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Abstract 
This paper addresses the existence of bursting phenomena and mixed-mode 
oscillations (MMOs) in a tree trunk structure subjected to external excitation, 
particularly when the aerodynamic drag force is in the same direction as the 
flow velocity and the trunk velocity remains lower than that of the wind. A 
mathematical model based on Newton’s second law has been developed to 
represent the mechanical behavior of the tree trunk. The behavior of the con-
sidered system is studied using bifurcation diagrams, Lyapunov exponent di-
agrams, time histories, and phase portraits. The global dynamics are explored 
numerically using the fourth-order Runge-Kutta method. The results reveal 
that our system exhibits bursting oscillations, mixed-mode oscillations, and 
coexisting attractors. Understanding the phenomena that appear in the system 
under study could help to better assess the risk of tree failure by identifying 
critical conditions, evaluating tree stability, and detecting potential failure modes. 
Both phenomena can help better predict critical conditions and improve risk 
management in forestry and urban environments. 
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1. Introduction 

Trees, whose development occurs in interaction with the surrounding environ-
ment (light, temperature, nutrients, etc.), are very important for life [1]-[3]. They 
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play a crucial role in maintaining ecological balance and regulating the climate 
[4]. Despite their importance, they are unfortunately exposed to natural or hu-
man-induced threats. The interaction between wind and a tree can manifest in 
different ways. The wind acts on the tree by exerting a force on its branches and 
trunk. Wind forces are among the most critical forces that a plant must withstand. 
Trees, therefore, are likely to sway or twist under the influence of wind. The effects 
of strong winds on trees can cause them to break and damage houses, communi-
cation networks, or electrical power distribution systems [5]-[9]. Random varia-
tions in wind speed and the flexibility of branches can generate a chaotic regime 
and resonance vibrational phenomena [5]-[9]. 

In addition to these two phenomena, several other complex behaviors in dy-
namical systems have drawn significant attention over the past two decades, no-
tably the bursting phenomenon [10]-[12] and the coexistence of multiple attrac-
tors in specific regions of the parameter space, both of which can influence the 
system’s overall performance [13]. Bursting oscillations refer to a periodic alter-
nation in the dynamic behavior of the system [14]-[17]. According to the litera-
ture, the bursting oscillation phenomenon is a particular type of nonlinear dy-
namics observed in certain physical, biological, or neural systems. It is character-
ized by an alternation between two phases in the temporal evolution of a system. 
This phenomenon often occurs when a system consists of two subsystems (a fast 
subsystem and a slow subsystem) with different time scales [18] [19]. The fast 
subsystem may undergo an active phase characterized by rapid oscillations fol-
lowed by a stable silent phase, while the slow subsystem evolves through bifurca-
tions [11] [20] [21]. Bursting oscillations occur in signal transduction processes 
and lead to a periodic switch between spiking and quiescent states [22]. Through 
certain studies, it is understood that the fast subsystem can alternate between spik-
ing and quiescent states [23]. These two states characterize neuronal behaviors 
and are observed during the processes of encoding, decoding, and transmission in 
the brain [24] [25]. The bursting oscillation form, introduced by Rinzel [26] in the 
context of a fast-slow buster, corresponds to the transition between quiescent and 
spiking states. Rinzel’s work has inspired numerous studies, leading to the devel-
opment of several methods for predicting bursting oscillations in various forced 
nonlinear oscillators [18] [27]. Bursting oscillations are also studied both in oscil-
latory enzymatic reactions and in the context of atmospheric fluxes and bursts 
[28] [29]. According to [30], in dynamical systems, another type of oscillation called 
mixed-mode oscillation is observed. That is another type of bursting oscillations 
that appear in the context of slow-fast dynamic systems. The sequential alterna-
tion of large and small-amplitude oscillations, whose frequencies vary depending 
on the system parameters, characterizes these oscillations. The studies on the 
mechanism of generating MMOs have been made theoretical and numerical [31] 
[32]. Mixed-mode oscillations arise in many nonlinear systems such as chemical 
reactions [33] [34], biological systems [35] [36], electronic circuits [37] [38], and 
so on. Mixed-mode oscillations (MMOs) are composed of small and large ampli-
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tude oscillations. They are denoted by sL , where L  and s are the large ampli-
tude oscillations (LAOs) and small amplitude oscillations (SAOs), respectively. 
These oscillations are generally classified into two categories, namely primary 
MMOs and secondary MMOs. When the large amplitude is equal to unity ( 1L = ) 
while the small amplitude varies from 1 to n, with n being an integer, then these 
oscillations are called primary MMOs. However, secondary MMOs are character-
ized by 2L ≥  and s varying from 1 to n. 

The main objective of this work is to understand the emergence of bursting 
oscillations and mixed-mode oscillations within a tree trunk system subjected to 
aerodynamic loading, and to study the coexistence of attractors. The structure of 
this paper is as follows. In Section 2, we present the model of the tree structure. 
Section 3 presents the bursting phenomenon, focusing on the study of the stability 
and bifurcations of equilibrium points. In Section 4, we examine the occurrence 
of mixed-mode oscillations, and in Section 5, we analyze the coexistence of attrac-
tors in the system. The conclusion is presented in Section 6. 

2. Model 

Considering the tree trunk as a viscoelastic material, it can be mechanically mod-
eled by a system consisting of a nonlinear spring and a linear dashpot connected 
in parallel, as illustrated by Figure 1. This mechanical analogy allows us to repre-
sent the behavior of the trunk subjected to wind excitation. Applying Newton’s 
second law to this model, we obtain the following nonlinear dynamic equation: 

 
2

2

d
d ext int

xm F F
t

= −   (1) 

where m  represents the mass of the tree trunk, x  represents the displacement 
of the tree trunk, intF  and extF  denotes the internal and external forces, respec-
tively. In this work, the internal force is defined by the following equation: 

 ( ) ( )intF x x= +ϕ φ   (2) 

where ( ) ( )( )x d x u t= − ϕ . 
 

 
Figure 1. Dynamical model of a tree trunk: structural representation and mechanical equivalent 
model. 
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In this equation, d  represents the damping coefficient, x  is the speed of the 
tree trunk, ( )u t  is the wind speed, and ( )xφ  denotes the nonlinear elastic re-
storing force. 

In another study, [11] considered the function ( ) 3x kx bx= − +φ  as the non-
linear elastic restoring force. The resulting equation was used to investigate burst 
oscillations and chaos control in pine trees. In our work, we adopt the expression 
( ) 3

1 3x k x k x= − +φ  with 1 3, 0k k > . If we assume that the wind applies a sinusoi-
dal excitation force of the form ( )2cosextF f t= ω  to the tree trunk, Equation (1) 
becomes: 

 ( ) ( )
2

3
1 3 22

d d cos
dd

x xm d k x k x f t du t
tt

+ − + = +ω  (3) 

Equation (3) is one of the standard models used for the study of nonlinear dy-
namics of tree-trunk structures. It governs the motion of the tree trunk subjected 
to harmonic excitation due to wind and is commonly referred to as the forced 
damped Duffing oscillator [39]-[41]. 

In reality, the action of the wind on a tree and the response of the latter are 
complex [42]. According to [7], wind exerts a force commonly called aerodynamic 
drag on any tree element that is a function of the speed of the wind relative to the 
structure. The drag force I  on the tree can be written as:  

( )( ) ( )DC A u t x u t x= − − κρI . 
In this work, we were interested in the specific case where the aerodynamic drag 

forces follow the positive direction of flow velocity, that is to say, we take 1= +κ , 
and we stay on the case that ( )( ) 0u t x− > , the function ( )( )2

u t x−   stands for 
the fluid speed relative to the velocity. Therefore, Equation (3), influenced by fluc-
tuating aerodynamic drag force, becomes: 

 ( ) ( ) ( )( )23
1 3 2

1cos
2 Dm dx k x k x f t du t C A u tx x+ − + = + + −  ω ρ  (4) 

The expression for the wind speed considered is in the form:  
( ) ( )0 11 cosu t U t= +η ω . Unlike these authors, who assumed the wind speed to be 

constant, we consider in our work the case where the wind speed varies as a func-
tion of time. By introducing the dimensionless variables maxX x L=  and 0t=τ ω , 
where maxL  represents the length of the tree trunk and 0 1k m=ω  denotes the 
natural frequency of the system, we obtain, after some mathematical manipulations, 
when we substitute the expression for wind speed and assume that 1 2= =ω ω ω , 
the following equation: 

 ( )( ) ( ) ( )3
0 1 2 0 3cos cos cos 2X X X X X P h′′ + + ′ ′− − − + = +β β ωτ β α α ωτ ωτ  (5) 

where ( )0 0
0

1
Dd AC U

m
= +β ρ

ω
, 0

1
0

DA C U
m

=
ρ η

β
ω

, max
2 2

DAC L
m

=
ρ

β ,  

2
3 max

3 2
0

k L
m

=α
ω

, 1

0

=
ω

ω
ω

, 
2

0 0
0 2

0 max

1
2 2

DU AC U
d

m L
  

= + +     

ρ ηα
ω

,  

( )( )0 02
0 max

1
DP f U d AC U

m L
= + +η ρ

ω
, and 

2
0

2
0 max4
DAC U

h
m L

=
ρ η

ω
. 
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The model considered in this work, given by Equation (5), is the same as the 
one we previously analyzed in an earlier publication on the chaotic behavior of a 
tree trunk under dynamic wind loads, with a focus on control strategies and mul-
tistability. 

3. Dynamical Mechanisms of Bursting Oscillations 

To describe the mechanisms responsible for the bursting oscillations in the tree 
trunk structure driven by self-excited and parametric aerodynamic forces, we begin 
by assuming that the system can be transformed into a multi-scale model com-
posed of two different frequency components: a fast subsystem and a slow subsys-
tem. The other state variable X Y′ =  is introduced for convenience in the anal-
ysis. The external excitation ( )cosP ωτ  remains constant over a period T , there-
fore, it can be considered as a new state variable δ . Thus, Equation (5) can be 
rewritten in the form of a first-order differential system as follows: 

 2
3

0 3 0 1 2 22 1

X Y

Y X X Y Y h
P P

=


   = + − − + − + + −      
′



′

δ δα α β β β δ
 (6) 

Here, δ  will be considered as the control parameter. From the perspective of 
slow-fast analysis, system (6) represents the fast subsystem with variables ( ),X Y , 
whereas ( )sinP= −δ ω ωτ  forms the slow system. At the equilibrium point, all 
derivatives are zero. Thus, the determination of equilibrium points is made by 
setting 0X Y′ ′= =  in Equation (6). Then, as equilibrium points, we get: 

 ( ) ( )* * *, ,0E X Y X= =   (7) 

where *X  verifies the following equation: 

 *3 * 0X pX q+ + =   (8) 

with 31p = − α  and 
2

0 2
3

1 2 1q h
P

  
= − + + −  

   

δα δ
α

. 

According to the sign of Cardan discriminant 
3 2

27 4
p q

∆ = + , Equation (8) can 

have one, two, or three roots. So, 
• if 0∆ > , system (6) admits a single real equilibrium point; 
• if 0∆ = , system (6) admits two equilibria; 
• if 0∆ < , system (6) admits three equilibria. 

We first linearize system (6) around the equilibrium points to analyze their sta-
bility. The Jacobian matrix of system equations given by Equation (8) at the equi-
librium points E can be derived as: 

 *2
3 0 1

0 1

1 3
J

X
P

 
 =  − − − 
 

δα β β
 (9) 

From the Jacobian matrix, the characteristic equation can be written as: 
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 2 * *
1 2 0r X r X+ + =λ λ  (10) 

with *
1 0 1r X

P
= +

δβ β  and *2
2 31 3r X= − + α . 

According to the Routh-Hurwitz criterion for stability, the equilibrium point is 
asymptotically stable if and only if 1 0r >  and 2 0r > . The fold and Hopf bifur-
cations can occur when the stability conditions are changed. Thus, the following 
cases can be envisaged: 

• 1 0r >  with 3 0>α  and 2 0r =  that is *

3

1
3

X = ±
α

, two-fold bifurcation 

points appear in the system. 
• 1 0r =  and 2 0r > , both eigenvalues are pure imaginary. Then the system un-

der consideration can present one, two, or three Hopf bifurcation points. 
 

  
Figure 2. Evolution of equilibrium points as a function of δ  for two different values of 1β  with 3 0.5=α , 1P =  and 0 0.025=β . 
The green dots represent the Hopf bifurcation points, while the red dots represent the fold bifurcation points. 
 

In order to make the stability of our system perceptible, we have a diagram rep-
resented in Figure 2. This diagram shows the evolution of the equilibrium point 
of a tree-trunk system for two selected values of 1β  (0.033 and −0.033) as a func-
tion of the parameter δ . The red points indicate fold bifurcations. These points 
mark changes in the stability of the system. The green points represent Hopf bi-
furcations. In this figure, the lines located between successive Hopf bifurcation 
points correspond to branches of stable equilibrium. The other lines of these 
curves are related to branches of unstable equilibrium. The characteristic bubble-
shaped curves reveal a nonlinear evolution of the equilibrium point with respect 
to δ . These bifurcations are associated with the appearance or disappearance of 
oscillations in the system. For 1 0.033=β , the curve shows a certain symmetry 
and the presence of bifurcations. For 1 0.033= −β , the curve exhibits a similar 
profile but with differences in the position or behavior of the bifurcation points. 
The change in the sign of influences the shape and location of the bifurcation 
points, indicating a sensitivity of the system’s equilibrium to this parameter. The 
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changes in the behavior of the fold and Hopf bifurcation points suggest that the 
system may undergo transitions between different equilibrium states or dynamic 
behaviors such as oscillations. We have plotted in Figures 3-9 the time history, 
phase portrait, equilibrium points evolution, and transformed phase portrait for 
different values of the basic parameter to numerically investigate how bursting 
oscillations appear in our system. 

 

   

  
Figure 3. Bursting oscillation: (a) time history; (b) phase portrait; (c) equilibrium points evolution, and (d) transformed phase 
portrait with equilibrium branches. The basic parameters are 0 0.75=α ; 3 0.5=α ; 2 0.01=β ; 0 0.025=β ; 1.25h = ; 0.006=ω ; 

1 0.033=β  and 1.5P = . 
 

Figure 3(a) shows the time evolution of the displacement of a tree-trunk sys-
tem. The plot displays bursting-type oscillations, characterized by periods of in-
tense activity followed by periods of relative calm. The vertical axis represents the 
variable X , whose values oscillate between approximately −3 and 2 for the cho-
sen parameters. The horizontal axis represents time τ , with values ranging from 
4.19 × 105 to 4.22 × 105. This indicates that the evolution is observed over a rela-
tively short period within a much larger time scale. The oscillations show an al-
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ternation of phases in which they vary rapidly with large amplitudes, followed by 
phases in which they stabilize or vary more slowly. The bursts appear to repeat 
periodically. Figure 3(b) shows a phase portrait in the plane, where X  repre-
sents the displacement of the system and Y  represents its velocity. The diagram 
exhibits a characteristic bowtie (or butterfly) shape, typical of nonlinear dynamics 
involving complex behaviors such as bursting. The trajectories form loops around 
two main regions, indicating oscillatory phases with transitions between different 
dynamical states. The system alternates between phases of intense activity (bursts) 
and phases of rest or low activity. To more easily understand the mechanism of 
this explosive oscillation, we have transformed the phase portrait of Figure 3(b) 
into Figure 3(d). The variable δ  represents the control parameter of the system, 
and the variable X* represents the equilibrium point. In this figure, we assume that 
the trajectory starts from a point of the rightmost upper stable equilibrium branch 
(at 1=δ ), where the attractor is categorized as the stable fixed point. As δ  de-
creases, a repetitive spiking movement with large amplitude is observed along its 
domain of attraction. As δ  continues to decrease and reaches the fold bifurca-
tion point at    0.1=δ , the trajectory jumps to the lower stable equilibrium branch, 
and the spiking state movement is created. As δ  further decreases and reaches 
the Hopf bifurcation point located 0.75= −δ , the trajectory jumps to the second 
upper stable equilibrium branch, generating a repetitive spiking state movement. 
When δ  increases and passes through the Hopf bifurcation point, the quiescent 
state movement is created. When δ  continues to increase, the trajectory jumps 
at 0.45=δ  into the first upper stable equilibrium branch and passes through the 
fold bifurcation point and the repetitive spiking state movement reappears. As δ  
increases, the trajectory returns to the starting point when 1=δ . This bursting 
oscillation can be classified as an asymmetric fold/Hopf-fold bursting type. 

Figure 4(b) shows the time evolution of a bursting-type oscillation in the sys-
tem modeling a tree trunk. The system exhibits periodic episodes of large-ampli-
tude oscillations (with a range approximately from −2.5 to 2), followed by phases 
where the amplitude decreases. The bursts repeat regularly along the time axis, 
revealing a cyclic dynamic. Oscillates with positive peaks close to 2 and minima 
close to −2.5. The pattern repeats periodically, and the shape of the oscillations 
shows rapid transitions between extrema, which suggests a bursting oscillation 
cycle. The phase portrait (see Figure 4(b)) shows that the attractors oscillate around 
two equilibrium points. This portrait is mainly characterized by its hourglass 
shape. The plot forms a symmetric structure resembling an hourglass, with tight 
loops at the center (near 0X = ) that widen toward the extremities (±2). This 
reveals oscillations with phases of large excursions in displacement/velocity, fol-
lowed by returns to a more confined region. Near the center ( 0X = ), one ob-
serves tight loops or spirals indicating small-amplitude oscillations around an 
equilibrium point. Moving away from the center, the trajectories widen and dis-
play complex patterns with crossings, corresponding to phases of larger-ampli-
tude oscillations. The transformed phase portrait is plotted in Figure 4(d) to re-
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veal the mechanism of bursting oscillation. This Figure shows the transformed 
phase portrait with equilibrium branches for a bursting-type oscillation in a tree-
trunk system. The parameter appears to control the transition between different 
dynamical regimes. In this figure, we assume that the trajectory starts from a point 
of the rightmost upper stable equilibrium branch (at 1.5=δ ) and decreases. As 
δ  continues to decrease and reaches the fold bifurcation point at 0=δ , the tra-
jectory jumps to the lower stable equilibrium branch, and the spiking state move-
ment is observed. When δ  increases from −1.5 and passes through the Hopf 
bifurcation point and reaches the fold bifurcation point, the trajectory jumps at 

0.75= −δ  into the lower stable equilibrium branch, and the spiking state move-
ment reappears. As δ continues to increase and reaches the fold bifurcation point, 
the trajectory jumps into the upper stable equilibrium branch and returns to the 
starting point at 1.5=δ , the spiking state is observed. This bursting oscillation 
can be classified as asymmetric fold-Hopf/Hopf-fold-fold bursting. 
 

  

 
Figure 4. Bursting oscillation: (a) time history; (b) phase portrait; (c) equilibrium points evolution, and (d) transformed phase 
portrait with equilibrium branches. The basic parameters are 0 0.75=α ; 3 0.5=α ; 2 0.01=β ; 0 0.025=β ; 1.25h = ; 0.006=ω ; 

1 0.033=β  and 2P = . 
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Figure 5. Bursting oscillation: (a) time history; (b) phase portrait; (c) equilibrium points evolution, and (d) transformed phase 
portrait with equilibrium branches. The basic parameters are 0 0.75=α ; 3 0.5=α ; 2 0.01=β ; 0 0.025=β ; 1.25h = ; 0.006=ω ; 

1 0.033=β  and 5P = . 

 
Figure 5(a) shows the time evolution of a bursting-type oscillation in a tree-

trunk system. The plot displays a bursting oscillation, characterized by periods of 
intense activity (the bursts) followed by periods of low activity or silence. The hor-
izontal axis represents time (in seconds, with a scale in seconds), indicating that 
the observed phenomena occur on a very short timescale. The vertical axis shows 
the amplitude of the oscillations, ranging from approximately −2.5 to 2.5. The 
oscillations have a particular shape with pronounced peaks and troughs. Repeti-
tive bursting cycles can be observed, with active phases in which the amplitude 
varies rapidly; the bursts exhibit a structure with maxima and minima that repeat 
periodically. Figure 5(b) illustrates the nonlinear dynamics of a tree trunk in a 
bursting regime. Two sets of closed trajectories can be observed, forming a sym-
metric “butterfly” structure. Each set corresponds to a fast oscillatory phase around 
a quasi-stable state, while the central area represents the rapid transitions between 
these two regimes. This behavior highlights the coexistence of two attractors and 
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the presence of bistable transitions, characteristic of bursting phenomena. Physi-
cally, it reflects the alternation between calm phases and intense oscillation phases 
of the trunk, induced by slow variations in wind force. In order to reveal the mech-
anism of this bursting oscillation, the transformed phase portrait is plotted in Fig-
ure 5(d). The system follows the stable branch until it reaches a bifurcation point 
where stability is lost. At that moment, the system abruptly jumps to another sta-
ble branch, generating a rapid oscillation (burst). From this figure, we assume that 
the trajectory starts from 2=δ  and moves through the upper stable equilibrium 
branch where the spiking state is observed when δ  decreases. As δ  continues 
to decrease and reaches the fold bifurcation point, the trajectory jumps into the 
lower stable equilibrium branch where the spiking state is observed. As δ  in-
creases from −2 passing through the Hopf bifurcation point and reaches the fold 
bifurcation point, the spiking state disappears, and the quiescent state appears. As 
δ  continues to increase and reaches the fold bifurcation point, the trajectory 
jumps at 0.75=δ  into the upper stable equilibrium branch, and the repetitive 
spiking state movement appears. The trajectory returns to its starting point. Then, 
this bursting oscillation can be classified as an asymmetric fold/Hopf-fold hyste-
resis bursting type. 

Figure 6(a) shows the time evolution of the variable. One observes repetitive 
cycles characterized by phases of intense activity where X  reaches values close 
to 3, followed by phases of low activity during which X  quickly drops toward 
−2 and then gradually rises again. The bursts are periodic and exhibit a marked 
asymmetry: a rapid rise toward the peak followed by a more gradual descent with 
a “tail” toward negative values before bouncing back. This dynamic reveals non-
linear behavior with abrupt transitions between active and calm phases, poten-
tially linked to mechanical mechanisms within the tree trunk. Figure 6(b) shows 
the phase portrait of the tree-trunk system, revealing complex bursting-type dy-
namics characterized by nonlinear oscillations between two distinct regions of the 
phase space. The butterfly shape of the diagram indicates an alternation between 
phases of intense activity and phases of low activity, with rapid transitions be-
tween these states. The tight loops at the center of the diagram suggest abrupt 
changes in velocity, while the outer parts of the loops show slower excursions or 
bursts. In order to reveal the mechanism of this bursting oscillation, the trans-
formed phase portrait is plotted. Figure 6(d) shows the transformed phase por-
trait. An S-shaped structure formed by the black curve (the equilibrium point 
curve) can be observed, with two red points marking critical transitions. From this 
figure, we assume that the trajectory starts from 5=δ  and moves through the 
upper stable equilibrium branch when δ  decreases. As δ  continues to de-
crease through the fold bifurcation point, the trajectory jumps into the lower sta-
ble equilibrium branch, and the spiking state is created. When δ  increases from 
−5 and passes through the Hopf bifurcation point, the spiking state disappears. As 
δ  increases and reaches the fold bifurcation point, the trajectory jumps into the 
upper stable equilibrium branch, and the spiking state appears. As δ  continues 
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to increase to 5, the trajectory returns to its starting point. Then, this bursting oscil-
lation can be classified as an asymmetric fold/Hopf-fold hysteresis bursting type. 
 

  

 
Figure 6. Bursting oscillation and with the parameters of Figure 2: (a) time history; (b) phase portrait; (c) equilibrium points evo-
lution, and (d) transformed phase portrait with equilibrium branches. The basic parameters are 0 0.75=α ; 3 0.5=α ; 2 0.01=β ; 

0 0.025=β ; 1.25h = ; 0.006=ω ; 1 0.033= −β  and 1P = . 

 
Figure 7(a) shows the time evolution of a bursting-type oscillation in a tree-

trunk system. The variable oscillates periodically, with bursts characterized by 
rapid and large-amplitude excursions followed by phases in which it returns to 
values close to zero. The oscillations exhibit an alternation between high peaks 
and low-amplitude periods, suggesting nonlinear dynamics in which the system 
switches between phases of intense activity and phases of relative calm. Figure 
7(b) shows a blue region representing the set of possible system trajectories in the 
phase space, with corresponding displacement and velocity. The shape of this 
region suggests a confinement zone for the trajectories around a central point, 
indicating a tendency of the system to evolve within a limited region of phase space. 
The presence of a point at the center could represent an equilibrium point or an 
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area of low dynamical activity. This phase portrait is typical of bursting behav-
ior, where the system alternates between phases of intense activity and resting 
phases. In order to reveal the mechanism of this bursting oscillation, the trans-
formed phase portrait is plotted. Figure 7(d) presents the phase portrait show-
ing a bifurcation with equilibrium branches represented by black lines, sur-
rounded by a blue region that indicates a zone of stability or attraction for the 
system’s trajectories. The presence of such a bifurcation suggests that the system 
can move from a stable state to a complex oscillation regime of bursting type in 
function of δ . From this figure, we assume that the trajectory starts from 

1=δ  and moves through the upper stable equilibrium branch where the spik-
ing state is observed when δ  decreases. As δ  continues to decrease through 
the Hopf bifurcation point and reaches the fold bifurcation point, the trajectory 
jumps into the lower stable equilibrium branch. As δ  continues to decrease and  
 

  

 
Figure 7. Evolution of equilibrium points as a function of δ  for two different values of 1β . The green dots represent the Hopf 
bifurcation points while the red dots represent the fold bifurcation points. The basic parameters are 0 0.75=α ; 3 0.5=α ; 

2 0.01=β ; 0 0.025=β ; 1.25h = ; 0.006=ω ; 1 0.033= −β  and 1.5P = . 
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Figure 8. Bursting oscillation and with the parameters of Figure 2: (a) time history; (b) phase portrait; (c) equilibrium points evo-
lution, and (d) transformed phase portrait with equilibrium branches. The basic parameters are 0 0.75=α ; 3 0.5=α ; 2 0.01=β ; 

0 0.025=β ; 1.25h = ; 0.006=ω ; 1 0.033= −β  and 2P = . 

 
reaches the fold bifurcation point, the trajectory jumps into the left upper stable 
equilibrium branch where the spiking state is observed. When δ  increases from 
−1 and reaches the fold bifurcation point, the trajectory jumps back into the lower 
stable equilibrium branch and the spiking state reappears. When δ  continues to 
increase to 1, the trajectory returns to its starting point by maintaining the spiking 
state. Then, this bursting oscillation can be classified as an asymmetric Hopf-fold-
fold/fold-Hopf type. 

Figure 8(a) shows a series of periodic oscillations characterized by phases of 
intense activity followed by periods of low activity. The bursts appear as regular 
peaks with high amplitudes, alternating with phases where the amplitude decreases 
significantly. Figure 8(b) shows a dense blue region representing the set of possi-
ble trajectories of the system in phase space. At the center of the diagram, a char-
acteristic white “arrowhead” shape indicates a zone where trajectories converge 
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or focus toward a specific cycle or point. The trajectories seem to spiral around 
this central area, suggesting complex oscillatory behavior typical of bursting phe-
nomena. This reveals nonlinear dynamics in which the system alternates between 
phases of intense activity and phases of rest or low activity, highlighting the rich-
ness of interactions between displacement and velocity in this system. In order to 
reveal the mechanism of this bursting oscillation, the transformed phase portrait 
is plotted. Figure 8(d) presents the transformed phase portrait. The diagram shows 
an extended blue region representing a zone of oscillatory behavior of the system as 
a function of the parameter δ . A bifurcation is observed around 0=δ , where the 
system’s behavior appears to change significantly, transitioning from one regime 
to another with oscillatory characteristics potentially of the bursting type. This 
phase portrait highlights the system’s sensitivity to variations in the parameter, 
influencing transitions between equilibrium states and phases of complex oscilla-
tions. This bursting oscillation can be classified as an asymmetric Hopf-fold/Hopf-
fold type.  

Figure 9(a) shows a series of periodic oscillations characterized by phases of 
intense activity (bursting) followed by low-amplitude periods. The plot illus-
trates the evolution of the variable as a function of time, with oscillations that 
appear to repeat in a regular manner. The peaks of these oscillations exhibit 
slightly varying amplitudes but maintain an overall periodicity, suggesting a cy-
clic dynamic behavior in the system under consideration. Figure 9(b) illustrates 
the phase portrait, revealing complex dynamics characterized by cycles of dis-
placement and velocity. The diagram shows two main lobes that are symmetric 
with respect to the origin, indicating alternating oscillatory phases in which the 
system undergoes periods of intense activity (bursting) followed by calmer phases. 
The trajectories form nested loops within each lobe, suggesting repeated transi-
tions between states of high and low displacement and velocity. This structure 
reflects nonlinear behavior typical of systems exhibiting bursting phenomena, 
where coupling between displacement and velocity generates complex dynamic 
patterns. In order to reveal the mechanism of this bursting oscillation, the trans-
formed phase portrait is plotted. Figure 9(d) presents the transformed phase 
portrait, revealing key characteristics of the system’s dynamics. The phase por-
trait shows a U-shaped curve. The ends of the U-shaped curve display areas of 
strong variation, suggesting rapid transitions between system states. The equi-
librium branches frame a region where the system may exhibit complex oscilla-
tory behavior, typical of bursting phenomena. This diagram highlights the co-
existence of phases of intense activity and phases of rest in the dynamics of the 
tree-trunk system. From this figure, we assume that the trajectory starts from 

2.25=δ  and moves through the upper stable equilibrium branch when δ  
decreases. As δ  continues to decrease and reaches the fold bifurcation point 
at 1.25=δ , the trajectory jumps into the lower stable equilibrium branch. As 
δ  increases from −1.5 passing through the Hopf bifurcation point and fold bi-
furcation point, the quiescent state is not observed. When δ  evolves, the tra-
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jectory jumps into the spiking state. As δ  continues to decrease from −2.25, 
the trajectory returns to its starting point. Then, this bursting oscillation can be 
classified as an asymmetric fold-Hopf-fold/Hopf-fold-fold type. 
 

  

 
Figure 9. Bursting oscillation and with the parameters of Figure 2: (a) time history; (b) phase portrait; (c) equilibrium points evo-
lution, and (d) transformed phase portrait with equilibrium branches. The basic parameters are 0 0.75=α ; 3 0.5=α ; 2 0.01=β ; 

0 0.025=β ; 1.25h = ; 0.006=ω ; 1 0.033= −β  and 5P = . 

4. Bursting and Mixed-Mode Oscillations 

Our objective in this section is to understand the emergence of bursting and 
mixed-mode oscillations within a tree trunk system subjected to hydrodynamic 
loading. To achieve this, we employed the fourth-order Runge-Kutta algorithm to 
numerically construct bifurcation diagrams and their corresponding Lyapunov 
exponent diagrams. As depicted in Figure 10 and Figure 11, these bifurcation 
diagrams illustrate the system’s behavior as the control parameter ω  varies, with 

1β  values of −0.033 and −0.009, respectively. The remaining parameter values 
used for these simulations were 0 0.75=α , 3 0.5=α , 0 0.025=β ; 2 0.015=β ; 
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2f = , 0.5h = , and the initial conditions were ( )0 0.5X =  and ( )0 0.5Y = . 
 

 
Figure 10. Bifurcation diagrams and its corresponding Lyapunov exponent versus ω  of the system with the parameter values 

0 0.75=α ; 3 0.5=α ; 0 0.025=β ; 2 0.015=β ; 2f = ; 0.5h = ; 1 0.033= −β . 

 

 
Figure 11. Bifurcation diagrams and its corresponding Lyapunov exponent versus ω  of the system with the parameter values 

0 0.75=α ; 3 0.5=α ; 0 0.025=β ; 2 0.015=β ; 2f = ; 0.5h = ; 1 0.009= −β . 

 
Figure 10 and Figure 11 reveal that the system exhibits periodic mixed-mode 

oscillations and chaotic bursting oscillations, alongside reverse periodic bifurca-
tions. To further illustrate the diverse oscillation types predicted by the bifurcation 
diagrams in Figure 10, we’ve plotted various phase portraits of the system in Figure 
12 for different values of ω . This figure specifically demonstrates chaotic bursting 
oscillations at 0.1=ω , 0.52, 0.622. Additionally, the system displays primary peri-
odic mixed-mode oscillations of varying topologies. Notably, at 0.621=ω , the sys-
tem displays transitions from 1112 mixed-mode oscillations (MMOs) to chaos, and 
12MMOs to chaos are also observed. To further investigate the behavior predicted 
by the bifurcation diagram in Figure 10, Figure 13 displays phase portraits of sev-
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eral periodic attractors. From these portraits, we observe the system exhibiting a 
variety of secondary mixed-mode oscillations (MMOs), thereby uncovering their 
distinct routes to chaos. 
 

  

 
Figure 12. Several phase portraits of the system illustrate chaotic and periodic bursting-type oscillations, as well as mixed-mode 
oscillations for several values of ω with the parameters of Figure 10. 
 

  

 
Figure 13. Several phase portraits of the system exhibit secondary periodic mixed-mode oscillations for certain values of ω with the 
parameters of Figure 10. 
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Figure 14. Coexisting attractor behaviors of the system with four different values of 1β  with 0.25=ω . The 
other parameter values of Figure 9 are kept constant. 
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Figure 15. Coexisting attractor behaviors of the system with four different values of 0.25=ω . The other 
parameter values of Figure 9 are kept constant. 
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5. Coexisting Attractors Behaviors 

In this section, we numerically investigate the phenomenon of coexistence of at-
tractors by studying the effect of initial conditions on the dynamical behavior of 
the system. The blue, red, and green colors are used for initial conditions (0.5, 
0.5), (0.1, 0.1), and (−2.5, 0.5), respectively. Figure 14 shows the occurrence of 
coexisting attractor behaviors for four different values of 1β  with 0.25=ω . For 
instance, when 1 0.01= −β , two asymmetric secondary mixed-mode oscillations 
of different typologies coexist. As 1 0.02= −β , two chaotic oscillations and sec-
ondary periodic mixed-mode oscillations coexist. For 1 0.01=β  secondary peri-
odic mixed-mode oscillation coexists with chaotic oscillation. On the other hand, 
free chaotic oscillations coexist as 1 0.1=β . We have also investigated the onset 
of coexisting attractor behaviors when ω  evolves with the parameters of Figure 
10. The results obtained are shown in Figure 15. From this figure, we notice that 
for 0.26=ω , bistable secondary periodic mixed-mode oscillations coexist. As 

0.38=ω  and 0.45 chaotic oscillation coexists with 22MMOs and 21MMOs oscil-
lations, respectively. When 0.6=ω , secondary periodic mixed mode oscillation 
coexists with primary periodic mixed mode oscillation. On the other hand, two 
asymmetric primary 11MMOs coexist when    0.7=ω . 

6. Conclusion 

In this paper, we investigated the existence of bursting phenomena and mixed-
mode oscillations in a tree trunk structure subjected to an aerodynamic force. The 
results presented herein provide insight into how small initial perturbations can 
lead to chaotic oscillations in tree trunks. Furthermore, the global dynamic changes 
of our system were studied numerically using a fourth-order Runge-Kutta scheme. 
The results reveal that the system exhibits primary and secondary mixed-mode 
periodic oscillations as well as chaotic bursting oscillations. The mechanisms un-
derlying the bursting oscillations were analyzed through bifurcation diagrams and 
the corresponding Lyapunov exponent diagrams. The results indicate that the 
bursting oscillations in our system can be classified into three categories: asym-
metric fold/Hopf-fold bursting, asymmetric Hopf-fold/fold-Hopf bursting, asym-
metric fold-Hopf/Hopf-fold-fold bursting, fold/Hopf-fold hysteresis bursting, 
and asymmetric Hopf-fold-fold/fold-Hopf bursting. Our investigation was fur-
ther extended to the emergence of coexisting attractors when certain parameters, 
such as the motion frequency and the parametric damping coefficient, vary. Un-
derstanding mixed-mode oscillations and coexisting attractors aids in better as-
sessing the risk of tree failure. Indeed, it shows that their response to wind can 
change abruptly. A single tree may transition from a low-amplitude oscillation 
regime to a much more violent regime due to a simple gust or perturbation. Such 
sudden transitions significantly increase stresses in the trunk and roots, thereby rais-
ing the risk of cracking, breakage, or uprooting. MMOs and the coexistence of at-
tractors can help identify critical meteorological conditions that may trigger dan-
gerous tree oscillations and evaluate tree stability based on its mechanical proper-
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ties, such as mass and damping. By incorporating these nonlinear phenomena into 
models, it is possible to more accurately predict critical conditions and improve 
risk management in forestry and urban environments. 
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