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Abstract 
This study investigates projectile motion under quadratic air drag, focusing 
on mass-dependent dynamics using the Runge-Kutta (RK4) method imple-
mented in FreeMat. Quadratic drag, predominant in high Reynolds number 
flows, significantly alters trajectories and challenges analytical modeling. We 
examine projectile trajectories for varying masses: 0.046 kg (golf ball), 0.145 
kg (baseball), and 0.189 kg (softball) across initial velocities ranging from 10 
m/s to 50 m/s. Simulations show that increasing mass yields greater resistance 
to deceleration, resulting in longer flight ranges and higher terminal velocities. 
Distinct asymmetries are observed in vertical velocity profiles during ascent 
and descent, validating theoretical expectations. The study quantifies the in-
fluence of mass on terminal velocity, range, and peak height, providing insights 
applicable to ballistic modeling, sports physics, and atmospheric transport phe-
nomena. The RK4 method demonstrates accuracy and stability in solving non-
linear differential equations governing such dynamics. These findings empha-
size the significance of quadratic drag modeling in realistic projectile simula-
tions and provide a validated numerical framework for applications in ballis-
tics, sports physics, and atmospheric dynamics. 
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1. Introduction 

Accurate modeling of projectile trajectories in resistive media is essential in disci-
plines ranging from sports physics to aerospace engineering and environmental 
science [1]-[5]. While projectile motion in a vacuum is well understood and fol-
lows simple parabolic trajectories, the presence of air resistance, particularly when 
it is proportional to the square of velocity, introduces significant nonlinearities. 
These nonlinear effects often render closed-form analytical solutions intractable 
[6]-[8]. Despite centuries of investigation, the dynamics of projectiles in the pres-
ence of quadratic air drag remain an open area of applied physics, especially when 
considering mass-dependent effects [9]-[11]. 

Quadratic drag becomes dominant when projectiles move at moderate to high 
Reynolds numbers, where inertial forces exceed viscous forces. This is typical in 
real-world conditions involving spherical bodies such as baseballs, golf balls, and 
softballs [12]-[14]. For such scenarios, linear drag models—which assume drag is 
proportional to velocity—fail to capture the realistic aerodynamic behavior, espe-
cially when velocities exceed a few meters per second [13] [15]. In contrast, quad-
ratic drag models more accurately reflect empirical observations and are therefore 
preferred in simulations involving sports, ballistics, and fluid-mediated motion. 

Several studies have approached this problem using approximate analytical 
methods, such as perturbation theory, truncated power series expansions, and the 
homotopy analysis method [9] [16]-[18]. While these methods offer partial solu-
tions, they often suffer from poor accuracy outside small perturbation domains or 
short time intervals. The resulting expressions are typically too complex to allow 
generalization or physical interpretation [19]. As a result, numerical methods 
have become essential tools for capturing the full complexity of projectile dynam-
ics under nonlinear drag forces [20]-[22]. Among these, the fourth-order Runge-
Kutta (RK4) method is widely regarded for its balance of accuracy and computa-
tional efficiency in solving coupled nonlinear differential equations [23]. 

Nevertheless, a key limitation in existing literature is the underrepresentation 
of mass sensitivity in projectile motion under quadratic drag. Most prior works 
either focus on a single mass or treat mass as an implicit scaling parameter rather 
than an explicit variable influencing the dynamics. This omission limits the appli-
cation of such models to real-world systems where object mass varies significantly. 
Understanding how mass affects projectile trajectories under nonlinear drag is 
particularly crucial for optimizing performance in sports, predicting the motion 
of airborne particulates, and developing robust aerospace trajectory simulations 
[6] [11] [24] [25]. 

This study addresses these limitations by incorporating mass-dependent effects 
into the modeling of projectile motion under quadratic drag. Using the fourth-
order Runge-Kutta method implemented in FreeMat, we numerically solve the 
nonlinear differential equations governing projectile dynamics for three distinct 
spherical masses representing a golf ball (0.046 kg) [26], a baseball (0.145 kg) [27], 
and a softball (0.189 kg) [28]. We systematically analyze how varying mass influ-
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ences the projectile’s range, flight time, vertical displacement, terminal velocity, 
and the shape of its trajectory. 

The results highlight distinct asymmetries in vertical velocity profiles between 
ascent and descent, and demonstrate that heavier objects experience slower decel-
eration and greater horizontal displacement. Our simulations also validate theo-
retical expectations regarding drag dominance and terminal behavior. This work 
presents a validated numerical framework for studying mass-sensitive projectile 
motion under realistic aerodynamic conditions. The findings have broad implica-
tions across multiple fields, including sports physics, environmental modeling, 
and defense applications. 

The other part of this study is organized as follows: Section 2 presents the der-
ivation and discussion of equations governing projectile travel under quadratic 
drag force, taking into account the projectile’s parameters, as well as the horizon-
tal and vertical components prescribed by Newton’s second law of motion. Section 
3 presents the analysis and discussion of the obtained results, while the conclusion 
and summary of this work are presented in Section 4. 

2. Methodology 
2.1. Quadratic Drag and Mass Dependence 

In real-world projectile motion, especially at high speeds, the resistive force ex-
erted by air is more accurately modeled as being proportional to the square of the 
velocity. This quadratic drag model is well-supported in classical mechanics and 
is essential for accurate predictions in atmospheric flight, sports physics, and bal-
listic trajectories. 

As established by Marion and Thornton [13] and further elaborated by Kane 
and Levinson [29], the drag force dF  acting on a body moving through a fluid at 
high Reynolds number is given in Equation (1) below. 

 21
2d dF C Avρ=  (1) 

where dC  is the drag coefficient, ρ  the fluid density, A  the cross-sectional area, 
and v  the velocity. This quadratic dependence becomes dominant when inertial 
forces transcend viscous effects, typically at speeds exceeding a few m/s for small pro-
jectiles in air. 

Lubarda [30] and Carmago [31] provided complete analytical and numerical 
treatments of projectile motion under quadratic drag, demonstrating its nonline-
arity and sensitivity to both initial conditions and mass. Their work aligns with our 
simulation results showing that lighter projectiles are significantly more affected by 
air resistance, due to their lower momentum and higher deceleration rates under 
equal drag forces. 

Specifically, since the acceleration due to drag is inversely proportional to mass, 
as in Equation (2): 

 
2

d
d

F va
m m
α=  (2) 
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A smaller mass results in a larger deceleration for the same velocity. This ex-
plains the reduced vertical displacement observed in our simulations for the 0.046 
kg projectile, as compared to the 0.198 kg projectile, over equal time intervals. 

This study presents a numerical investigation of vertical and horizontal com-
ponents under the influence of gravity and quadratic air resistance. The motion is 
modeled using classical Newtonian mechanics, with particular attention to non-
linear drag forces that significantly affect objects moving at high velocities through 
a fluid medium. Due to the complexity of the resulting differential equations, a 
computational approach is adopted [32]. All simulations and numerical compu-
tations were performed using FreeMat, a high-level interactive environment for 
numerical computation and data visualization [33].  

The use of FreeMat allowed for efficient coding, execution, and visualization of 
the results, including time-series plots of velocity and displacement [34] [35]. The 
numerical accuracy and stability of the simulation were ensured through careful 
selection of the integration time step and validation against known theoretical be-
havior in limiting cases (e.g., motion in vacuum or low-speed regimes) [36] [37]. 
Given the nonlinearity of the differential equations, closed-form analytical solu-
tions are generally not obtainable. Therefore, a numerical solution is implemented 
using FreeMat. The simulation employed a time-stepping algorithm based on the 
classical fourth-order Runge-Kutta (RK4) method to approximate the velocity 
and displacement of the object as functions of time [21] [38]. 

Key simulation parameters, such as initial velocity, object mass, drag coeffi-
cient, and time step, were defined and systematically varied to evaluate their in-
fluence on the motion. The computational model tracks the object’s velocity and 
position over time [39] [40], enabling the analysis of critical phenomena such as 
terminal velocity and time to peak height. However, Simulations used a fixed time 
step of Δt = 0.01 s, chosen based on a convergence analysis showing that halving 
Δt altered the final range by less than 0.1%, confirming solution insensitivity to 
further refinement and ensuring both accuracy and computational efficiency. 

2.2. Aerodynamic Parameters 

The aerodynamic parameters governing drag, namely the drag coefficient ( dC ), 
air density ( ρ ) was taken as 31.225 kg mρ =  [41], and the cross-sectional area 
( A ), directly influence the drag constant c , which appears in the quadratic drag 
formulation in Equation (3) below. 

 1
2 dc C Aρ=  (3) 

Table 1 summarizes these parameters for the three projectiles examined. The 
values of dC  were selected from experimentally established ranges for spherical 
bodies moving at moderate to high Reynolds numbers ( 4 5~ 10 0-1Re ) [42] [43], 
ensuring that the assumptions of Reynolds numbers independent drag is appro-
priate for the velocities analyzed. The diameters correspond to regulation sporting 
equipment and were used to compute the frontal area via 2 4A d= π . 
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Table 1. Aerodynamic parameters used. 

Projectile Mass (kg) Diameter (m) Cd Area A (m2) c (kg/m) 

Golf ball 0.046 0.0427 0.47 1.43 × 10−3 0.000 41 

Baseball 0.145 0.073 0.30 4.19 × 10−3 0.000 77 

Softball 0.198 0.097 0.40 7.39 × 10−3 0.001 81 

 

The hierarchy of drag constants and c
m

 ratios in Table 1 is consistent with  

classical aerodynamic scaling: drag force increases with frontal area and dC , 
whereas resistance to deceleration increases with mass [10] [44] [45]. However, 
heavier projectiles preserve momentum longer and exhibit less curvature distor-
tion and range suppression under quadratic drag. 

Moreover, the aerodynamic parameters in Table 1 create the physical founda-
tion for the observed mass-dependent behavior in subsequent results. By accu-
rately representing realistic projectile geometries and aerodynamic loading con-
ditions, these parameters ensure that the simulated trajectories faithfully capture 
the nonlinear dynamics of projectiles moving through atmospheric flows. 

2.3. Horizontal Component 

In many real-world scenarios, especially at higher velocities, objects moving through 
a fluid (such as air or water) experience a drag force that is proportional to the 
square of their velocity. This type of resistance is referred to as quadratic drag, and 
it plays a significant role in the dynamics of projectiles, vehicles, and objects in free 
fall. In this section, we consider the horizontal motion of an object subject to such 
a drag force and derive analytical expressions for its velocity and displacement as 
functions of time. 

To begin the analysis, we apply Newton’s second law in the horizontal direction, 
considering only the drag force, which acts to oppose the motion. The force due 
to quadratic drag is given by 2F cv= − , where v  is the velocity, and ccc is the 
drag coefficient, which depends on the shape, surface area, and properties of the 
medium. However, for a standard size, it is the quadratic drag force that affects 
the motion. For this reason, the equation of motion (in terms of v ) becomes as 
in Equation (3). 

 2mv mg cv= −  (4) 

Equation (4) can also be written with components from vertical and horizontal 
as. 

Since 0g = , then 

 2 2
x x y xmv c v v v= − +  (5) 

 2 2 2
y x y ymv mg cv mg c v v v= − = − +  (6) 

As we noted earlier, these Equations (5) and (6) are coupled and are generally 
not solvable analytically (in terms of equations); they can be solved numerically. 
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Applying Newton’s second law F ma= , we obtain the differential equation 
governing the motion: 

 2d
d
v c v
t m
= −  (7) 

This is a first-order nonlinear differential equation due to the 2v  term. Non-
linear equations are generally more complex to solve than linear ones, but this 
equation is separable, which simplifies the process. By rearranging terms, we sep-
arate the variables v  and t : 

 2

d dv c t
mv

= −  (8) 

We then integrate both sides of the equation. The left-hand side is integrated 
with respect to velocity from the initial velocity 0v  to ( )v t , and the right-hand 
side with respect to time from 0 to t : 

 
( )

0

2
0

d d
v t t

v

v c t
mv

′
′= −

′∫ ∫  (9) 

The integration yields: 

 
( ) 0

1 1 ct
v t v m

 
− =  

 
 (10) 

Solving for ( )v t , we obtain 

 ( ) 0

1

v
v t

t
τ

=
+

 (11) 

Where we define a characteristic time constant τ  as: 

 
0

m
cv

τ =  (12) 

This characteristic time τ  indicates how quickly the velocity decays due to 
drag. Physically, it represents the time it takes for the object’s velocity to reduce 
significantly from its value. 

Next, to find the position ( )x t  of the object as a function of time, we integrate 
the velocity: 

 ( ) ( ) 0
0 0

0 0

d d
1

t t v
x t x v t t x t

t
τ

′ ′ ′= − = + ′
+

∫ ∫   

This integral evaluates to: 

 ( ) 0 0 ln 1 tx t x v τ
τ

 = + + 
 

 (13) 

Assuming the initial position 0 0x = , the final expression for displacement be-
comes: 

 ( ) 0 ln 1 tx t v τ
τ

 = + 
 

 (14) 
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This function, as described in Equations (14) and (11), represents the horizontal 
velocity and position of an object experiencing quadratic drag as it decelerates 
over time, respectively. Unlike motion in a vacuum, where velocity remains con-
stant in the absence of horizontal forces, the quadratic drag causes a rapid initial 
deceleration, which gradually slows as the object continues moving and its veloc-
ity decreases. The logarithmic nature of the position function reflects the dimin-
ishing displacement over time as drag dominates the motion. 

2.4. Vertical Component 

In the vertical direction, the motion of an object subjected to both gravitational 
force and quadratic air resistance is governed by the following equation of motion 
for downward (15) and upward motion (16): 

 2d
d
vm mg cv
t
= − −  (15) 

 2d
d
vm mg cv
t
= − +  (16) 

where m  = The mass of the projectile (kg); 
g  = Acceleration due to gravity (m/s2); 
v  = The instantaneous velocity (m/s); 
c  = Gravity coefficient (kg/m). 

The term 2kv  represents the quadratic drag force, which becomes increasingly 
significant at higher velocities and is a more accurate representation of air re-
sistance for many real-world objects compared to linear models. 

If we consider the spherical projectile shape (baseball) thrown vertically upward 
with speed 0v  and is subjected to a quadratic drag with magnitude ( ) 2f v cv= , 
and the velocity reaches its terminal ( termv ), then the separation from the vertical 
equation of the motion becomes as in Equation (17). 

 2

2

d

1
term

v gt
v
v

′
=

′
−

 (17) 

In this separation form, we can integrate both sides directly (assuming 0 0v =
the condition is met). 

 2
0 0

2

d d
1

v t

term

v g t
v
v

′
′=

′
−

∫ ∫  (18) 

Consider the left-hand side of Equation (18): 

 2 20 0

2

d d
11

term

vv
v

term

term

v xv
v x
v

′
⇒

′ −
−

∫ ∫  (19) 

 ( )
0

arctanh arctanhterm

v
v

term term
term

vv x v
v

 
⇒ ⇒  

 
 (20) 
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The simplification of (20) yields Equation (21) as the vertical velocity of the 
projectile motion under quadratic drag. 

 ( ) tanhterm
term

gtv t v
v

 
=  

 
 (21) 

To get the maximum vertical displacement of the projection under quadratic drag  

motion, we have to integrate the other form of equation 
2

1
term

vv g
v

  
 = − +  
   

, 

which yields Equation (22). 

 ( )
2

0
max lnterm term

term

v v v
y t

g v
 −

=  
 

 or ( )
2

max ln coshterm

term

v gty t
g v

  
=   

   
 (22) 

The Equations (21) and (22) characterize the vertical motion of a body sub-
jected to gravitational acceleration in the presence of a quadratic drag force, where 
the resistive force is proportional to the square of the velocity. These models as-
sume motion through a uniform medium with constant physical properties, ne-
glecting all forces except gravity and quadratic drag on the form 2

dragF cv= − . 
The velocity-time relation, given by Equation (21), describes the temporal evolu-
tion of velocity for a body released from rest, where termv mg c=  denotes the 
terminal velocity attained as t →∞ . The associated displacement, expressed in 
Equation (22), represents the vertical position as a function of time for initial up-
ward motion and symmetric ascent-descent scenarios, respectively. These analyt-
ical solutions are critical for accurately modelling projectile trajectories in real-
world applications, particularly where air resistance cannot be neglected, such as 
in aerospace vehicle dynamics, sports ballistics, and environmental physics. 

3. Results and Discussion 

This section presents the computational results obtained by applying the fourth-
order Runge-Kutta (RK4) method to simulate projectile motion under quadratic 
air resistance. The influence of varying projectile masses and initial velocities on 
horizontal and vertical kinematic parameters is systematically analysed. The re-
sults presented herein not only validate the underlying theoretical formulations 
but also annotate the non-trivial effects of drag-induced asymmetry in projectile 
trajectories, which are often underestimated in linear or drag-free models. 

3.1. Horizontal Displacement 

The horizontal displacement data expose a clear nonlinear relationship with both 
projectile mass and initial launch velocity. As shown in Table 2, increasing the 
initial speed from 10 m/s to 50 m/s results in substantial gains in horizontal range. 
However, the magnitude of these gains is disproportionately larger for heavier 
projectiles. Figure 1(c) shows that the horizontal displacement for the softball 
(0.189 kg) at 50 m/s is approximately 698.81 m, compared to just 209.92 m for the 
golf ball (0.046 kg) in Figure 1(a). This disparity accentuates the inverse scaling  

https://doi.org/10.4236/ojapps.2025.1512260


A. A. Said et al. 
 

 

DOI: 10.4236/ojapps.2025.1512260 4031 Open Journal of Applied Sciences 
 

of the quadratic drag force with mass, as articulated by the ratio 
2cv

m
, where 

lighter bodies experience more pronounced deceleration. 
 
Table 2. The variations of initial velocities and masses with corresponding displacements 
(m). 

Mass (kg) 
Initial Velocity (m/s) 

50 40 30 20 10 

0.046 209.9205 202.6346 193.2464 180.0276 157.4870 

0.145 543.6866 520.8102 491.3668 449.9971 379.8297 

0.198 698.8133 667.6405 627.5437 571.2683 476.0876 
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Figure 1. The horizontal displacement of different mass projectiles: (a) golf ball (0.046 kg); 
(b) baseball (0.145 kg); (c) softball (0.198 kg).  

 
The simulations further demonstrate that at lower initial velocities, the dis-

placement curves tend to flatten, indicative of a saturation behavior commonly 
observed in drag-dominated regimes. The diminished marginal gains in displace-
ment at lower speeds reinforce the quadratic nature of the resistive force, which 
imposes exponentially increasing energy losses with velocity. This highlights the 
inadequacy of ideal projectile models in accurately predicting flight range in real-
istic aerodynamic environments, particularly for lightweight projectiles (see Fig-
ure 1). 

3.2. Horizontal Velocity 

Table 3 shows the horizontal velocity of each projectile mass after a flight duration 
of 40 seconds. Figure 2 shows the results of a steep decay in horizontal velocity 
for all cases, with the rate of decay inversely correlated with mass. At 50 m/s initial 
velocity, the golf ball’s horizontal speed drops to 0.80 m/s, while the baseball and 
softball maintain significantly higher terminal velocities of 2.45 m/s and 3.15 m/s, 
respectively. This is consistent with the analytical expectation that terminal veloc-
ity in the presence of quadratic drag is attained faster in lighter bodies due to their 
reduced inertial resistance to deceleration. 

The decay trends observed are highly consistent with the analytical expression 
in Equation (11), where Equation (12) represents the characteristic decay time. 
The slower decay observed in heavier projectiles reflects their longer characteristic 
times, reaffirming the theoretical model and verifying the numerical accuracy of 
the simulation. Notably, the approach to terminal velocity is asymptotic, demon-
strating the diminishing impact of acceleration over time due to drag dominance 
(Table 3). 
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Table 3. The final velocities (m/s) with mass variations at time reference 40 s. 

Mass (kg) 
Initial Velocity (m/s) 

50 40 30 20 10 

0.046 0.8046 0.8014 0.7961 0.7857 0.7560 

0.145 2.4514 2.4217 2.3738 2.2835 2.0495 

0.198 3.1484 3.0996 3.0216 2.8767 2.5150 
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Figure 2. The horizontal final velocities of different mass projectiles: (a) golf ball (0.046 
kg); (b) baseball (0.145 kg); (c) softball (0.198 kg). 

3.3. Vertical Displacement 

The vertical displacement of a projectile subjected to quadratic air drag was ana-
lyzed for varying projectile masses (0.046 kg, 0.145 kg, and 0.198 kg) over different 
time intervals. The results, presented in Figures 3(a)-(d) and summarised in Ta-
ble 4, demonstrate the significant influence of both mass and time on the vertical 
displacement trajectory under drag effects. 

As shown in Figure 3, the displacement-time curves disclose nonlinear behav-
iour due to the velocity-squared dependence of the drag force. For all cases, the 
projectile with the highest mass (0.198 kg) consistently attained the most signifi-
cant vertical displacement, while the lightest projectile (0.046 kg) experienced the 
most pronounced reduction in displacement. This behaviour is expected, as the 
decelerating effect of drag is inversely related to mass, causing lighter objects to 
lose vertical momentum more rapidly. 

It is observed that at 5 seconds, the vertical displacement ranges from 67.03 m 
(for 0.046 kg) to 97.94 m (for 0.198 kg). By 20 seconds, the displacement increases 
significantly, reaching 645.72 m for the 0.198 kg projectile. This progression, de-
tailed in Table 4, further underscores the nonlinear growth of displacement and 
the mass-dependent nature of drag deceleration. 

Moreover, the velocities shown in each subfigure highlight how drag reduces 
the effective vertical velocity more significantly for lighter projectiles. The declin-
ing slope gradient over time, especially for the 0.046 kg mass, confirms that energy 
dissipation due to drag becomes increasingly dominant as time progresses. The 
corresponding velocities at the end of each time interval are also indicated in the 
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legends. The results illustrate that greater projectile mass leads to reduced sensi-
tivity to drag force, resulting in higher vertical displacements over time. 
 
Table 4. Vertical displacement (m) for varying projectile masses and time intervals under 
quadratic drag. 

Mass (kg) 
Time Variation 

5 s 10 s 15 s 20 s 

0.046 67.03 156.46 246.03 335.60 

0.145 92.16 246.79 405.60 564.62 

0.198 97.94 274.77 459.93 645.72 
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Figure 3. Vertical displacement of a projectile under the influence of quadratic air drag for three 
different masses: 46 g (blue), 145 g (red), and 198 g (black). Subfigures (a) - (d) represent dis-
placement profiles over increasing time intervals: (a) 0 - 5 s, (b) 0 - 10 s, (c) 0 - 15 s, and (d) 0 - 
20 s.  

 
These results validate the theoretical model of quadratic drag and suggest that 

mass is a critical parameter when predicting vertical motion in resistive media. 
The consistency between simulated trajectories and physical expectations indi-
cates that the numerical model reliably captures drag-induced motion suppression. 

3.4. Vertical Velocity 

A consistent and central finding across both horizontal and vertical analyses is the 
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pivotal role of mass in modulating drag effects. Heavier projectiles exhibit greater 
mechanical robustness against the retarding influence of air resistance, maintain-
ing higher velocities and displacements throughout their trajectories. This is not 
merely a scaling effect; instead, it reveals a multiscale interaction between inertial 
and aerodynamic forces that profoundly alters trajectory characteristics. The dif-
ferential acceleration profiles suggest that optimising projectile design for distance 
or stability in real-world applications must consider the nuanced interplay be-
tween mass, drag coefficient, and initial kinetic energy (Figure 4). Three masses 
0.046 kg (blue), 0.145 kg (red), and 0.198 kg (black) are simulated, with corre-
sponding terminal velocities of 17.9 m/s, 31.8 m/s, and 37.2 m/s, respectively. The 
curves clearly show how increased mass results in higher terminal velocity due to 
greater gravitational force overcoming the quadratic drag, consistent with the the-
oretical dependence termv m∝  as in Equation (20). 
 

 
Figure 4. Vertical velocity as a function of time for projectiles with different masses falling 
under gravity with quadratic air resistance. 

 
Such mass-dependent behavior has implications beyond simple range estima-

tion. In high Reynolds number flows, as simulated here, the projectile’s response 
to aerodynamic damping can inform predictive modeling in fields as diverse as 
aerospace re-entry, sports physics, and environmental dispersion of aerosols and 
debris. 

3.5. Trajectory and Asymmetry Analysis 

To directly visualize the combined effect of horizontal and vertical motion under 
quadratic drag and to assess the overall shape of the projectile path, we present the 
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full 2D trajectories for the golf ball (0.046 kg), baseball (0.145 kg), and softball 
(0.198 kg) in Figure 5. All projectiles were launched from ground level with an 
initial velocity of 50 m/s at a launch angle of 45˚, which maximizes range in a 
vacuum and provides a clear baseline for comparison. 
 

 
Figure 5. 2D trajectories for projectiles of different masses launched at 50 m/s and 45˚ 
under quadratic air drag. 

 
The trajectories exhibit two key features predicted by theory but not visible in 

separate 1D analyses: 
1) Trajectory Flattening: Compared to the ideal parabolic path (black dashed 

line, if added, or described as “vacuum trajectory”), all three trajectories are visibly 
flattened. The apex height is significantly reduced, and the range is shortened. 
This effect is most pronounced for the lightest projectile, the golf ball, whose peak 
height is less than half that of the vacuum trajectory. This demonstrates the dom-
inant energy dissipation due to drag, particularly during the ascent phase when 
both gravity and drag act to decelerate the projectile. 

2) Asymmetric Path: A crucial observation is the distinct asymmetry between 
the ascent and descent phases. The descent is steeper and more rapid than the 
ascent. This is because during ascent, the drag force acts downward, adding to 
gravity, resulting in a large negative acceleration. During descent, the drag force 
acts upward, opposing gravity, leading to a smaller net downward acceleration. 
This results in a trajectory that is skewed to the left of its apex compared to the 
symmetric parabola. The degree of asymmetry increases for lighter masses, as seen 
in the golf ball’s trajectory, which has a much sharper drop-off after its peak com-
pared to the more gradual descent of the heavier softball. 

This 2D visualization directly connects our component analyses to the overall 
projectile path. The reduced range observed in Table 4 and the lower maximum 
height noted in Section 3.3 are now seen as consequences of the distorted, asym-
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metric, and flattened trajectory caused by quadratic drag. The mass dependence 
is also evident: the heavier softball follows a path closest to the ideal parabola, 
while the lighter golf ball deviates most significantly, confirming that increased 
mass provides greater resistance to the distorting effects of aerodynamic drag 

4. Conclusions 

The fidelity of the numerical model  45θ =  is emphasized by its consistency 
with theoretical predictions across multiple observable quantities, including dis-
placement, velocity decomposition, terminal velocity, and trajectory asymmetry. 
The application of the RK4 method ensures numerical stability and accuracy, even 
in the presence of stiff differential equations arising from nonlinear drag terms. 
Notably, the computational approach retains physical interpretability, offering 
detailed insight into parameter sensitivities (e.g., mass, velocity, drag coefficient) 
that are otherwise obscured in purely analytical or overly simplified models. 

The trajectory shapes obtained under quadratic drag differ qualitatively from 
ideal parabolic paths, exposing characteristic flattening and curvature distortions 
that are indicative of real-world aerodynamic interactions. This provides strong 
justification for incorporating realistic drag models into simulation frameworks, 
especially in high-speed or precision-dependent applications. Future work will in-
clude controlled experimental launches using high-speed video tracking to vali-
date the predicted trajectories and terminal velocities, thereby establishing a crit-
ical empirical benchmark for the model’s predictive capabilities. 
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