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Abstract

The study of spreading dynamics in two-layer network systems is of great im-
portance for understanding various real-world propagation phenomena, such
as disease transmission and information diffusion. In this paper, we investi-
gate the impact of higher-order structures—specifically, triangular interac-
tions—on contagion processes within a two-layer network, by integrating the
SIS epidemic model with a simplicial complex framework. We derive mean-
field equations to characterize the system dynamics, analyze the steady-state
solutions and their stability, and validate the theoretical findings through nu-
merical simulations. Our results demonstrate that the presence of higher-or-
der structures significantly enhances the spreading capability and induces bi-
stability phenomena. Furthermore, both the inter-layer coupling strength and
the asymmetry in node population size are shown to influence the infection
density in each layer. This study provides theoretical insights into higher-or-
der contagion mechanisms in multilayer networks and offers novel perspec-
tives for designing effective spread control strategies.

Keywords

Cooperative Games, Multilayer Networks, Higher-Order Interactions,
Propagation Dynamics, Bistability, Mean-Field Theory

1. Introduction

Complex network theory has become a crucial framework for studying propaga-
tion processes, finding extensive applications in fields such as epidemiology, social
contagion, and information diffusion [1]-[3]. Traditional contagion models pre-
dominantly rely on pairwise interactions between nodes, often overlooking the
potential impact of group interactions (e.g., triangular structures) on propagation

dynamics. In reality, contact transmission in the real world frequently involves
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interactions among three or more individuals, forming clustered transmission
through multiple concurrent contacts. Examples include small-scale household
transmissions, medium-scale transmissions in workplaces or schools, and large-
scale transmissions in public venues. From a network perspective, the simultane-
ous contact of multiple individuals forms higher-order structures within a net-
work, which can be characterized by simplices or hyperedges. Networks incorpo-
rating such structures are broadly termed higher-order networks [4], primarily
categorized into two types: simplicial complexes [5] and hypergraphs [6]. Evi-
dently, studying epidemic spreading on higher-order networks can transcend the
limitations of traditional complex network frameworks. By focusing on higher-or-
der clustering, it more accurately reflects the characteristics of real-world spreading.

In recent years, with the advancement of research on higher-order networks
(such as simplicial complexes and hypergraphs), scholars have begun to investi-
gate the role of higher-order structures in contagion processes [7]-[9]. For instance,
Tacopini et al [8] discovered that higher-order interactions can lead to discontinu-
ous phase transitions and bistability in contagion dynamics. Subsequently, Zhao et
al. proposed a simplicial contagion model, exploring its discontinuous phase tran-
sitions and complex bistable and periodic oscillatory dynamics [10]. Lin et af es-
tablished and studied a two-strain SIS competitive model on simplicial complexes
[11]. Bukyoung Jhun et al further considered an SIS model on scale-free simpli-
cial complexes, revealing both continuous and hybrid phase transition behaviors
of the disease [12].

On the other hand, real-world spreading processes often occur within multiple
interacting networks, such as the coupling between transportation and social net-
works, or the interaction between online and offline social platforms [13] [14].
These multilayer network structures further increase the complexity of propaga-
tion dynamics. Currently, systematic research on higher-order contagion mecha-
nisms in multilayer networks remains insufficient. Propagation behaviors under
asymmetric conditions, such as asymmetric node sizes and varying inter-layer
coupling strengths, require further in-depth investigation.

This paper aims to study the impact of higher-order structures on propagation
dynamics within two-layer networks. We construct a contagion model that incor-
porates both intra-layer/inter-layer pairwise interactions and triangular higher-
order interactions. Using the mean-field approach, we derive the system’s evolu-
tion equations, analyze its steady-state solutions and phase diagrams, and com-
bine this with numerical simulations to explore the effects of parameters such as
node population size, number of triangles, and inter-layer coupling strength on
spreading behavior. Our results reveal the mechanisms through which higher-or-
der structures induce bistability and enhance spreading capability in multilayer
networks, providing a theoretical basis for predicting and controlling propagation

in real-world multilayer systems.

2. Model

This study deepens the understanding of higher-order propagation dynamics in
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multilayer complex systems, providing new theoretical perspectives and analytical

tools for predicting and controlling real-world spreading processes.

We adopt the mean-field approach to investigate disease spread within the pro-
posed network framework. Based on the SIS contagion model, a node i can re-
side in one of the following states: S*, 1", S®,or I®, representing a suscepti-
ble or infected node in layer A or layer B, respectively. The schematic diagram of
possible infection mechanisms for a node i in a given layer is illustrated in Fig-
ure 1, which primarily includes the following pathways:

o Intra-Layer Pairwise Infection: Node i can be infected by an infected neigh-
bor within the same layer through pairwise interactions.

o Inter-Layer Pairwise Infection: Node i can be infected by its counterpart
node (or neighboring nodes) in the opposite layer through inter-layer pairwise
interactions.

o Intra-Layer Higher-order Infection: Node i can be infected through a group
interaction, specifically within a triangular simplex (a 2-simplex) in its own layer.
In this scenario, node i experiences an amplified infection pressure when it
is connected to two infected neighbors within the same triangle.

These mechanisms collectively define the complex contagion dynamics within

our two-layer network model with higher-order interactions.

O Susceptible node O Infection node

Figure 1. Simplicial contagion model (SCM). (a) A randomly generated two-layer interconnected network. (b) In the simplicial
contagion model (SCM) of order D =1, susceptible and infected nodes are represented by blue and orange colors, respectively.
A susceptible node contacts an infected node through links (1-simplex) and gets infected with probability A4, (4,)and A4,

(A,,) per time step via each link, and recovers with probability z, (g, ). (c) (d) In the simplicial contagion model (SCM) of
order D =2, a susceptible node contacts one or more infected nodes through links (1-simplex) and gets infected with proba-
bility A, (4 ) per time step via each link. Additionally, it can acquire infection from 2-faces with probability 4. (4.'), and
recovers with probability sz, ().

Consider two homogeneous network layers A and B with no degree-degree cor-
relations between them. Nodes in layer A (B) are characterized by average degrees

(k,) ({k,)), while (k, ) and (k,) represent the average inter-layer degrees
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for layers A and B, respectively. <ka, A> and <ka A> represent the intra-layer av-
erage simplicial degrees (of order 2) for layers A and B, respectively. A susceptible
node contacts an infected node through links (1-simplex) and gets infected with
probability A, (A4, )and A4, (A, ) pertime step via each link, and recovers with
probability 4z, (4, ). In the simplicial contagion model (SCM) of order D=2,
a susceptible node contacts one or more infected nodes through links (1-simplex)
and gets infected with probability A, (4,) per time step via each link. Addition-
ally, it can acquire infection from 2-faces with probability 4. (A4.), and recovers
with probability g, (g, ).

Let p, and p; denote the fractions of infected nodes in layers A and B at
time t. The evolutionary dynamics can be described by the following system of

differential equations:

dg)tk =+ 2 (K, ) P4 (L 8 ) + 22 (K, ) (04) (124
A ) (1 1)

A1) AT )
+ Ao (Ko ) P4 (1= 5 )

In layer A, the first term on the right-hand side represents the recovery proba-

0

bility of infected nodes at time t; the second term corresponds to the infection
probability of susceptible nodes through pairwise interactions with infected
neighbors; the third term denotes infection through triangular (higher-order) in-
teractions; and the fourth term represents cross-layer infection from infected
neighbors in the opposite layer through pairwise interactions. A similar interpre-
tation applies to layer B.

After a transient period, the dynamical system evolves toward a stationary state.

To obtain non-trivial stationary solutions, we set % =0 and dé; 50, yield-
ing;
0= 1,0 + 2 (k,) o} (1= 01 )+ 22 (Ko, ) (04 ) (1)
+ oa (Ko ) P8 (1= 24
0= 4,05 + 2 (ko) b (L= b ) + 4 (ko )(£5) (L)
+ Ao (Ko ) Ph (1 5

To facilitate the analysis of non-trivial stationary solutions, we impose sym-

)

metry conditions by setting identical parameters for both layers and their inter-
connections: (ka> :<kb> , <ka,A> =<kb‘A> , (kab>:<kba> s A=A s Ay = A s
A2 =27, along with identical initial infection fractions and recovery rates. This
simplification reduces the two-layer network dynamics to an effective single-layer
formulation.

Under these symmetric conditions, the system becomes:
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0=t + 24 (k) o4 (1 24 )+ 22 (ko ) (1) (1= 1)
+/1ab <kab>pé (1_ptA)

0= —pt,0h + 24 (k) b (1= 8 )+ 22 (ks )(£5) (1 105) ¥
+ Ay (Kao) 4 (1= 25 )
At equilibrium, we have p, = p, = p", leading to:
0= (20 (Ke )+ Ay (k)= 11) 27+ (42 (K )= 2 (K ) = 2 (ko)) (27 (4)
~ 22k (Y
This can be factorized as:
0= " [ (Zu (k) + Ay (o) = 21 )+ (42 (ks = 2 (K )= 2 (ki) P o

)2
_;)‘alA <ka,A>(p ) :|
Thus, we obtain the trivial solution p" =0, along with two additional solutions:

. —b++/h?*—4ac

; 73 (6)
where
a=22(k,,) (7)
b= 2, (K, )+ Ay (Kap) = 42 (Kan) (8)
Czlua_la<ka>_lab <kab> (9)

d t
Consequently, the steady-state equation % =0 admits up to three solutions

within the physically meaningful range p e[0,1]. The solution p =0 corre-
sponds to the absorbing disease-free state where all individuals recover, and the
epidemic vanishes. However, a careful stability analysis of this state and the two
additional solutions p, and p  is required to fully characterize the system’s
phase diagram.

Therefore, through theoretical analysis of symmetric scenarios, we establish a
theoretical baseline for the potential bistable mechanisms in the system; subse-
quent numerical simulations build upon this foundation to further investigate the
specific effects of asymmetric conditions—such as node sizes, triangle distribution,
and coupling strengths—on propagation dynamics, thereby bridging the gap be-

tween theoretical benchmarks and real-world complexity.

3. Simulation

In this section, we present numerical simulations to validate our theoretical pre-
dictions.
In Figure 2, we simulate the temporal evolution of the infected node density

under symmetric node populations (equal sizes in both layers) and varying initial
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conditions. When the initial infection density is set to 0.1, the system eventually
converges to a disease-free state with zero infection density. In contrast, when the
initial infection density exceeds 0.2, the system reaches a stable endemic state. Un-
der these symmetric conditions, the system exhibits a clear bistability: depending
on the initial condition, it converges to either the disease-free state or an endemic

state with identical steady-state infection densities in both layers.

Time Evolution for Different Initial Conditions (14(0) = I5(0))

Time Evolution of I4(t) for Different Initial Conditions

Time Evolution of I5(t) for Different Initial Conditions
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Figure 2. A randomly synthesized simplicial complex (SC) with dimension D=2 (RSC) was generated with the following param-
eters: both the upper and lower layers contain 412 triangles, with network sizes N, = N, =1000. The average intra-layer degrees

are (ka> = (kb> =3.4, and the average inter-layer degrees are (kab> = (kba> =1.The average degrees related to triangular interactions

are <ka’ A> = <kb’ A> =1.2 . The transmission rates are set as A, =/, =0.05 for intra-layer pairwise contacts, A, =4, =0.05 for

inter-layer pairwise contacts,and 4. = 4" =0.8 for higher-order (2-simplex) interactions. The recovery rateis g, = g4, =0.3 for

both layers. The left panel shows the temporal evolution of the infected density |, under different initial conditions, while the

right panel shows the corresponding dynamics for |, . The system exhibits bistability, as the final state depends on the initial infec-

tion density.

In Figure 3, we investigate the case with asymmetric node populations between
the layers while keeping the number of triangles identical to that in Figure 2. The
system still reaches a steady state after a transient period, but the bistability ob-
served in the symmetric case disappears. The infection density in layer A (the
larger layer) remains relatively unchanged compared to the symmetric scenario.
However, layer B (the smaller layer) exhibits a significantly higher infection den-
sity than layer A. Furthermore, the total system-wide infection density in Figure
3 is higher than that in Figure 2.

These results demonstrate that, under identical network parameters, the layer
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Time Evolution for Different Initial Conditions (14(0) = I5(0))

Time Evolution of T4(t) for Different Initial Conditions Time Evolution of I5(t) for Different Initial Conditions

|
0.9 [ 09 -
| e
0.8 0.8 4‘/7%1’1 1
|
ﬂ'l, | ;
0.7 T'I I
| ' '
‘ 1l
'l'l 1
= LY N ey |
kS S 'l 1
G a b
Lo
Q aoshhy
) = L
5 CHN
—_—1 =00 0.4 L] 1 — = 1,=00
—iy 'l - Dy =01
—_—=02 ) ! - — =02
— I =03 03 L' ] - I=03
Io=04 ) - =04
—_—T =05 I k - — =05
— =06 — = o Iy=06
—_—1 =07 02l I - — L=07
I, =08 ) I=08
Iy=09 I=09
Io=10 ot Io=10
0 L L L I . I 0 — - — - — |
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Time, t Time, t

Figure 3. A randomly synthesized simplicial complex model (SCM) with dimension D=2 (RSC) was constructed with the fol-
lowing parameters: both the upper and lower layers contain 412 triangles, with node populations set to N, =1000 and N, =500.

The average intra-layer degrees are (ka> = (kb> =3.4, while the average inter-layer degrees are (kab> = (kba> =1. The average de-

grees associated with triangular (2-simplex) interactions are <ka‘ A> = <kb‘ A) =1.2 . The transmission rates are defined as 4, =4, =0.05

for intra-layer pairwise contacts, A, =A4,, =0.05 for inter-layer pairwise contacts, and A =4, =0.8 for higher-order simplex
interactions. The recovery rateis g, = 14, =0.3 for both layers. The left panel displays the temporal evolution of the infected den-

sity 1, under different initial conditions, and the right panel shows the corresponding dynamics for |;. The system ultimately

converges to a steady state.

with the smaller node population exhibits stronger disease transmissibility and a
higher endemic infection level than the larger layer. Under identical network and
transmission parameters, as shown in Figure 4, the infection densities in both
upper and lower layers increase with the number of triangles in the network. In
the same system with different node populations in the two layers, when the num-
ber of triangles is identical, their proportions in the respective networks differ
( <ka, A) #* <kb, A) ). Specifically, the network with fewer nodes exhibits a higher tri-
angle density, and the infection density |, is greater than |,. Therefore, a
larger number of triangles facilitates disease transmission and diffusion, and the
network layer with a higher triangle density experiences a greater infection den-
sity.

In Figure 5, under identical network and transmission parameters, panels (a)-
(c) illustrate the system’s spreading behavior with triangles placed in different net-

work locations.
In case (a), where both upper and lower layers contain triangles, the system

achieves bistability at a steady state.
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Figure 4. A randomly synthesized simplicial complex model (SCM) with dimension D=2 (RSC) was gen-
erated with the following fixed parameters: N, =1000, N,=500, 4,=4, =006, A, =A4,=0.06,

A2 =22=0.8,and u, =y, =0.225 . The number of triangles in the complex was systematically varied across

simulations. The left panel shows the steady-state infection density 1, asa function of the number of trian-

gles, while the right panel shows the corresponding steady-state infection density ;.

In case (b), where only the lower layer contains triangles (with no triangles in
the upper layer), the system also reaches bistability. However, compared to case
(a), the steady-state infection densities in both layers A and B are reduced.

In case (c), where only the upper layer contains triangles (with no triangles in
the lower layer), the infection density drops to zero at steady state.

In case (d), where the total number of triangles is distributed equally between
layers (52 triangles in each layer, totaling 104 triangles), the infection density also
converges to zero.

These results demonstrate that: 1) when triangles are present in both layers,
networks with more triangles exhibit faster disease transmission and higher infec-
tion densities than those with fewer triangles; 2) when triangles are concentrated
in specific layers, placing triangles exclusively in layer B leads to stronger trans-
mission and higher steady-state infection densities than placing them exclusively
in layer A. Consequently, triangles located in layers with smaller node populations
enhance disease transmission more effectively.

In Figure 6, it is observed that the infection densities in both the upper and
lower layers increase with the rise of 4,, and 4, ,. When 4 , is fixed and
A.a increases, or when A, , isfixedand 4 , increases, a distinct asymmetric

effect is revealed. In the upper layer, the increase in infection density is more pro-
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nounced when /4, , increases with fixed A4, ,,compared to the case where A4, ,
increases with fixed 4, , . Conversely, in the lower layer, the infection density in-
creases more significantly when A, , rises with fixed 4, ,, compared to increas-
ing A,, withfixed 4,,.

Time Evolution for Different Initial Conditions (I4(0) = I5(0))

Time Evolution of I4(t) for Different Initial Conditions
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Figure 5. A randomly synthesized simplicial complex model (SCM) with dimension D=2 (RSC) was generated using the follow-
ing parameters: N, =1000, N,=500, 4,=4,=0.06, A4,=4,=006, 4, ,=4,=08,and g, =4 =0.225. The distribu-
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of 104 triangles evenly split, with 52 triangles in each layer. The left panel illustrates the temporal evolution of the infected density
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In Figure 7, two asymmetric higher-order configurations are examined:
o In case (a), where higher-order interactions are absent in the upper layer but
present in the lower layer, both 1, and I increase with 4 ,,and the in-

crease in |y is substantially greater than thatin 1,.

Upper-level network Lower-level network
Number ooef upper-level nodes: 1000, Number of Lower-level nodes: 500 Number Oog upper-level nodes: 1000, Number of Lower-level nodes: 500
E [ 0.7 ' | I I T I H0.75

0.7

0.25

0.2

<015

0.1

0.06

Figure 6. A randomly synthesized simplicial complex model (SCM) with dimension D=2 (RSC) was generated with the following
parameters: N, =1000, N, =500, intra-layer degrees (ka> = (kb> =8, inter-layer degrees (kab> = (kba> =5, higher-order degrees
<ka, A) =3, (kb, A) =5, infection rates A, =4, =0.03 (intra-layer), A, =4, =0.01 (inter-layer), and recovery rates

M, = 1, =0.2 . The left panel shows the phase diagram of the steady-state infection density 1, in the upper layer under varying

combinations of higher-order infection rates A and A, while the right panel displays the corresponding phase diagram for the

steady-state infection density 1 in the lower layer.
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parameters: N, =1000, N, =500, A, =4,=0.08, x, =y =0.3. Two configurations with higher-order structures are exam-

ined: (a): 410 triangles in the upper layer, showing the variation of steady-state infection densities 1, and |5 with respectto A,

(with 4, , =0). (b): 410 triangles in the upper layer, showing the variation of steady-state infection densities |, and I, with

respectto A,, (with 4 ,=0).
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N, =1000 and N, =500. The average degrees are (ka> =15, (kb> =2.3 for intra-layer connec-

tions, while the inter-layer coupling strength (kab> = (kba> is varied systematically. The higher-order
degrees are (ka’A>:O.31 and (km> =0.62 . The transmission rates are set as A, =4, =0.06 for
intra-layer spreading, 4, =4, =0.06 for inter-layer spreading, and A, , =4, , =05 for higher-
order interactions. The recovery rate is g, = 4, =0.3. The figure shows how the steady-state infec-

tion densities |, and |, vary with different values of the inter-layer coupling strength (kab> .
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o Incase (b), where higher-order interactions exist only in the upper layer, both
infection densities grow with A, ,, but the increase in 1, is markedly larger
than thatin I .

These results collectively demonstrate that variation in /4,

.a €Xerts a stronger

influence on the infection density of the upper layer, while variation in A, ,
more dominantly affects the lower layer.

In Figure 8, we examine the influence of inter-layer coupling strength on the
infection densities |, and ;. The results demonstrate that as the inter-layer
coupling degree <kab> (equivalent to <kba>) increases, both infection densities
I, and I, rise. However, the effect of inter-layer coupling is more pronounced
on |g,indicating that the layer with the smaller node population (the lower layer)

is more significantly influenced by changes in inter-layer connectivity.

4. Conclusions

Based on theoretical analysis and numerical simulations, this study systematically
investigates the impact of higher-order structures on spreading dynamics in two-
layer networks. The main conclusions are as follows:

« Higher-order structures enhance spreading capability: The presence of tri-
angular interactions significantly increases the infection density within the sys-
tem and can induce bistability phenomena.

o Node population size influences spreading intensity: Under identical pa-
rameters, the network layer with a smaller node population is more susceptible
to infection, exhibiting greater sensitivity to the spread.

o+ The distribution of triangles affects spreading pathways: When triangles are
concentrated in the layer with fewer nodes, that layer experiences a higher in-
fection density and more intense propagation.

« Inter-layer coupling strength exhibits an asymmetric impact on spreading:
Stronger inter-layer connections lead to higher infection densities, with a more
pronounced effect on the layer possessing the smaller node population.

» Higher-order infection rates more directly affect their respective layers: The

parameter /A

.a has a greater influence on the infection density of the upper

layer, while 4, , predominantly affects the lower layer.
These findings reveal the synergistic effects between higher-order structures
and multilayer coupling in contagion processes, providing a new theoretical basis
for understanding and controlling complex spreading phenomena in the real

world.

5. Discussion

While this study has advanced the understanding of higher-order spreading dy-
namics in two-layer networks, several aspects warrant further investigation. First,
our model assumes homogeneous network structures, leaving the impact of de-
gree heterogeneity, such as that in scale-free networks, on higher-order contagion

unexplored. Future work could integrate heterogeneous network topologies to
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deepen the mechanistic understanding.

Second, the current framework does not incorporate dynamic feedback mech-
anisms, such as behavioral adaptations or immunization strategies, which play
critical roles in real-world spreading processes. Incorporating such adaptive dy-
namics would enhance the model’s practical relevance.

Furthermore, while our study focuses on the SIS model, extending it to more
realistic frameworks like SIR or SEIR could provide broader insights into different
types of contagion phenomena.

On the practical front, this research offers implications for areas such as epi-
demic control and public opinion management. For instance, in multi-platform
social systems, identifying and intervening in higher-order structures could serve
as an effective strategy for curbing the spread of misinformation or disease. Simi-
larly, regulating inter-layer coupling strength may offer a viable approach for man-
aging cross-platform propagation.

Promising future directions include exploring the effects of even higher-order
structures, investigating higher-order contagion in temporal networks, and devel-
oping control algorithms specifically designed for systems with higher-order in-
teractions. We believe that with the continued development of higher-order net-
work theory, the understanding of spreading behaviors in multilayer intercon-

nected systems will become increasingly thorough and comprehensive.
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