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Abstract

In the current era of big data and artificial intelligence, multi-criteria decision-
making is facing numerous uncertain issues such as incomplete information
and ambiguous evaluation. Nevertheless, the traditional precise mathematical
models have significant limitations when it comes to expressing these uncer-
tainties. In order to better address these kinds of uncertainty issues, the CC-
integral on the interval-valued Sugeno probability measure has been proposed
in this paper. By introducing the Choquet integral based on the Copula, a rea-
sonable measure and integral are established to solve the complexity of the
decision environment. Among them, due to different Copula functions, the
application of the Choquet integral based on Copula is more extensive. So as
to verify the effectiveness of the proposed method, it was applied to the end-
of-life (EOL) strategy problem. Comparing with the decision results of the
Choquet integral based on triangular norms, it is found that the method pro-
posed in this paper is more accurate, simpler to calculate, and has a smaller
computational cost.

Keywords

Fuzzy Analysis, Choquet Integral, CC-Integral,
Uncertain Multi-Criteria Decision

1. Introduction

Multi-criteria decision making (MCDM) is regarded as a complex decision tool
involving quantitative and qualitative factors, and it refers to the process of sys-

tematic evaluation, ranking or selection of limited alternatives under multiple
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conflicting objectives or criteria. The core challenge lies in the trade-off between
decision criteria and uncertainty handling. The trade-off between criteria requires
aggregation operators to be de-aggregated, such as weighting operators and geo-
metric operators, but these operators are not applicable when decision criteria in-
fluence and interact with each other. The Choquet integral is an aggregate func-
tion that can be used to measure the level of uncertainty in a fuzzy set to connect
the interactions between decision criteria through the determination of fuzzy
measures.

In 1954, the French mathematician Choquet proposed the capacity theory for
the first time and proposed the Choquet integral based on the capacity theory [1].
Since then, the study of the Choquet integral from the aspects of properties and
measures began. A generalization of the Choquet integral started to surface in [2]
in 1987. The Choquet integral was used by Barreneche et a/ in 2013 as an aggre-
gation function for the fuzzy rule-based classification system in [3]. A novel ag-
gregation function enhanced by the Choquet integral was introduced in [4] in
2016. The aggregation function, the preaggregation function, and the ordered di-
rectional monotone function-referred to as the CC-integral [5], Cp-integral [6],
and Cr-integral [7] replace the product operator in the Choquet integral in these
generalizations. For the CC-integral, an aggregate class function is obtained by sub-
stituting a copula for the product operator in the Choquet integral.

In 1986, Schmeidler first applied Choquet integral to decision-making prob-
lems [8]. In 1991, Tanaka and Sugeno applied it to evaluate color printed images
[9]. In 1995, Grabisch pointed out the advantages and characteristics of Choquet
integral in decision-making. The decision techniques are also presented. So far,
Choquet integral has been widely used in the field of decision making [10]-[13].
As an extension of Choquet integral, CC-integral has also been applied to solve
MCDM problems [14] [15]. The EOL strategy and how to handle the product after
use are the most prevalent MCDM issues. Marco et al. first presented the EOL
method in 1994, and it has since undergone constant development and improve-
ment [16] [17]. The MCDM problem of identifying the EOL strategy of refrigera-
tor composition is a crucial study area to assess the elements of EOL strategy from
a holistic perspective. EOL decision-making depends on numerous factors.

The evaluation value is typically fuzzy linguistic evaluation, and the criteria fre-
quently interact with one another when solving the EOL strategy problem of re-
frigerator building. These language computations are typically transformed into
triangle norms, which are difficult to compute. Instead, they are typically trans-
formed into interval values or exact numbers. Consequently, the universal CC-
integral must be extended to interval values. This study provides the CC-integral
on interval-valued Sugeno probability measures. Before this, Chen proposed the
Choquet integral on interval-valued Sugeno probability measures [18], Shang pro-
posed the Cr-integral on interval-valued Sugeno probability measures in 2022
[19]. And taking Copula as the overlap function, it is applied to solve the MCDM

problem in the context of EOL policy determination. In contrast to the former,
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the method presented in this study uses mathematical software to simplify the
calculation process, and the findings are more commonly utilized and accurate.
The paper is organized as follows. In Section 2, we introduce some basic con-
cepts, including the definition and theorem of aggregation functions and Choquet
integral. In Section 3, we present the expression of the CC-integral on the interval-
valued Sugeno probability measure, and provides the discrete expression when
the Copula is taken as an overlap function. In Section 4, we apply the CC-integral
on the interval-valued Sugeno probability measure to MCDM, and provides a de-
tailed calculation process, demonstrating the effectiveness of the proposed

method. Our conclusions are presented in Section 5.

2. Preliminaries

First of all, in this section we use the definition of the theorem for the necessary
description and introduction. In the following, let (X NE7R ,u) is a measure space,
where X be the universal set, .-/ bea o — ring of subsets of X ,usinga o -
algebra ./~ as .», is convenient for defining measures, x be a measure on
Ay n>0.

Definition 2.1 [20] A function z:2" —[0,1] is said to be a fuzzy measure if,
forall 4, Bc N, itsatisfies the following properties:

(1) Increasing: if A — B, then ,u(A) c ,u(B);

(2) Boundary conditions: y(@) =0 and ,u(N) =1.

Theorem 2.1 [20] Let (X 7y ,u) be a measure space. Then Measure g has
the following properties.

(1) Monotonicity: whenever Ee.z,F € .7 ,and Ec F implies
#(E)< u(F)s

(2) Continuity from below: whenever E, €.,i=12,---,and {E,} is nonde-
creasing, implying that /J(UZI(E,)) =lim,_,, u(E,);

(3) Continuity from above: whenever E, €.4,i=1,2,---,and {E,} isnonin-
creasing, and there exists i, such that ,u(El.O ) <o implying that
;u(ﬂ,tl(Ei )) =lim, /u(Ei ) ;

Definition 2.2 [21] A bivariate function C: [0,1]2 —[0,1] is called a Copula,
iff

(1) C(x,y)+ (xl,yl)z C(x,yl)+C(x1,y);

(2) C(x,O) = (O,x) =0;

(3) C(x,l) = C(l,x) =X,

Forall x, x, v, y e[O,l] with x<x, and y<y;:

C
C

Copula are functions that link (two-dimensional) probability distribution func-
tions to their one-dimensional margins, playing an significant role in the theory
of probabilistic metric spaces and statistics [22]. Table 1 presents some examples
of Copulas, such as #norms, overlap functions and other non-associative copulas.
These functions play a crucial role in the subsequent research.

Definition 2.3 [18] Nonnegative set function g is said to satisfy the o— A4

rules iff:
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1 o0
— 1+Au(E. ) |-1; if A=0
ooy LA } nah
'H(Ui:IEf)_ o
> u(E,) if 4%0,
i=1
where /16[— ! ,OOJUO, EcF, ENE, =0 forall i,j=12,, and
sup
i

Table 1. Examples of copulas.

(1) tnorms
Definition Name Observations
T, (x,y) =min{x,y} Minimum Overlap function
T, (x, y) =Xy Algebraic Pruduct Overlap function
T, (x,y)=max{0,x+y—1} Lukasiewicz
0 ifx=y=0
T (x.y)= xy Hamacher Product Overlap function

otherwise
xX+y—xy

(2) Non-associative overlap functions

Definition Reference Observations
i Cuadras-Augé famil
0, (x.y)=min{x\[y. x| [[23], Theorem 8] o 18¢ ATy

of copulas[24]
0, (x,y)=min{x,y} max {xz,yz} [[25], Example 3.1]
0, (x,y) = xy(l + a(l —x)(l - y))

ae [—1,0] v [0,1] [[22], Appendix A]

(3) Other non-associative copulas

Definition Reference Observations

C. (x,y) =xy+ xzy(l - x)(l - y) [[26], Example 9.5] Non-commutative
C, (x,y) = max {min {x,%},x +y- 1} [[22], Appendix A] Non-commutative

Cp(x,y)= xy-r#n{x,y} [[22], Appendix A]

Definition 2.4 [18] A set function v:A—>R", v:A—>R", V:A—>R",
v =[v,V] is called an interval-valued fuzzy measure iff:

(1) v(2)=0, v(D)=0;

(2)if E,Fc X ,and Ec F, then K(E)SK(F), V(E)SV(F);
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(3) forevery Ec X, K(E) < \7(E) ;

Definition 2.5 [18] If v and v follow the o—A rules, and v(X)=1,
V(X)=1,then v=[y,V] isreferred an interval-valued Sugeno probability meas-
ure based on o —A rules, denoted by &, = h, .k, .

Definition 2.6 [18] Let X be a finite set with power set 2% a set function
v:2¥ > [v,v]< L(0,1) is called regular interval fuzzy measure iff:

(1) Boundary Conditions: Z(@) = V(@) =0, K(X) =1, 17(X) =1;

(2) Monotonicity: for any M,N e2' with M c N, then v(M)<y(N),
V(M)<V(N).

Definition 2.7 [18] Suppose X be a finite set with power set 2", a set func-
tion v:2* —>[y,v]<=L(0,1) is called regular A -interval fuzzy measure iff:

(1) v(2)=7(2)=0, v(X)=1, 7(X)=1;

()if EcX, FcX, ENNF=@,then
v(EUF)=v(E)+v(F)+Av(E)v(F),

and,

7(EUF)=7(E)+7(F)+ A7 (E)7(F), Ae(-Le),
where L(O,l) is the set of all closed subintervals of the unit interval.

Theorem 2.2 [20] [27] The following formulas determine the parameters
A =(4,4,) of the regular interval Sugeno probability measure:

[1(1+ A4k, )=1+4,

i=1

[1(1+ 4k, )=1+4,.

i=1
Proof. Because A =(4,,
afinitee set, g, =g, (x)(i=12,---,n) is said to be a measure of density. Then,

%{H 1+ g, (xm)}l} =h
I

) and take into account that X ={x,,x,,---,x,} is

—_
+
RS

10Q
o~
—_—
=
N
1
1l
+
R

3. The CC-Integral on Interval-Valued Sugeno Probability
Measure

The definition of the classical Lebesgue integral takes into account additive measures,
while the Choquet integral is a generalization of the Lebesgue integral and it consid-
ers fuzzy measures. In this section, by introducing the definition of discrete Choquet
integral, the generalization of Choquet integral, namely CC-integral, is studied, and
the expression of CC-integral on Sugeno probability measure is proposed.

Think of N ={l,---,n} as a finite set.

Definition 3.1 [28] Suppose v:2" — [0,1] be a fuzzy measure. The discrete
Choquet integral is the function ¢, :[0,1]" —[0,1], defined, for all of
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n

%= (f (5 £ () €[0]" by € ()= 3£ ()= £ () (40 )

i=

observe that the equation can be also written as,

n

Cn (f):l;(f () (40) = () v (40))
which we call the Choquet integral in its expanded form.

The discrete Choquet integral in its enlarged form can be combined with cop-
ulas to create a family of aggregation functions by simply replacing the product
operation with a copula, according to Reference [5]. We refer to these functions
as CC-integral.

Definition 3.2 [5] Suppose v:2" —[0,1] be a fuzzy measure and
C: [0,1]2 —[0,1] be a bivariate copula. The Choquet-like Copula-based integral
with respect to v is defined as a function ¢, :[0,1]" —>[0,1], given, for all
xe[0,1]", by,

€ ()= 2C( (x ) v(40)) = € () 7 (40))

where

(1) (f(x(l) ,...,f(x(n)) is an increasing permutation on the input f(x) ,
thatis, 0< f x(l))_---ﬁf(x(n));

@ f(x)=0;

(3) A(,-) = (z),,(n)} is the subset of indices corresponding to the n—i+1

largest components of X .

Definition 3.3 For a non-negative measurable interval-valued function
F:Q—>1 (R+ ) ,and anyset A€ A, the Choquetintegral of F ischaracterized
by its measurable selections:

(c) Fdv={(c)[ fdv:feS,},

where the set S, consists of all measurable selections f:Q — R".
Definition 3.4 [29] If there is a C-integral function %#:Q — P (R+ ) , for any
measurable selection fe€S§,, 4€A has,

(c)[, fdv<(c)] hdv,

then F is said to be C-integrally bounded.
Theorem 3.1 [18] If C-be integrally bounded, F be a non-negative measura-
ble, 4e.A;then, X isC-integrableon 4 and,

(c)], Xdv =[ (c)[, Xdv.(c)[ Xdv]
Remark If (c)L fdu and (c)_[A fdu exists and is bounded, then the inter-

val-valued function f is C-integrableon 4.

Theorem 3.2 Suppose [ is an interval-valued function on

X ={x.,x,,--,x,} and C isa Copula. Then, the CC-integral of f as regards
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the interval-valued Sugeno probability measure g, on X isproposed by,

(C)_[degz :izzl:[c<g1 (Xi,)7f(Xi'))_C<g/1 (Xill)’f(Xi,))]’

where x/,x;,---,x, isapermutation of x,,x,,---,x, such that

f(x('))éf(xl')s-wﬁf(x;), f(x(')):[0,0] X/ = {xl,le, . x,',},
i=12,-,n and X, =0.

Proof. Dueto f isan interval-valued functionon X ,accordingto Theorem
3.1, we have,

(o), fdg, =[(c)], fdg..(e)], Fdg, |,
Because the CC-integral is monotonic and continuous, let us assume that ' and

f arereal-valued functions on x, respectively. Meanwhile, noted then nonnega
tivity and the monotonicity of the fuzzy measure, we can obtain

where C canbe 7,,7,.7,.7,,,0,.,0,,.0,,C.,C,,Cp, ,when C is T,,
T, (x y) max{O,x+y 1} we have an expression of the Crr-integral on inter-

val-valued Sugeno probability measure:

i=1

(C)J'degl:i{max(o,gl( N+ 7(Xx))- )maX(Ogﬁ( X))+ fF(X])- )}
:é{max(o,gl(X[)+[]_‘(X[’),J7(X.’)]—l)

1

—maX(O’gz (Xz’n) [/_{(Xi’)’]_r(X")]_l)}

i

zg{[max(O,gz( )+ £ (X)) -1)-max(0.g, (X7, )+ £ (X7)-1) ],

[max(O,g}u( )+f( /)= )max(Ogi( i’+l)+f(xi,)_1):|}

:I_Z;:{[maX(O,gz(Xi')-i-J_[(X,-’)—l)—max(O,gl( X))+ /_f(Xz’) 1)]

;[max((),g/l( N+ f(X))- )max(Ogl( X))+ F(X))- )J}
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It is worth noting that when C is O,,,, O,,, (x,y)=min{x, y} max {xz,yz} ,
Copula is an overlap function, we have an expression of the C,, -integral on in-

terval-valued Sugeno probability measure:

(c)'f)(fdg,1 =i[min(g/I (Xi'),f(Xi’))max((gl (X,.’))

i=l1

~min(g, (X,,),f (X;))max(( o (X)) (£ (X)) )}
) ,an:{min(gﬂ (X",)’[J_((X;)ﬂ7(Xi')])max((gl (X)) ’[Z(Xf’),f(X,’)]Z)
—min(g, (X7 ). £ (X)), 7 (X)) ])max( (g, (x0,)) [ £ (). (X;)]z)}
i 2{[“‘1(& (7). £ (07)max (2, (7)) £ (x2)) ﬂ
- min (g, (2, ). () max( (&, (42))" (£ () )

n

B

i=l1

)
[mln( (X)), (X ))max((g (X,-'))Z,(J?(X;))Z)}

—Z{[mm(gﬂ( X)), f(X ))maX((gﬂ(XHI))Z»(J_‘(X;))Z)}

i=1

[min(g, (47,7 (40) Jmax (2, (x2,))" (7 ()Y ||

4. Application in Multi-Criteria Decision-Making Problems

MCDM is a decision-making process in which a decision maker needs to evaluate,
compare, and eventually select (or rank, classify) one or more alternatives from a
limited set of alternatives under multiple, often conflicting criteria. It can system-
atically deal with complex decision scenarios, especially when the decision in-
volves multiple conflicting objectives, limited alternatives and subjective prefer-
ences, MCDM provides a scientific, transparent and defensible framework to

transform multi-dimensional conflicts into computable optimization problems.

4.1. Context of Decision-Making

In this Decision-making problems, We demonstrate the applicability of CC-inte-
gral on interval-valued Sugeno probability measure using a refrigerator compo-
nent EOL strategy determination MCDM problem as a case study. This MCDM
problem includes fourteen sub-criteria and four primary criteria, as shown in Fig-
ure 1. The primary parts and a few minor connectors of the refrigerator are the
only parts that communicate with each other. The case data sets come from [17]
(30].
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Component
EOL Evaluation
Characteristics

Component Quality (x;)

Component Durability (x,1)

Component EOL Condition (x,?)

Function/Module Complexity (X,)

Difficulty with Component’s Disassembly (x,!)

Level of Integration (x;%)

Quantity of Parts (x;°)

Difficulty of Dismantling Part Attachments (x,%)

Component Weight (x,°)

Material (x5)

Quantity of High Value Material (x;!)

Material Calorific Capacity (x;2)

Amount of Hazardous Materials (x;%)

Amount of Different Materials (x;*)

External (x,)

Regulation Support (x,!)

Customer Preference (x,2)

Succedaneum Price (x43)

Figure 1. Structure of the decision attributes.

Linguistic Terms and Corresponding Tria

ngular Fuzzy Numbers
I

T T T T
Exti EP
- ees SR R
| Very poor (VP)
VPVU - Very unimportant (VU)
- poor (P}
| e __‘:;' Alittle poor (AP)
AP/AU ¢ ’Io Alittie unimportant (AU)
@ Slightl (SP)
I r
% — SP/SU o] I O Slightly Lnimportant (SU)
o
g Fair (F
i F/M o I (o] Midd(\e)(M)
3
Slightl d (SG
e o] I (o] St Booe ot (S
L Alittle good (AH)
AH/AI o I o} Alitlle important (Al)
- good (G)
Gl o] I o important (1)
| Very good (VG)
VG/IVI o I o Very imporiant (V1)
Extra good (EG]
— EGIEI o) ¢ Exlra?mpor&ant)(El)
| | 1 1 | 1 T T
0 0.2 0.4 0.6 0.8 1 1.2 1.4

Triangular fuzzy numbers

Figure 2. Linguistic terms and the corresponding triangular fuzzy number.

In [10], linguistic evaluation and each attribute are represented by triangular

fuzzy numbers. Since the participation of decision makers is required in the pro-

cess of language evaluation, the method adopted is to use natural language to pro-

gressively evaluate, and then transform natural language into a triangular fuzzy

number. The language evaluation and the corresponding triangular fuzzy number

DOI: 10.4236/0japps.2026.162044

726

Open Journal of Applied Sciences



https://doi.org/10.4236/ojapps.2026.162044

J. X. Wei, H. Yang

are shown in Figure 2. Taking the cabinet framework as an example, the linguistic
evaluations of the main criteria and sub-criteria are shown in Table 2, and the

corresponding triangular fuzzy numbers are shown in Table 3.

Table 2. The importance of criteria and linguistic assessment of EOL in relation to cabinet
frame.

Linguistic evaluation of EOL options f;/
Criteria Weights

A 4, 4, A, A, A,
x, VG
x, VG F VG VG VP
x F G G VG G F VP
X, G
x) G G G F F VP VP
x F VG G G G G P
x G F VG VG F VG G
x; VG F G G G F F
x F G VG F G P VP
X, VG
x VG G p VG F VG VG
X F P VP VG G P G
x; G VG F G G VP G
x; P F F G F F G
X, F
x, F G G F P F F
x; F VG G VG p VG F
x; F VG VG VG VP VG VG

Table 3. The evaluation of a triangle fuzzy number in relation to the cabinet frame.

Criteria Weights 4 4, 4, 4, 4 4,
X, (0.8,09,1)
X! (0.8,09,1)  (0.7,08,09) (0.7,0.8,09) (04,050.6)  (0.8091)  (0.8091)  (0,0.1,02)
X (0.4,05,06) (0.7,0.8,0.9) (0.7,0809)  (0.8,091)  (0.7,0809) (0.4,0506)  (0,0.1,0.2)
x, (0.7,0.8,0.9)
%, (0.7,0.8,09)  (0.7,0.8,0.9) (0.7,08,09) (04,0.50.6) (0.4,0506)  (0,0.1,02)  (0,0.1,0.2)
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Continued

X (0.4,0.5,0.6) (0.8,0.9,1) (0.7,0.8,09)  (0.7,0.8,0.9)  (0.7,0.8,0.9)  (0.7,0.8,0.9)  (0.1,0.2,0.3)
x (0.7,0.8,0.9)  (0.4,0.5,0.6) (0.8,0.9,1) (0.8,0.9,1) (0.4,0.5,0.6) (0.8,09,1) (0.7,0.8,0.9)
x; (0.8,0.9,1) (0.4,05,0.6) (0.7,0.8,09) (0.7,0.8,0.9) (0.7,0.8,0.9) (0.4,0.5,0.6) (0.4,0.5,0.6)
x (0.4,0.5,0.6) (0.7,0.8,0.9)  (0.8,0.9,1) (0.4,0.5,0.6)  (0.7,0.8,0.9)  (0.1,0.2,0.3) (0,0.1,0.2)
x, (0.8,0.9,1)

x; (0.8,0.9,1) (0.7,0.8,0.9)  (0.1,0.2,0.3) (0.8,0.9,1) 0.4,0.5,0.6 (0.8,0.9,1) (0.8,0.9,1)
x; 0.4,0.5,0.6 (0.1,02,03)  (0,0.1,0.2) (0.8,0.9,1) 0.7,0.8,09)  (0.1,02,0.3) (0.7,0.8,0.9)

( )

( )
(0.8,09,1)  (04,0506) (0.7,0809) (0.7,08,09)  (0,0.1,0.2)  (0.7,0.8,0.9)
(0.4,0.5,0.6)  (0.4,0.50.6) (0.7,0.8,09) ( )

0.4,05,0.6) (0.4,0.50.6) (0.7,0.8,0.9)

(0 )
( )
(0.1,0.2,03)
¥, (0.4,05,0.6)
( )
( )
( )

X 04,05,06) (07,08,09) (0.7,0809) (04,0506) (0.1,02,03) (0.4,0506) (04,0.50.6)
I 04,05,06)  (08091)  (0.7,0809) (08091  (0.1,02,03)  (0.8,09,1)  (04,0.5,0.6)
X 04,05,06)  (08091)  (08091)  (0.8091)  (0,0.1,02)  (08091)  (0.809,1)

4.2. Decision-Making Studies and Solutions

Step 4 | Calculate the average of the obtained

data, perform de-blurring processing

to obtain accurate values, and finally
select the maximum value for each
EOL to obtain the final result.

step 3 | The C-cintegral on the interval-valued
Sugeno probability measure is used to
calculate the evaluation value of the
sub-criterion and the main criterion

for selecting A, for EOL, respectively.

Step 2 | Combined with the data of interval
numbers, the single attribute and
Theorem 2.2 are used to compute
the value of the joint attribute and

A

Step 1 IThe linguistic evaluation is transformed

. -—
using triangular fuzzy numbers, and the

level cut set operations at a=0 and a=1
are performed to obtain a set of interval

numbers and a set of precise numbers.

Figure 3. Calculation process.

The MCDM problem for determining the EOL policy of refrigerator components
is divided into four steps, as shown in Figure 3. Figure 1 depicts the four main
criteria included in this case represented by x, (i =12, 3,4) , and the 14 sub-cri-
teria represented by xl.j , that is if i=1, then j=12; if i=2, then
j=123,45;if i=3,then j=1,2,3,4;if i=4, then j=12,3. Finally, the
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six EOL choices (Reuse, Rermanufacture, Primary recycle, Secondary, Incinera-
tion and Landfill) are denoted by A4,,4,,4;,A4,,A;, A, respectively.

First step: The evaluated linguistic information is transformed into triangular
fuzzy numbers,and o =0 and a =1 level cut set operations are applied to the

triangular fuzzy numbers. The results are shown in Table 4 and Table 5.

Table 4. The a-level cut set value for o =0.

Criteria ~Weights 4 4, 4, 4, A, A,
X, [0.8,1]
x, [0.81]  [0.7,09] [0.7,0.9] [0.4,0.6] [0.8,1] [0.81]  [0,0.2]

x> [04,06] [07,09] [0.7,09] [0.81] [0.7,09] [0.4,0.6] [0,0.2]
X, [0.7,0.9]

x! [0.7,0.9] [0.7,0.9] [0.7,09] [0.4,0.6] [0.4,0.6] [0,0.2] [0,0.2]
xX; [0.4,06] [0.81] [0.7,09] [0.7,09] [0.7,0.9] [0.7,09] [0.1,0.3]
X [07,09] [04,06] [081 [081] [04,06] [081] [0.7,0.9]
X [081] [0.4,0.6] [0.7,09] [0.7,0.9] [0.7,0.9] [0.4,0.6] [0.4,0.6]
X [04,06] [07.09] [0.81] [04,0.6] [0.7,09] [0.1,0.3] [0,0.2]
x, [0.8,1]

x! [081] [0.7,0.9] [0.L,0.3] [0.81] [04,06] [0.81] [08]]
X [04,06] [0.,03] [0,02] [081] [0.7,09] [0.1,0.3] [0.7,0.9]
x [0.7,09] [0.81] [04,06] [0.7,09] [0.7,0.9] [0,0.2] [0.7,0.9]
[0.10.3] [0.4,0.6] [0.4,0.6] [0.7,09] [0.4,0.6] [0.4,0.6] [0.7,0.9]
\ [0.4,0.6]

x! [04,0.6] [0.7,09] [0.7,0.9] [0.4,0.6] [0.L,03] [0.4,0.6] [0.4,0.6]
X [04,06] [081] [0.7,09] [081] [0.,03] [0.81] [0.4,0.6]

X [0406] [081] [081] [081] [0,02] [081] [08]]

Table 5. The a-level cut set value for a=1.

Criteria  Weights 4, 4, 4, 4, A, A
% [0.9]
. [09]  [08]  [08]  [0s]  [09]  [09]  [0]
22 [0.5]  [08]  [08]  [09]  [08]  [0s5]  [o.]
X, [0.8]
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Continued

x) [0.8] [0.8] [0.8] [0.5] [0.5] [0.1] [0.1]
2 [05]  [09] [08]  [08]  [08]  [08]  [02]
X [08]  [05]  [09]  [09]  [0.5]  [09]  [08]
¥ [09]  [05]  [08]  [08]  [08]  [05]  [05]
X [0.5] [0.8] [0.9] [0.5] [0.8] [0.2] [0.1]
1, [0.9]

. [09]  [08] [02]  [09] [05]  [09]  [09]
X [0.5] [0.2] [0.1] [0.9] [0.8] [0.2] [0.8]
X [09]  [0s5] [08] [08]  [01]  [08]
¥ [02]  [05] [05]  [08]  [05]  [05]  [08]
X, [0.5]

X, [0.5] [0.8] [0.8] [0.5] [0.2] [0.5] [0.5]
X [0.5] [0.9] [0.8] [0.9] [0.2] [0.9] [0.5]
X [05]  [09] [09] [09]  [01]  [09]  [09].

Second step: Using o =0 as an example, the joint attribute and the value of
A are computed using a single attribute based on the data in Table 4, Theorem
2.2, and Definition 2.3. Table 6 displays the computation results.

Third step: The CC-integral on the interval-valued Sugeno probability meas-
ure is used to calculate the evaluation value of the sub-criterion and the main

it

criterion for selecting 4, for EOL, respectively, where ( / ) represents the
a

a -level cut set of the function £/ ( 7 )O denotes the 0-level cut set of the

it? it

function [/ .
For EOL options A4, with respect to criteria x,, ¢ =0:

(1) It can be seen from Table 4: (le,z )O =[0.7,0.9] , (ff2 )0 =[0.7,0.9] ,

(752), =[08.1], (£5), =[0.7.09], (1), =[0:8.1].
1 =[0.7,0.9] (g, ): =[0.4,0.6],
(2,), =[0.7,0.9], (g,); =[0.8.1], (g,). =[0.4,0.6].

(3) According to Definition 2.5, j_‘,f, and f/ represent the left and right end-

it

(2) It also can be know from Table 4: (g,)

points of the « -level cut set of the function f , respectively, and
1 2 4 3 5 I 2 3’ 4 5. .

L= =S = then x,, x;, x;, X, , x, isa permutation of
1 2 3 4 5 1 22 3y 4 43 s 5

Xys Xy, Xy, Xy, Xy, Where X, =x,, X; =Xy, X, =X,, X, =X), X, =X,.
The values of all measurements and the required parameter A obtained from

step three are shown in Table 6.
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Table 6. The fuzzy measure of sub-criteria value for o =0.

4 4,
& (F)2. () 5 (F)2. ()
3, =—0.6251, =1 J, =-0.6254, =1
2,(2)=04g,(2)=06  g,(2)=04g,(2)=0.6
g:(1)=1g;(1)=1 g (1)=1g,(1)=1
4 =—0.9932, = -1 4, =-0.9934, =1
2,(5)=04g,(5)=06  g,(5)=04g,(5)=06

g (4)=0.641g,(4)=0.84 g (4)=0.822g,(4)=0.96
2,(3)=0.896g,(3)=0984  g,(3)=0.967g,(3)=

2,(2)=0984g,(2)=1  g,(2)=0984g,(2)=

£ ()=12,(1)=1 5,()=1g,(1)=1

& =-09752, =1 A =—09752, =~
2,(4)=07,(4)=09 g, (4)=0.1g,(4)=03
2,(3)=0964g,(3)=1  g,(3)=0.733g,(3)=0.93
2,(2)=0972g,(2)=1  g,(2)=0972g,(2)=1

g:(1)=1g,(1)=1 g(1)=1g,(1)=1

4, =—-0.4434, =—0.904 A =—-0.4434, =—0.904
2,(3)=04g,(3)=0.6 2,(3)=04g,(3)=0.6

g,(2)=0.729g,(2)=0.875 g,(2)=0.729g, (2)=0.875

g,(1)=1g, (1) =1 g, (1)=1g,(1)=1
4, 4,
&£z, (E) ACACY

4 ==0.6252, =1 A =—0.6250, =

2,(2)=08g,(2)=0.1 g,(2)=038g,(2)=0.1
£,()=18,(1)=1 £,()=1g,(1)=1
& =-09932, =1 4 =-09932, = -1

2,(5)=078,(5)=09  g,(5)=07g,(5)=09

2,(4)=0822g,(4)=096  g,(4)=0944g,(4)=1

8.(3)=0.969g, (3) =1 1(3)=0.969g, (3)=1

199

A

ACNACY
A =—-0.6252, =1
£,(2)=04g,(2)=0.6
&, ()=1g,(1)=1

A =—09934, =—

4 =—0.4431, =-0.904

g,(3)=04g,(3)=0.6

2,(2)=0.729g,(2)=0.875

ACACY
A =—0.6252, =~
£,(2)=04g,(2)=0.6
g.(1)=1g.(1)=1
A =—0.9934, =1
2,(5)=07g,(5)=09

1 (4)=0.944g,(4) =1
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Continued

2,(2)=0.984g,(2) =

8 (1) = lgx(l) =1

A =-09754, =-1

2,(4)=0.7g,(4)=09

g:(3)=0.827g,(3)

2,(2)=0.846g,(2)=

82 (1) = lgx(l) =1

J, =—0.4434, = -0.904

2,(3)=04g,(3)=0.6

g:(2)=0.729g,(2) =

& (1) = lgz(l) =1

1 g,(2)=0984g,(2)=1

ga(l) =g, (1) =1

A =-09752, =1 A =-09757, =
g,(4)=0.8g,(4)=1 g,(4)=0.8g,(4)=1
=1 g,(3)=0.823g,(3)=1 2,(3)=0.823g,(3)=1

)=

0.927 g (2) 0.908g, (2) 1 g
& (1) =lg, (1) =1

A =-0.4431, =-0.904

2.(3)=04g,(3)=0.6

&(1) =g, (1) =1

(4) The value of the subcriterion (

tion 4,(r=1,2,3,4,5) is computed by CC-integral as follows:

)] £:dg, =min{ .z, (O emax|(£.) (g, (1))

N {min{ g, (@) rmaxi({(£2) (g 2)) |
~min {1, (2)f#max{( £ )2’(&(”)2}}

+{mm{f22,gl 3) *max f22

ll2) (.00
~min £, (3)) o (£ )( )
fmin{ £ (@)} o max|(£)" (&, () |
(
{
(

in g, (0 e £ ( >}}

+{mm{f22,g/1 *max (f22

()|
—min{ £, (5)} +max (£, ( >}}
=min (0.7000,1.000) * max (0.4900,1.0000)
+(min (0.7000,0.984) * max (0.4900,0.9683)
—min(0.7000,0.984) * max (0.4900,0.9683) )
+(min(0.7000,0.967) * max(0.4900,0.9351)
—min (0.7000,0.967) * max (0.4900,0.9351))
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+(min (0.8000,0.822) * max (0.6400,0.6757)
— min (0.7000,0.822) * max (0.4900,0.6757))
+(min (0.8000,0.400) * max (0.6400,0.1600)
— min (0.8000,0.400) * max (0.6400,0.1600))

=0.7%1+(0.7%0.9683-0.7%0.9683)
+(0.7%0.9351-0.7%0.9351)
+(0.8%0.6757-0.7%0.6757)
+(0.4%0.64—0.4%0.64)

=0.7+0+0+0.0676 +0

=0.7676.

Similarly, (c)j]?z{zdg/1 =1. Therefore,

C)sz‘fﬂ& = [(C)J‘J_rz{zdgm(c)jfzfzdgi] = [0.7676,1].

As seen in Table 7, we may compute the evaluation values for the remaining
sub-criteria in a similar manner. In a similar manner, & =1 can also be derived
in Table 8.

According to the data in Table 7, the evaluation value of the main criterion is
calculated using the same method, For EOL option 4, , a=0, that is,
(£12), =[0.7,09], (f.), =[0.7676,1], (1, ), =[0.2557,0.5595],

(fia )O =[0.7600,1], the corresponding value of A is shown in Table 9. The spe-

cific calculation process is as follows:

—
=~
e
0Q
N

|
=
=)

—~—
>
(5]
0Q
N
-

N

*

2
5
——
—_
\_/

L]

)\
;.

\_/

=

|
=
=]
——
>
(3]
oq
~
—~~
)
N—
=
*
o
>
—_——
155
I\J
N—
(3]
—
oQ
~
—_~
%)
N—
N—
(i)
>
-

i £, (4)) #max £ zf (@)}
=min (0.2557,1.000) * max (0.0654,1.0000)

+min(0.7,0.970) * max (0.4900,0.9403)

—min (0.2557,0.970) * max (0.0654,0.9403)

+min (0.7600,0.822) * max (0.5116,0.6757)
—min(0.7000,0.822) * max(0.4900,0.6757)

+min (0.7676,0.700) * max (0.5892,0.4900)

—min (0.76,0.7) * max (0.5776,0.4900)
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= 0.2557 #1+(0.7%0.9403 — 0.2557 #0.9403)
+(0.76%0.6757 - 0.7#0.6757)
+(0.7%0.5892-0.7%0.5776)

=0.2557+0.4178+0.0405 + 0.0081
=0.7222.

In the same manner, (c)jfgzdgl =1, then,

(C)Ifz,zd& = [(c),[fz,zd& »(C)Iﬁ,zdgz]
~[0.7222,1].

Similarly, the evaluation values for the other main criteria can also be calcu-
lated, and the results are shown in Table 10, the above calculation process and
results were all accomplished using the Matlab software.

Fourth step: Since triangular fuzzy numbers cannot be directly applied, the
mean method was used to perform defuzzification on the triangular fuzzy num-
bers obtained in Table 10. This process transformed the fuzzy numbers into pre-
cise figures, thereby determining the optimal EOL selection.

Table 7 and Table 10 present the optimal EOL choices derived from the calcu-
lation method of this paper. Table 11 and Table 12 show the data we used in [19].
By comparing the two approaches, it is discovered that while the acquired data
varies, the ultimate EOL strategy are the same. In contrast to the Cr-integral on
the interval-valued Sugeno probability measure, the Cr-integral on the interval-
valued Sugeno probability measure not only makes the calculation process easier
and more efficient by using the mathematical program Matlab, but more careful
calculations can yield more remarkable and distinct results. Meanwhile, since the
Copula function encompasses a series of commonly functions such as triangular
norms and overlap functions, different Copula-based Choquet integrals can be
derived, which broadens the application scope and significantly expands the ap-

plication space in the field of integration.

Table 7. The evaluation value of the major criteria for & =0 in relation to the cabinet frame.

Criteria

3
xZ

Weights
[0.8,1]
[0.8,1]

[0.4,0.6]

[0.7,0.9]

[0.7,0.9]

[0.4,0.6]

[0.7,0.9]

4 4, 4, 4, A 4,

[0.7,0.9] [0.7,09]  [0.592,0.984] [0.7640,0.919] [0.0.656,0.664]  [0,0.2]
[0.7,0.9] [0.7,0.9] [0.4,0.6] [0.8,1] [0.8,1] [0,0.2]
[0.7,0.9] [0.7,0.9] [0.8,1] [0.7,0.9] [0.4,0.6] [0,02]

[0.70081]  [0.7676,1]  [0.7867,]]  [0.6817,0.9]  [0.7509,1]  [0.5082,0.843]

[0.7,0.9] [0.7,0.9] [0.4,0.6] [0.4,0.6] [0,0.2] [0,0.2]
[0.8,1] [0.7,0.9] [0.7,0.9] [0.7,0.9] [0.7,0.9] [0.1,0.3]
[0.4,0.6] [0.8,1] [0.8,1] [0.4,0.6] [0.8,1] [0.7,0.9]
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Continued
X! [0.8,1] [0.4,0.6] [0.7,0.9] [0.7,0.9] [0.7,0.9] [0.4,0.6] [0.4,0.6]
X [0.4,0.6] [0.7,0.9] [0.8,1] [0.4,0.6] [0.7,0.9] [0.1,0.3] [0,02]
X, [0.8,1] [0.7672,1]  [0.2557,0.5595] [0.7789,1]  [0.6052,0.9]  [0.5416,1] [0.7640,1]
%) [0.8,1] [0.7,0.9] [0.1,0.3] [0.8,1] [0.4,0.6] [0.8,1] [0.8,1]
X [0.4,0.6] [0.1,0.3] [0,0.2] [0.8,1] [0.7,0.9] [0.1,0.3] [0.7,0.9]
x; [0.7,0.9] [0.8.1] [0.4,0.6] [0.7,0.9] [0.7,0.9] [0,0.2] [0.7,0.9]
X! [0.,0.3] [0.4,0.6] [0.4,0.6] [0.7,0.9] [0.4,0.6] [0.4,0.6] [0.7,0.9]
X, [0.4,0.6] [0.7946,1]  [0.7600,1]  [0.6540,1] [0.0531,0.2766] [0.654,1]  [0.592,0.984]
%, [0.4,0.6] [0.7,0.9] [0.7,0.9] [0.4,0.6] [0.1,0.3] [0.4,0.6] [0.4,0.6]
X [0.4,0.6] [0.8,1] [0.7,0.9] [0.8,1] [0.1,0.3] [0.8,1] [0.4,0.6]
X [0.4,0.6] [0.8,1] [0.8,1] [0.8,1] [0,0.2] [0.8,1] [0.8,1]

Table 8. The evaluation value of the major criteria for @ =1 in relation to the cabinet frame.

Criteria Weights A, A, A, A, A; Ay

% [0.9] [0.8] [0.8] [0.78] [0.8810] [0.824] [0.1]
x| [0.9] [0.8] [0.8] [0.5] [0.9] [0.9] [0.1]
x2 [0.5] [0.8] [0.8] [0.9] [0.8] [0.5] [0.1]
X, [0.8] [0.8796] [0.8810] [0.9306] [0.7858] [0.8728] [0.6789]
x} [0.8] [0.8] [0.8] [0.5] [0.5] [0.1] [0.1]
2 [0.5] [0.9] [0.8] [0.8] [0.8] [0.8] [0.2]
x3 [0.8] [0.5] [0.9] [0.9] [0.5] [0.9] [0.8]
x2 [0.9] [0.5] [0.8] [0.8] [0.8] [0.5] [0.5]
x3 [0.5] [0.8] [0.9] [0.5] [0.8] [0.2] [0.1]
X, [0.9] [0.9235] [0.4111] [0.8912] [0.7452] [0.7723] [0.881]
x! [0.9] [0.8] [0.2] [0.9] [0.5] [0.9] [0.9]
x2 [0.5] [0.2] [0.1] [0.9] [0.8] [0.2] [0.8]
x3 [0.8] [0.9] [0.5] [0.8] [0.8] [0.1] [0.8]
x3 [0.2] [0.5] [0.5] [0.8] [0.5] [0.5] [0.8]
X, [0.5] [0.9317] [0.8850] [0.828] [0.1654] [0.828] [0.78]
x} [0.5] [0.8] [0.8] [0.5] [0.2] [0.5] [0.5]
2 [0.5] [0.9] [0.8] [0.9] [0.2] [0.9] [0.5]
x3 [0.5] [0.9] [0.9] [0.9] [0.1] [0.9] [0.9]
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Table 9. The fuzzy measure value on the main criteria for @ =0 in relation to the cabinet

frame.
A, A,
g.(E')z.(E') g.(£')2.(£") g.(E')z.(E')
3 =-0.9924, =-1 4 =-0.9924, =1 4 =-0.9924, = -1

g,(4)=04g,(4)=1
g,(3)=0.882g,(3) =1
2.(2)=0.9697g,(2) =1

8 (1) =1g, (1) =1

A

2,(4)=08g,(4)=1
& (3) =0.944g, (3) =1
g,(2)=0.995g,(2)=1

8 (1) =1g, (1) =1

£ (£')z.(£)

~0.9924, =1

2.(4)=0.7g,(4)=0.9
2,(3)=0.822g,(3)=0.96
g.(2)=0.9697g,(2) =1
g, (1)=1g,(1)=1

A

2.(£)z.(£')

A =-0.9924, =1
2,(4)=0.7g,(4)=1
2,(3)=0.944g,(3) =1
g.(2)=0.9697g,(2) =1

81 (1) =lg, (1) =1

2,(4)=08g,(4)=1

g,(3)=0.944g,(3)=1

g.(2)=0.9697g,(2) =1
g.(1)=1g,(1)=1

A

. (E')z.(£)

A =-0.992, =1
2,(4)=08g,(4)=1
g2,(3)=0.944g,(3)=1
g.(2)=0.9697g,(2) =1

8 (1) =1g, (1) =1

Table 10. The thorough assessment of EOL possibilities in relation to the cabinet frame.

Main criteria

(c)[ fdg,

Crisp number

Overall EOL

AI AZ A3

(0.770,0.926,1.0) (0.722,0.865,1.0)

(0.767,0.946,1.0)

options value

(0.7,0.8,0.9) (0.7,0.8,0.9)
(0.592,0.78,0.984)

(0.7008,0.8796,1) (0.7676,0.8810,1)

(0.7867,0.9306,1)

(0.7672,0.9235,1) (0.2557,0.4111,0.5595)

(0.7789,0.8912,1)

(0.7946,0.9317,1) (0.7600,0.8850,1)

(0.6540,0.828,1)

A, A, A,

0.899 0.862 0.904"

0.8 0.80.785

0.860 0.883 0.906

0.897 0.409 0.890

0.909 0.882 0.827
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Continued
Main criteria (C) J f dg 4 Crisp number
A, A A A, A5 A
(0.720,0.860,0.920) (0.722,0.864,1.0)
Overall EOL 0.833 0.862 0.837
(0.663,0.849,1)
options value
(0.7640,0.8810,0.919) (0.656,0.824,0.664)
X, 0.8550.7150.1
(0,0.1,0.2)
(0.6817,0.7858,0.9) (0.7509,0.8728,1)
X, 0.789 0.875 0.677
(0.5082,0.6789,0.843)
(0.6052,0.7452,0.9) (0.5416,0.7723,1)
X, 0.750 0.771 0.882
(0.7640,0.881,1)
(0.0531,0.1654,0.2766) (0.654,0.828,1)
X 0.165 0.827 0.785

(0.592,0.78,0.984)

Table 11. The evaluation value of the major criteria for @ =0 in relation to the cabinet

frame.

Criteria

Weights A, A, A, A,

A

5

A

6

X

1
X

[0.8,1] [0.7,0.9] [0.7,0.9] [0.8,1] [0.8.,1]
[0.8,1] [0.7,0.9] [0.7,0.9] [0.4,0.6] [0.8,1]
[0.4,0.6] [0.7,0.9] [0.7,0.9] [0.8,1] [0.7,0.9]
[0.7,0.9] [0.8,1] [0.81] [0.81] [0.7,0.9]
[0.7,0.9] [0.7,0.9] [0.7,0.9] [0.4,0.6] [0.4,0.6]
[0.4,0.6] [0.8,1] [0.7,0.9] [0.7,0.9] [0.7,0.9]
[0.7,0.9] [0.4,0.6] [0.8,1] [0.8,1] [0.4,0.6]

[0.8,1] [0.4,0.6] [0.7,0.9] [0.7,0.9]

[0.4,0.6] [0.7,09] [0.8,1] [0.4,0.6]

[ ]
[ ]
[0.8,1] [0.8,1] [0.4,0.6] [0.8,1] [0.7,0.9]
[0.8,1] [0.7,0.9] [0.0.3] [0.81] | ]
[0.4,0.6] [0.1,0.3] [0,0.2] [0.8,1] [ ]
[0.7,0.9] [0.8,1] [0.4,0.6] [0.7,0.9] [0.7,0.9]

[0.1,03] [0.4,0.6] [0.4,0.6] [0.7,0.9] [0.4,0.6]

[0.7,0.8] [0,0.2]
[0.8,1] [0,0.2]
[0.4,0.6] [0,0.2]
[0.8,1] [0.8.1]
[0,02]  [0,0.2]
[0.7,0.9] [0.1,0.3]
[0.8,1] [0.7,0.9]
[0.4,0.6] [0.4,0.6]
[0.1,0.3] [0,0.2]
[0.8,1] [0.8,1]
[0.8,1] [0.8.1]
[0.1,0.3] [0.7,0.9]
[0,02] [0.7,0.9]
[0.4,0.6] [0.7,0.9]
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x,  [04,06] [081] [081] [081] [0.,03] [081]  [08,1]
x| [0.4,0.6] [0.7,0.9] [0.7,09] [0.4,0.6] [0.1,0.3] [0.4,0.6] [0.4,0.6]
x; [04,06] [081] [0.7,09] [0.81] [0.,03] [0.81] [0.4,0.6]

4

X [0406] [081] [081] [081] [0,02] [081] [08]]

4

Table 12. The thorough assessment of EOL possibilities in relation to the cabinet frame.

Main criteria (c)] fdg, Crisp number
4 A, A4 4 A, A
Overall EOL (0.8,0.9,1) (0.8,0.9,1) (0.8,0.99,1) 0.90.9 0.933"
Main criteria (c)] fdg, Crisp number
A, A A, A, A A,
Overall EOL (0.8,0.9,1) (0.8,0.9,1) (0.8,0.9,1) 0.90.90.9

5. Conclusion and Prospects

In this article, we expanded on the Choquet integral based on the interval-valued
Sugeno probability measure, obtaining the CC-integral on the interval-valued
Sugeno probability measure. We then applied it to MCDM. By comparing with the
decision results of the Choquet integral based on triangular norms, it was found that
the proposed method is superior to the general method. Due to the wide application
of the Copula function, when the Copula functionis C (x, y) = xy , the CC-integral
is the general Choquet integral. The main application of this article not only lies in
simplifying the calculation process by using the overlapping function as the Copula
function, making it more straightforward and efficient, but also more remarkable
and distinct results can be obtained through more meticulous calculations thereby
demonstrating the practicality of the proposed method. On the other hand, since
the Choquet integral based on the Copula function is a generalization of the stand-
ard Choquet integral, and the Choquet integral is a generalization of the classical
Lebesgue integral, compared with the general integral, the integral based on the
Copula function has a wider application range and establishes the connection be-
tween the Copula function and the Choquet integral.

Furthermore, this paper only presents the discrete representation and applica-
tions of the CC-integral on the interval-valued Sugeno probability measure. How-
ever, its specific properties, potential applications, and the CC-integral formed by
different types of Copula functions still need to be studied in order to better un-
derstand the CC-integral.
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