Open Journal of Discrete Mathematics, 2012, 2, 169-172

http://dx.doi.org/10.4236/0jdm.2012.24034 Published Online October 2012 (http://www.SciRP.org/journal/ojdm)

+53 Scientific
#3% Research

Likelihood Ratio and Srong Limit Theoremsfor the
Discrete Random Variable

Wenhan Li*, Wei Wang', Zhigiang Liu?
'College of Mathematics and Physics, Shijiazhuang University of Economics, Shijiazhuang, China
?Science College, Beijing University of Civil Engineering and Architecture, Beijing, China
Email: Iwh88@163.com, zhigliu@163.com

Received June 26, 2012; revised July 26, 2012; accepted August 26, 2012

ABSTRACT

This in virtue of the notion of likelihood ratio and the tool of moment generating function, the limit properties of the
sequences of random discrete random variables are studied, and a class of strong deviation theorems which represented
by inequalities between random variables and their expectation are obtained. As a result, we obtain some strong devia-
tion theorems for Poisson distribution and binomial distribution.
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1. Introduction

The analytic technique was proposed by Liu [1] to study
the strong deviation theorems represented by inequalities,
many comprehensive works may be found in Liu [2] and
references therein. In references, Liu [3] discussed the
strong deviation theorems for discrete random variables
by using the generating function method. Liu [4] ob-
tained some strong limit theorems for a multivariate
function sequence of discrete random variables by using
the concept of the conditional moment generating func-
tion and the concept of measure differentiation on a net.
Yang and Yang [5] established a strong limit theorem of
the Dubins-Freedman type for arbitrary stochastic se-
quences. Li, Chen and Zhang [6] and Li, Chen and Feng
[7] studied the strong limit theorems of arbitrary de-
pendent continuous random variables by using the ana-
lytic technique and the Laplace transform approach, and
further extended the strong deviation theorems to the
differential entropy for arbitrary dependent continuous
information sources in more general settings. Yang [8]
further studied the limit properties for Markov chains in-
dexed by a homogeneous tree through the analytic tech-
nique.

The purpose of this paper is to establish a kind of
strong limit theorems represented by inequalities with
random bounds, and to extend the analytic technique
proposed by Liu [9]. In the proof, the approach of apply-
ing the tool the notions of likelihood ratio and of moment
generating function to the study of strong limit theorem

of the sequences of random discrete variables is proposed.

As a result, we obtain some strong deviation theorems
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for Poisson distribution and binomial distribution.
Let (©,F,P) be a probability space, and let
{X,,n=1} which is defined in (Q,F,P) be a se-
quence of random variables taking values in
S={1,2,--} with the joint distribution
P(X, =X, Xy = %) = (X.0.%,).

1
X €S 1<k<n ()

Let
P(Xi=%)=P(%)-% €S, k=1 )

In order to indicate the deviation between {X,,n>1}
and a sequence of independent random variables with the
joint distribution

nn(&-'-&){[lpk(xk) €)

we first introduce the following definition.

Definition 1. Let {X,,n>1} be a sequence of ran-
dom variables with the joint distribution (1), and
. (X,++,%,) bedefined by (3), let

f (X, X,, -, X
Zn(a)): n( 1272 s n)
nn(xHxZ"“’xn) (4)
r(o)=logZ, (o).
The random variable

rw)= %E?CSUP%r" () (5)

is called the limit logarithmic likelihood ratio, relative to
the product of marginal distribution of (3), of X,,n>1,
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where log is the natural logarithm, o is the sample
point,and X, standsfor X, (o).

Although r(®) is not a proper metric between prob-
ability measures, we nevertheless think of it as a measure
of “dissimilarity” between their joint distribution

f,(X,--,%,) and the product 7, (X,-,X,) of their
marginals. Obviously, r(@)=0 if. and only if

fn(>q,~--,xn)=§pk(xk),

and it will be shown in (21) that r(a)) >0, a.s. in any
case. Hence, r(a)) can be used as a random measure
of the deviation between the true joint distribution
f, (X, %,) and the distribution (3) of independent
type. In view of the above discussion of the limit loga-
rithmic likelihood ratio, it is natural to think of r (@) as
a measure how far (the random deviation of) X, is
from being independent, how dependent they are. The
smaller r (a)) is, the smaller the deviation is.
Definition 2. Let {X,,n>1} be a sequence of random
variables taking values in S and p, (x,).k=12,-
be the marginal distribution of f (x,--,X,), Iet mo—
ment generating function and expectation as follows:

n>1.

M, ()= p()e" ©
and
EX, =M, = 2 ipi (i), @

In this paper, we assume that there exists t, >0, such

that
M (t) <o, te[~t,t], k=12--n

2. Main Results

Theorem 1. Let {X,,n>1} be a sequence of random
variables taking values in S (@), p (i), M(t), m,
be given as above, and M, (t) is defined in [-t,,t,],
let

D={o:r(o)<x},P(D)=1. (8)
Then
r1\1rr0101nf Z( rTL)Za(r(a)))a.s. O]
where
a(x):sup{go(t,x),—to <t<0}, (10)
InM ()
o(t, X)‘%li?cmfn;{f HL}FX/L an
-t, <t <0,
and then
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a(x)<0; lim a(x) =a(0)=0. (12)
x—>0"
Proof. For arbitrary te[—to,t] let
g (t,i) i)e" /M (t).ieS, (13)
Then
> g (Li)=1. (14)
ieS
Let
Gy (BX,00 %)
fla - [1 ptm o]
=1 =1

By (14), it is easy to see that ¢, (t,X,---,X,) is an n
multivariate distribution function, let

()= BEX X

fn(x],...,xn) ’

By [10], we have that t,(t,@) is a nonnegative su-
permartingale by Doob’s martingale convergence theo-
rem, t, (t,a)) converges a.s. an integrable random vari-
able T. Hence there exists A(t) e F such that

(16)

P(A(t))=1.
So we have
limt, (t,w) <o, weA(t). (17)
This implies that
r{li?osup—lnt (tw)<0, weA(t). (18)
By (4), (15) and (18), we obtain
lim sup— {Zln M, (t )+th: X, —Inr, (a))} <0,
k=l (19)
we At),
Let t=0, we obtain
lim inf%ln r(®)=0,0e A(0) (20)
that is
r(w)=0,0e A0). 21
Let —t, <t<0.From (6) and (19), we have
1
tliminf— ) X, < 11m su —ln M s
fmint 31X, < msup inM (001 (0).
we A( )
By the property of the inferior limit
}E?oinf(an -b,)>d
= liminf (@, —c,) > liminf (b, —c,)+d
n—o N—w
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and dividing the two sides of (22) by t, we obtain
liminf — Z( ”1()
InM
> lim inf — Z{n—()— mK} 23)
n—oo n k=1 t

a)) /t, we A(t)
Let Q Dbe the set of rational numbers in the interval
[4,,0) and let A"=n___A(t), then P(A)=1. By
(23), we have

teQ™

r111mmf Z( -m)

In M r(w
>lﬂlnfnkz;{f() mk}+¥, (24)
we AVteQ™

By (11), (21) and (24) we have
we A ,VteQ .

Because ¢(t) is a continuous function with respect
to t ontheinterval [t,,0] and lim, ¢(t,X)=—

By (11) and (21), for every a)eA*ﬂA(O) , take
tn(a))eQ', such that
a))]za(r(

limgp|t, (@),r )). (26)
By (26), we have
1 n
liminf—) (X
we A NA0),
By (26) and (27), we have
lim inf lzn: (X
n—o n k=1
we A NA(0).

Since P(A N A(0))=1, (9) holds by (28). By Jensen
Inequality, we obtain

-m)2¢[t, ()],

27)

-m)za(r(e)),

(28)

My (t) = E(eX ) = ™) =™ (29)
By (11) and (29), we have
q)(t,x)s%‘so,to <t<0.  (30)
then
a(x)<o. (31)

By L’hospital rule, we have
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Ty (t)=lim M, (1) =m. (32)
t—>0" t k t—>0" M K t) )

By (10) and (32), we have
a(0)=0. (33)
By (10) and (11), we have
[Mk (—\/;)'f' x]
a(X)2p(—x,x)=———L1 J_m, 34
(%)= (% x) F m. (34)
It is easy to see that
lim go( \/;, X) =0. (35)
x—>0"
By (31), (34) and (35), we have
lim &(x) = 0. (306)
x—>0"

Then (12) follows from (34) and (36).
Theorem 2. Under the conditions of the Theorem 1,
then

r1]1rr01)sup Z( -m)<p(r(w))as. (37
where
B(x)=inf {p(t,x),0<t <t }; (38)
InM
o(tx) = limsup- z{nf()_m‘}x/t’ (39)
O<t<ty;
and then
B(X)20; lim B(x)= A(0)=0. (40)

The proof of Theorem 2 is similar to that of Theorem 1
and hence is omitted here.

Corollary 1. Let {X,,n>1} areindependent random
variables, then

lim— Z[X

N—o0 n

]:0, a.s. 41)

It is easy to see that (41) can be obtained by (9) and
37).

Corollary 2. Under the conditions of the Theorem 1
and Theorem 2, if {X ,n>1} are independent and
identically binomial distribution random variables with
parameters mand p, then

1 n
lim sup—
fimsup--2 (X, —m)
< mpe+ (@) =mP(1+1) i (L+t). “2)
O<t<l<t,, as.,
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N r(w)
1 f—> (X, - —
2 (6 m)>E
~t, <t<0, as.
Proof. Here, we only proof (42) and (43) is omitted.
The moment generating function of binomial distri-
bution is defined by M, (t)=(q-+ pe' )m. Using inequa-
lity Int<t—1(t>0) and e' <et (t<1),wehave
InM,(t
ﬂfk()_m%

min(q+ pe') X<rrp(et—1)+x
=— +__—

- -mp (44
" " " D (44)
t — —
_ mpe +tx mp_mp<mpet+tx mp_mp

Hence (44) follows directly from (46).

Corollary 3. Under the conditions of the Theorem 1
and Theorem 2, if {X,,n>1} are independent and
identically distribution of Poisson random variables with
parameters A, then

!
fimsup £ 34(X, ~m)

< mpe+—r(w)_r:p(l+t) (45)
O<t<l<t, as.,

liminf -3 (%, ~m.)> ()

e N t (46)

-t, <t<0, as.

Proof. The moment generating function of distribution
of Poisson is defined by Mk(t):el(c ), Using ine-
quality e' <et (t<1),wehave

In M, (t) x Ale'-1)
k) EANSES S N A
t My t "
<e/12—/1—$

(47)

Hence (45) follows directly from (47). At the same
time, by using inequality ¢'-1<t (t<0), we have
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=M—l+?x>/12 —ﬂ+§.

lnl\/lk(t) X
t t

o
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