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Abstract

The present study introduces a novel axiomatic method for the study of op-
tical elements and systems. This novel method is based on four principles.
Their application allowed the determination of the conjugation formulae of
the optical elements, such as spherical refractive surface, plane refractive
surface, spherical mirror, and plane mirror, without any geometrical con-
struction. They were also applied to find the conjugation formulae in the
case of two successive refractive spherical surfaces. That allowed to find the
conjugation formula, without any geometrical construction, in the case of a
thin lens, then in the case of a parallel-sided refractive glass. The case of a
thick lens was also investigated. Hence, the accuracy of the four novel prin-
ciples is proved. Therefore, the new method can be used to study the conju-
gation formulae regarding other successive optical elements, without any ge-
ometrical construction, and be a very good tool of modelling the optical el-
ements and the optical systems.
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1. Introduction

Since Newton, Snell, Fermat, Descartes, Gauss and several other researchers, the
formulae linking a luminous object and its conjugated point were studied. Geo-
metrical constructions are very often used to determine those conjugation formu-
lae. Those formulae are widely used in the study of plane and curved mirrors,

plane and spherical refractive surfaces, lenses, and optical instruments [1]-[5].
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Geometrical optics is based on some fundamental principles:

- Itis admitted that light travels in a medium following straight lines that carry
the energy.

- According to the principle of Fermat, if nis the refractive index and d'the dis-
tance, the path followed by light is the one for which the optical path L = n.d
is constant.

The objective of the present paper is to present an axiomatic method for which
no geometrical construction is needed to find the conjugation formulae. The main
principles of our methods are given.

Finally, from those principles, some conjugation formulae are derived, showing

the relevance of the new method.

2. Method

Light is an electromagnetic radiation. Maxwell equations show the link between
the electric and magnetic fields.

In vacuum, light, which is a form of energy, propagates with a velocity ¢, which
is deemed to be constant. In a dense material, according to the wave theory, the
velocity of light is v; which is linked to the refractive index by the following rela-

tionship

1

n=%
v

In the following study, some assumptions will be stated that are summarised

hereafter:

e The refractive media are homogenous and isotropic;

e Theluminous rays entering in an optical element or an optical system are par-
axial, so that rays near the principal axis are considered;

e In sign convention, it is assumed that light travels from left to right, so that
directed distances are positive to the right and negative to the left;

o Heights above the principal axis are positive;

e Angles that have positive slope relative to the principal axis are positive, nega-
tive otherwise;

e For reflective surfaces, the refractive index changes sign.

Let a boundary be considered between a dense medium 1, characterised by a
reflective index n, and a dense medium 2 whose reflective indexis n,.

We consider a luminous object A in medium 1 and a point /at the boundary.
A'is the conjugated point of 4 in medium 2. Hence a ray A7/in medium 1 is fol-
lowed by a ray /4 'in medium 2, as shown in Figure 1. Another position of the
point /can be S, a vertex of the curved boundary.

As a result, the refraction process is linked to a variation An=n,—n, of the
refractive index that indicates a change of the velocity of the light ray and there-
fore, a change of energy, during the travel of light from A towards its image A

The whole optical path between the luminous object 4 and its image A 'which

is L=n AL+ n, -1A’, is important because of the principle of Fermat.
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A C S A’

Figure 1. The path between two conjugated points Aand A"

In the case of a spherical refractive surface, the quantity C which is the ver-
gence, is defined as
c-4n_an @)
SC R
The vergence Cindicates the ability of a refractive medium to veer off course a

luminous ray.
. . n .. .
Our idea is to define a parameter | = R’ linked to the velocity of a ray over a

distance R. We call it the specific refractive index (index per unit length).

The dimension of the specific refractive index is m™. It has the same dimension
as the vergence which is also expressed in dioptre (D).

The refractive index physically is an optical power that expresses the curvature
of the wave front that hits the refractive surface. That curvature depends on the
refractive index.

Hence, referring to Figure 1, it is defined in medium 1 and medium 2, respec-

tively

©)

4)
Our method uses four principles as a tool to find the conjugation formulae.

2.1. Principle 1

It is the principle of additivity of the specific refractive indexes during the travel of

a luminous ray. As seen previously, |, expresses a curvature of the wave front in

medium 1, and 1, asecond curvature in medium 2. Hence, the overall curvature

is the sum of the two curvatures. That is the basis of the principle of additivity.
Hence, from A to A; a combined specific refractive index is defined as

oo =1, +1,.Hence we have

RIS

Dyl (5)
Al 1A

Lo =

The point /may be everywhere on the boundary surface. Hence, it may be in S,

a vertex of the curved boundary, or very close to it. Then we have

n n
MAS O SA
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Equation (6) may also be written as

n n n n
| ,=_=1+=z=_(=1_=2J %
MUSA SA SA SA'

2.2. Principle 2

Let us call Cthe centre of curvature of the boundary. For each travel path, from A4
to A, there is an equivalent path of ray which is: movement of the ray from Cto
Sin medium 1, followed by a movement from Sto Cin medium 2. This path is
equivalent to the path from A to A 'because it has the same vergence contribution.

This principle is obvious in the case where the curved surface is a spherical mirror.

In the case of refraction, this equivalence path via the centre of curvature is also
valid. Of course, let the conjugation formula of a spherical refractive surface be
considered. It will be seen later that its conjugation formula, expressed by Equa-
tion (23), is

LIS
AA T el
S SA
Hence, we have
lan = les + lse

Of course, the first movement corresponds to |, and, for the second move-

ment, we have | . Those specific refractive indices are defined as

n n
“ Ccs sC

n
le = % )
Hence, the validity of principle 2 is proved.
According to principle 1, it is defined as a combined specific index
n n, m-n

= —_——t == (10)
SC SC SC

lese = les + 1sc

2.3. Principle 3

The combined specific reflective index does not depend on the location of the lu-
minous object. This principle is stated because a conjugation formula is not linked
to a particular position of the luminous object.

The important thing is the medium in which is the object, and the medium in

which is the image. A movement from A to A4, via S, induces an overall curvature
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of the wave front due to An=n, —n,. Another movement from Cto C, via S, for
which the first movement Cto Sis in medium 1 and the second movement from
Sto Cis in medium 2, induces the same overall curvature of the wave front, due
to the same An=n,—n,.

Hence, combining principle 1 and principle 2, we can write
Lan = lesc (11)

As a matter of fact, this statement has also been demonstrated in subsection 2.2.

The whole representation of the refractive surface is given in Figure 2.

e

C
*/]
ni m n2
®
S|
o

Figure 2. General representative diagram for a spherical refractive surface.

2.4. Principle 4

When two or more successive optical elements are considered, the global specific
reflective index takes into account the principle of additivity (principle 1) and
principle 2. Hence, for a path from A to A, the global specific index 1,, is the
sum of the partial specific indices of the path.

The case of two successive curved surfaces is shown in Figure 3.

Figure 3. Case of two successive refractive surfaces.

The luminous object 4 is in medium 1, characterised by the reflective index n, .
The first refractive surface is characterized by its centre C; and its vertex ;. Bis
the conjugated point of A in the dense medium 2 whose reflective index is n,.

Therefore, Bis in medium 2.
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Hence, the luminous incident ray AK is refracted and gives the ray KB, as Bis
the image of A.

The second refractive surface is characterized by its centre G, and its vertex S,.
A'is the conjugated point of Bin the medium 1 whose reflective indexis n,.

Therefore, the ray KBintercepts the second surface in Z, resulting in the ray LA"
which is in medium 1.

According to principle 1, and because paraxial rays are considered, we define

l,, and I, as

n

n A n 2
® AK KB SA SB
n n n
BL LA S5,B S,A
According to principle 4, we write
Lo = g + lon (14)
Then, from Equation (12) and Equation (13), we have
n n n
JURL UL S BN (15)
SSA SB S,B SA
I =1y —é+ ! +n, ;—; (16)
S, A S,A SB S,B

Now, according to principle 2, we define the paths C,S,C, and C,S,C,.
According to principle 1, we can write

LU SR Sl (17)
CS G SG

I CSG

_ n, + n _nl_n2
Czsz Szcz Szcz

(18)

IC252C2

Then, according to principle 4, a specific refractive index from G to G is de-

fined as
lee, = lose T less,c, (19)
1 1
| =(n,—n,)| =—=—=- (20)
s ( ’ l)[ SIC S,G, ]

According to principle 2, we can write
Law = e, (21)
The representative diagram of the two successive refractive surfaces is given in

Figure 4.

3. Results and Discussions
3.1. Case of a Spherical Refractive Surface

As a consequence of principles 1 to 4, Equation (7), Equation (10) and Equation
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(11) lead to the following equation for two conjugated points 4 and A

(==JT (22)
SA SA SC

ni n2 ID ni
&

Ae—o© Be—o A’
C1 I I C2
® .—I
ni | im I I ni
® —
S1 | | S2
(o] o

Figure 4. Representative diagram for two successive refractive surfaces.

As a result, we have the following equation

n_n _ n-n

—_=-===-1_ (23)
SA SA” SC

This Equation (23) is the conjugation relation between a luminous object A and
its image A, in the case where the incident ray is close to the principal axis.

In literature, this formula is found in the study of refractive spherical surfaces
by geometrical constructions. In our study, it is obtained only by applying our
four fundamental principles, without geometrical construction.

The representative diagram of the imaging system of the spherical refractive

surface is shown in Figure 2.

3.2. Case of a Plane Refractive Surface

The case of a plane refractive surface is a particular case of the spherical surface.
It is of course obtained for a radius of curvature R =SC —> .
As a consequence, the representative diagram of the imaging system of the

plane refractive surface is shown in Figure 5.

o

ni n2
Ae l.A'

Figure 5. Representative diagram for a plane refractive surface.

As a consequence, Equation (23) becomes
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ALELE (24)
SA  SA
Equation (24) maybe written as
nl n2
AS SA M

Equation (25) means that the combined specific refractive index 1,,, =0 when
a luminous ray travels from an object 4, to its conjugated image A, in the case of a
plane refractive surface.
Equation (24) may also be written as
A SA
noon,

(26)

Equation (24) and Equation (26) are gotten in literation by geometrical con-
structions, which are not needed in our study. They are the conjugation relation

for the plane refractive surface for rays close to the normal to the surface.

3.3. Case of a Spherical Mirror

The spherical mirror is another curved surface. All the four principles are applied
as in the spherical refractive surface. But here, we have n, =—n,.
Then Equation (23) becomes

noho_2n 27)
SA SA" SC

Finally, one gets
I+1-2Z (28)
SA SA" SC

Equation (28) is the conjugation relation of the spherical mirror, for rays close
to the principal axis. The representative diagram of the spherical mirror is shown

in Figure 6. Here we set that n,=n and n, =-n.

Figure 6. Representative diagram for a spherical mirror.
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3.4. Case of a Plane Mirror

The plane mirror is a particular case of the spherical mirror. It is obtained for a
radius of curvature R=SC — .

As a consequence, from Equation (28), one gets

SA'=-SA
Here again, we have n, =—n, and the combined specific refractive index 1,,
is given by
n n
I ;= =1 + =2 =
MOAS SA

The optical path L from A to A'is given by
L=n,-AS+n,SA'=n, -A_S+(—nl)(—S_A) =0

Since the optical path is constant, the object 4 and its image A 'are rigorously

conjugated. The representative diagram of the plane mirror is shown in Figure 7.

n -1l
)
Ae QA
Figure 7. Representative diagram for a plane mirror.

Those first results show that, when the optical element is plane (a plane refrac-
tive surface or a plane mirror), the combined specific refractive index 1,, equals
nought.

3.5. Case of Two Successive Refractive Curved Surfaces

Equation (16), Equation (20) and Equation (21) were derived from principles 1,

2, 3 and 4. Hence, we have

looon | -t e [ oL
" U sA s,A) Pl 5B
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Equation (29) can be written as

n L1 -n, N =(n,—n,) 1 1 (30)
SA S,A SB S,B s,C, SC,

An example of two successive refractive spherical surfaces is the lens. For a thin
lens, we have S, =S, ~O. If we write R =S5C, and R, =S,C,, one gets the
conjugation formula of a thin lens, where Ois the centre of the lens:

1 1 1 1 1 1
B i o LR o B

Finally one gets

1 1 1 1
OA OA R, R
Equation (32) is the conjugation formula found in literature for a thin lens; for-

mula found here only by applying our four principles.

3.6. Case of Two Successive Refractive Plane Surfaces

It is a particular case of the two successive refractive curved surfaces, in which we

consider the radius of curvature infinite. Hence, S,C, =S,C, = .
A glass whose refractive index is n, has two parallel sides. Each side is limited
by a refractive medium whose refractive indexis n,.

The representative diagram of a parallel-sided refractive glass is shown in Figure 8.

o
I
I
ni nz EI ni
Ae Be ; A A’

Figure 8. Representative diagram for a parallel sided refractive glass.

For that case, Equation (30) becomes

n| -t |-n|L-Ll-0 (33)
S,A S,A SB S,B
Equation (33) can be written as
] I S (34)
S,A” SA S,B S,B

Equation (34) is the conjugation formula of a parallel-sided refractive glass.

The imaging system of this system is shown in Figure 9.

Equation (34) is also easily found from the conjugation formula of a plane re-
fractive surface.

Using Equation (24), we can of course write:
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- for surface 1

LU (35)
SSA SB

- for surface 2
n
—t =2 (36)
S,A" S,B

Equation (35) and Equation (36) lead to Equation (34).

ni nz ni

A B A'S:1 S2

Figure 9. Imaging system of an object A given by a parallel-sided refractive glass.

Here, the combined refractive index 1,, is given by

Ly =1, —;4— ! +n, ;—; =0 (37)
S,A S,A SB S,B

The combined specific refractive index 1,, equals nought as in the case of a

single refractive plane.

3.7. Case of Thick Lens

The aim of this subsection is to show the influence of the thickness on the conju-
gation formula of a lens. The thick lens, which is another case of two successive

curved refractive surfaces is shown in Figure 10.

Figure 10. Case of a thick lens.

The lens is thick so that its thickness € =S5;S, is not neglected. The interme-

diate image Bis taken into account. Here, we have for 1,; and I,

LI WL 68)
AE EB SSA §B
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LTI S
BF FA" S,B S,A

lon

According to principle 4, we write
law = lag + Lo (40)
Then, from Equation (38) and Equation (39), we have

n n, n
L UL SR

) n
SA SB

1
, (41)
2 SZA

| an

w

According to principles 1 and 2, we have for the paths C,S,C, and C,S,C,

n n n-n
Iclsic1 = === (42)

@ Slcl Slcl

n n n—n
le,s0, = =+ e = 2 (43)
CZSZ SZCZ SZCZ

The specific refractive index from G to G is

lee, = lese tlegsgc, (44)
1 1
l.. =(n,—n )| ==- (45)
s ( ’ l)(slcl Szch

We have, according to principle 2
lan = Iclc2

Finally, one gets the conjugation formula

n, ;—L -n, é—; =(n,-n,) . (46)
SA SA SB S,B s,C, SC,

It is similar to Equation (30), but here, we take into account the thickness and

the intermediate image B, so that we obtain

11 e-n, 11
| == [t =2 = (N, )| == (47)
SA S,A slB(_e+slB) s,C, SC,

The location of the intermediate image B, Sl_B , which is in Equation (47), is

given by the following equation:
n n n,—n
5B SA SC
Hence, for a given location of the object A, the location of the image A'is ob-
tained from Equation (47) and Equation (48).

4. Conclusion

In this paper, an axiomatic method has been developed. It is based on four novel
principles we stated. The conjugation formulae of the optical elements, such as
spherical refractive surface, plane refractive surface, and construction. Those prin-

ciples were also applied to find the conjugation formulae in the case of two suc-
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cessive refractive spherical surfaces. That allowed to find the conjugation formula,
in the case of a thin lens, then in the case of a parallel-sided refractive glass. The
case of a thick lens was also investigated. Here again, the conjugation formulae
were found without any geometrical construction. Hence, the accuracy of the four
novel principles is proved. Therefore, the new method can be used to study the
conjugation formulae regarding other successive optical elements, without any
geometrical construction. Finally, it is a very good tool for modelling the optical

elements and the optical systems.
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