ∈ ∈ − +


 

It is easy to see that ( ) [ ]1, 1jv d∈ +  for any { }1, ,j i n t nv S v v− +∈ ∪  , where 

[ ]1,2i o t∈ ; ( ) 1 , 1 1
2 2 2 2j
i i i iv d d      ∈ + + + + +            

  for any j iv S∈ , where  

[ ]1,2i t∈◊ ; and ( ) ( ) ( ) ( ) ( )1 2 , 1 2 1jv t d t n t d t∈ + + + − − − −    for  

[ ]2 2 1,j td t n t∈ + + − . So we have ( ) ( ) ( )1, 1 2 1jv n t d t∈ − − − −    for each 

[ ]1,j n∈ . For any ( ) ( )1, 1 2 1k n t d t∈ − − − −   , let  

( ) [ ]{ }| , 1,k j jV v v k j n= = ∈ . Note that for each ( ) ( )1, 1 2 1k n t d t∈ − − − −   , 

kV  is not a dominating set of d
nC , and it is not difficult to check that for each 

[ ]1,i t∈ , iV  forms a coalition with jV , where  

( ) ( ) ( )1 , 1 1j id i i d i∈ + + + + +   . When 2 3n td t= + , for each [ ]1,i t n∈ + , iV  

forms a coalition with ( ) ( )1 1t d tV + + + . When 2 3n td t> + , for each  

( )( )1, 2 2 1i n t td t ∈ − − + +  , t iV +  forms a coalition with ( ) ( )1 1t d t iV + + + + ; for each 

( )( )2 2 1 1, 1i n t td t d ∈ − − + + + +  , t iV +  forms a coalition with  

( ) ( ) ( )( )( )1 1 2 2 1 1t d t n t td t
V

+ + + + − − + + +
, i.e., ( ) ( )1 2 1n t d tV − − − − . So ( ) ( ){ }1 2 1 2 1, , , n t d tV V Vπ − − − −=   is 
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a c-partition of d
nP , and we have ( ) ( ) ( )1 2 1d

nC P n t d t≥ − − − − . 

(2) Suppose that ( ) ( ) ( ) ( )2 1 2 2 2 2 3 2t d t n t d t+ + + ≤ ≤ + + + , where 2d ≥  

and [ ]1,t d∈ . Let ( ) ( ) { }{ }1 1 1 min ,, , ,i i d i i d i id i nS v v v− + − + + +=  , in which  

1,
1

ni
d

  ∈   +  
. Define a labeling ( ) ( ): 1, 2 2d

nV P t d→ + +    of the vertices of 

the graph d
nP  as follows. Let 

 ( )
( ) ( ) [ ]
( ) ( ) ( ) [ ]
( ) [ ]

, if 1 for , 1, 2 ;

1 , if 2 for , 1, 2 ;

, for , 1, 2 ,

j j j i

j j j j i

j j i

v v d v S i o t

v v d v d v S i o t

v v S i t

 ′ ′ ≤ + ∈ ∈
 ′ ′= − + ≥ + ∈ ∈

′ ∈ ∈◊

 

  



 

where 

 ( )
( ) [ ]

( ) [ ]

11 , for , 1, 2 ;
2

1 1 , for , 1, 2 ,
2

j i

j

j i

ij i d v S i o t
v

ij d v S i t

− − − − ∈ ∈′ = 
  − − + ∈ ∈◊   

  

and let 

 ( )

( ) ( )
( ) ( )
( ) ( )
( ) ( )

1

2

3

4

1 1, for ;

2 1 1, for ;

2 2 2, for ;

2 3 3, for ,

j

j
j

j

j

v j t d t j T

v j t d t j T
v

v j t d t j T

v j t d t j T

 = − − − + ∈

 = − + − − ∈= 

= − + − − ∈


= − + − − ∈











 

in which 

 ( )1 2 2 1, 2 1 1T td t t d t= + + + + +   , 

 ( ) ( ){ }2 2 1 2, 2 2 2,T t d t t d t n= + + + + + +   , 

 ( ) ( ){ }3 2 2 3, 2 3 3,T t d t t d t n= + + + + + +   , and 

 ( )4 2 3 4,T t d t n= + + +   . 

It is easy to see that ( ) [ ]1, 1jv d∈ +  for any ( ){ }2 1 2 , ,j i nt d tv S v v+ + +∈ ∪  ,  

where [ ]1,2i o t∈ ; ( ) 1 , 1 1
2 2 2 2j
i i i iv d d      ∈ + + + + +            

  for any j iv S∈ , 

where [ ]1,2i t∈◊ ; and ( ) ( ) ( )1 2, 2 2jv t d t t d∈ + + + + +    for any  

( ){ }2 2 1 2 1 1, ,j td t t d tv v v+ + + + +∈  . So we have ( ) ( )1, 2 2jv t d∈ + +    for each  

[ ]1,j n∈ . For any ( )1, 2 2k t d∈ + +   , let ( ) [ ]{ }| , 1,k j jV v v k j n= = ∈ . Note 

that for each ( )1, 2 2k t d∈ + +   , kV  is not a dominating set of d
nC , and it is 

not difficult to check that for each [ ]1,i t∈ , iV  forms a coalition with jV , where 

( ) ( ) ( )1 , 1 1j id i i d i∈ + + + + +   ; for each [ ]1, 1i t d∈ + + , iV  forms a coalition 

with ( ) ( )1 1t d iV + + + . So ( ){ }1 2 2 2, , , t dV V Vπ + +=   is a c-partition of d
nP , and we have 
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( ) ( )2 2d
nC P t d≥ + + .□ 

3. The Power of the n-Path nP 2  

By the results about ( )d
nC P  provided in previous section, as a special case for 

2d = , The following results are obvious. 
Corollary 8. For any 3n ≥ , 
(1) if 3 6n≤ ≤ , then we have ( )2

nC P n= ; 
(2) if 7 9n≤ ≤ , then we have ( )21 nn C P n− ≤ ≤ ; 
(3) if 10 12n≤ ≤ , then we have ( )28 nC P n≤ ≤ ; 
(4) if 13 15n≤ ≤ , then we have ( )25 12nn C P− ≤ ≤ ; 
(5) if 16 19n≤ ≤ , then we have ( )210 12nC P≤ ≤ ; 
(6) if 20n = , then we have ( )211 12nC P≤ ≤ ; 
(7) if 21n ≥ , then we have ( )2 12nC P = . 
In fact, some upper bounds can be further optimized. For convenience, we may 

assume that 1 2 kV V V≥ ≥ ≥  for any c-partition { }1 2, , , kV V Vπ =   of a 
graph G . 

Observation 9. It is not difficult to verify the following statements. 
(1) If 7n ≥ , then 4v  can not form a dominating set with any other vertex of 
2

nP ; 
(2) Except for { }3 8,v v , any two vertices of 2

10P  can not form a dominating set; 
(3) If 11n ≥ , then any two vertices of 2

nP  can not form a dominating set. 

Corollary 10. ( ) [ ]2 1, if 7,9
8, if 10n
n n

C P
n

 − ∈
= 

=
. 

Proof. By (1) of Observation 9, we have ( )2 1nC P n≤ −  for 7n ≥ . By (2) of 
Corollary 8, we have ( )2 1nC P n= −  for [ ]7,9n∈ . By (3) of Corollary 8, we have 

( )2
108 9C P≤ ≤ . Suppose that ( )2

10 9C P =  and { }1 2 9, , ,V V Vπ =   is a c-parti-
tion of 2

10P . Then we just need to consider the case: 1 2V =  and  

2 3 9 1V V V= = = = . By Lemma 1, 1V  can form a coalition with each of at most 
5 singleton sets in π , respectively. Then in π  there are at least 3 other singleton 
sets. By (2) of Observation 9, at least 1 of these 3 singleton sets cannot form a 
coalition with any other set in π , a contradiction. So we have ( )2

10 8C P ≤  and 

( )2
10 8C C = .□ 

For [ ]11,20n∈ , we conjecture that the lower bounds of ( )2
nC P  provided in 

Corollary 8 are the exact values of ( )2
nC P . But the proof of this may be tedious. 

For the further research, it would be interesting to study the coalition number 
of regular graphs and graphs with special structure. 
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