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Abstract

Binary outcomes are frequently encountered in a variety of fields and contexts
and the Bayesian approach is widely used to analyze this type of data. Under
this framework, a beta prior distribution for the probability of success is typi-
cally used. We clarify why in the statistical literature one can find two slightly
different interpretations of the prior hyperparameters as extra data. The two
interpretations can be exploited to elicit informative beta prior densities by
specifying a measure of central tendency and a suitable value for the prior
sample size. We developed a Shiny App in R that provides a user-friendly in-
terface to implement the elicitation procedures.
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1. Introduction

Binary outcomes, which assume only two possible values, are often analysed in a
variety of fields and contexts, especially in epidemiology and clinical trials. In fact,
many standard epidemiological problems, such as the study of the effectiveness of
a new vaccine or the evaluation of diagnostic tests and the assessment of their
performance, are based on binary variables. Cohort and case-control studies, con-
ducted to identify aetiological agents that increase the risk of a certain disease, are
typically based on a binary exposure variable. Also in clinical trials, the primary
endpoint is often a binary endpoint, that allows each patient to be classified as a

responder or not to the experimental drug: standard examples are single-arm
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phase II trials or comparative phase III studies that exploit the risk difference, the
relative risk or the odds-ratio as parameters of interest. In all these areas of re-
search, the Bayesian approach is widely used to analyze binary outcomes.

The Bayesian analysis of binary data, generated from a Bernoulli distribution,
requires the specification of a prior distribution for the unknown parameter 6,
that represents a success probability. A very common choice in this situation is the
beta distribution. In addition to computational convenience and high flexibility,
this distribution allows a nice interpretation of its hyperparameters as extra data.
However, there are two possible and slightly different interpretations. According
to the first one, the information contained in a beta prior density of hyperparame-
ters o and [ corresponds to the augmentation of data with a successes and
B failures [1]-[4]. The alternative interpretation suggests that the amount of data
to add to the current experiment consists in & —1 successes and S —1 failures
[5]-[8]. Both the interpretations are mathematically sound, but they reflect differ-
ent philosophical stances on prior information strength. Moreover, most textbooks
and papers from the statistical literature typically provide only one of them, which
can lead to ambiguity and confusion.

The rest of the paper is organized as follows. In Section 2, we revise the Bayesian
analysis of binary data. In Section 3, we clarify why both the interpretations of the
hyperparameters are reasonable by illustrating the reasoning that supports them.
Section 4 shows how the two interpretations can be exploited to elicit informative
beta prior densities. In Section 5, we present a Shiny App in R that provides a user-
friendly interface to implement the elicitation procedures and to help students or
practitioners not experts in Bayesian statistics to understand the role of the prior
sample size. The main functionalities of the app are illustrated through numerical

examples. Finally, Section 6 contains some concluding remarks.

2. Bayesian Analysis of Binary Data

Let us introduce an experiment based on a binary response variable Y related to
an event’s occurrence. Thus, we consider a random sample, (V,,---,Y, ), with in-
dependent and identically distributed variables such that Y, |6 ~ Bernoulli(8),
for i=1---,n, where @ isthe unknown success probability, 7e. the probability
that the event occurs. To summarize data, we typically use the sum of successes,
that is the sufficient statistic S, = zin:lYi with a binomial sampling distribution
of parameters (n,&) . Under a frequentist framework, the maximum likelihood
estimate of 6 isthe sample mean, éML =s,/n, ie. the frequency of the successes
among all observations.

Under the Bayesian approach, before data is observed, the parameter 6 is
treated as a random variable having a prior distribution, 7r(t9) , that expresses
pre-experimental knowledge and belief available about 6. When dealing with bi-
nary data, a beta prior distribution for @ is commonly used, that is

7#(6) = Beta(6;a, B) =ﬁe“l (1-0)"",
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where the hyperparameters ¢ and f arebothlargerthan0and B(a,f) de-
notes the beta function. The mode, the expected value and the variance of 7(6)
are, respectively,

Mode(9)=f—;12, E(6)= :’L‘ﬂ and
[24 — [24

Var (6)= Zaﬁ :
(a+pB) (a+p+1)

This choice is mainly due to analytical tractability, since the class of the beta
prior densities is conjugate to the binomial model and, therefore, the correspond-
ing posterior distribution will belong to the same family of distributions as the
prior. A further reason that motivates the use of a beta prior is that its probability
density function can take many different shapes depending on the two hyperpa-
rameters and, thus, it can be exploited to model very different kinds of infor-
mation.

Assuming that S, successes have been observed, from standard results of con-
jugate analysis, the posterior distribution of @ is still a beta density with updated

parameters [5], that is

7(0]s,)=Beta(6;s, +a,n—s, +B).

As it is well known, Bayesian inference about & is realized by summarizing
the information contained in its posterior distribution. For instance, a Bayesian
point estimate of @ can be obtained by considering a measure of central ten-
dency of 7(@]s,). The most commonly used measures are the posterior mode
or the posterior mean. By considering one or the other of these measures, we can

derive the two interpretations of the hyperparameters of 7(6) mentioned above.

3. Interpretation of the Hyperparameters of the Beta Prior
Distribution

Let us start by considering the posterior mode as a Bayesian estimate of 8,

Mode(9|sn):L"_l
a+p+n-2
1
_ a-1 N S,
a+pf-2+n a+pf-2+n
. a+pf-2 . .
By multiplying the first term of (1) by T and by making the substitu-
a+pB-
tion s, = né,v”_ in the second term, we obtain that
Mode(0|sn):Lﬁ_2Mode(0)++ D
a+p-2+n a+p-2+n
ng' n »
= Mode(8)+———0.,
' +n () ot +n M

where n)' =a+ -2 In practice, the mode of the posterior distribution, which

represents the most plausible value a posteriori, is a weighted average of the prior
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mode and the sample estimate of 6 based on the observed data. This result
clearly shows how the beta posterior distribution combines prior beliefs about 8
with observed data and turns out to be an updated probability distribution. The
weights assigned to éML and to the prior mode are, respectively, the sample size
of the experiment n and n)' =a+ -2, that can be interpreted as the prior
sample size. The result, in fact, also suggests that the information provided by the
beta prior density is equivalent to that of a virtual binomial experiment based on
a+ [ —2 observations, with a—1 successes and f—1 failures. The corre-
spondence between the observed number of successes in the current experiment
and the virtual number of prior successes is evident from (1).

A similar, but slightly different, interpretation of the hyperparameters of the
beta prior arises if we consider as Bayesian estimate of 6 the posterior mean. In

this case, we have that

a+s a S
E(0]s,)=———n = .
a+p+n a+p+n a+p+n

With computations analogous to those performed for the posterior mode, we
obtain that
n ~
a+pB+n ™

a+pf
E(0|sn)=a+ﬁ+nE(9)+
ne n s
= E(0)+——0, ,
nE+n ( )+n0E+n ML

where n§ =a+ f. Thus, the mean of the posterior distribution turns out to be a
weighted average of the prior mean and the ML estimate of @. The contribution
of éML is again the sample size N, while the weight of the prior mean is
ng =a+ 3, that plays the role of the prior sample size. Hence, in this case, the
beta prior distribution corresponds to adding « prior successes and S prior
failures.

Both the interpretations of the beta prior density are equally legitimate based
on the aforementioned arguments. Note that the non-informative prior distribu-
tion corresponding to a sample with no observations is the uniform distribution
Beta(l,l) under the interpretation based on the posterior mode and the im-
proper Haldane’s distribution Beta(0,0) under the interpretation based on the

posterior mean.

4. Elicitation of the Prior Hyperparameters

The two interpretations of the hyperparameters of the prior 7(8)= Beta(6;a, B)
as extra data can be exploited to construct an informative prior distribution for
6 based on pre-experimental information.

The idea is to express the hyperparameters in terms of 1) a measure of central
tendency of the prior and 2) the prior sample size. More specifically, if we opt for

the prior mode 6", we need to consider the following system of equations
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a-1
a+p-2,
n' =a+p-2

o)

obtaining the solutions

a=n'6) +1 and p=ny' (1-6")+1. )

Thus, this choice of the hyperparameters ensures that the mode of the beta prior
is 6", that can be selected as the value of the parameter considered the most
plausible according to the prior information. Then, we can regulate the concen-
trationof 7(6) around @' through the selection of the prior sample size ny' .
This quantity, in fact, represents the number of virtual observations to which the
prior information is considered equivalent and, therefore, the larger n)', the
more concentrated the prior distribution. This can also be easily proved by noting
that the variance of the beta prior distribution with hyperparameters provided in
(2), that is

o
Var (0) = - p
(a+pB) (a+p+1)
(mo'6p" +1)(ny" —nj'6y" +1)
2
(ng" +2) (ng" +3)

decreases as n)' increases. Moreover, as n)' — oo, the limit of the variance is 0
and, thus, if n)' tends to infinity the beta prior density tends to a degenerate
distribution at 6" . This elicitation procedure has been exploited, for instance,
by [9] [10] at the design stage of a clinical trial and it is often applied by setting
the prior sample size to 1, in order to obtain a weakly informative prior [11] [12].

Analogously, if we choose the prior mean 6 as measure of central tendency,

by solving the following system of equations

e
0 a+p,
ng =a+p
we obtain that
a=n56 and B=n;(1-6;) 3)

are the hyperparameters of a beta prior density with mean equalto @; and prior
sample size N§ . Also in this case,as Nn; increases, the variability of the beta prior
decreases and the distribution turns out to be more concentrated. In the limiting
case, when NS — oo, 7(0) corresponds to the probability distribution that as-
signs all the probability mass to 6 .

In Figure 1, we compare the beta prior distributions obtained by specifying the
prior mode and the prior mean, assuming equal values for these measures of cen-
tral tendency and for the prior sample size. As expected, the prior densities tend

to coincide as the central tendency approaches 0.5 and as n)' =n¢ increases.
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Figure 1. Comparison of beta prior distributions for 6 when using the hyperparameters in (2) and (3) for different values of

the measure of central tendency and the prior sample size, with ) =@ and n)' =nf .

5. A Shiny/R App to Elicit the Hyperparameters

The elicitation procedures described above can be used to formalize the belief that
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itis highly plausible that € belongs to a specific interval. To provide a user-friendly
tool to easily implement the procedures, we developed a Shiny/R app available at

https://vales.shinyapps.io/betapriors app/. The app allows to choose between the

mode or the mean as prior measure of central tendency. Then, once a numeric value
has been entered for this measure, the user can dynamically appreciate how the
shape of the beta prior distribution changes according to the prior sample size value
passed through a slider. Moreover, the lower and upper limits of an interval of in-
terest can be provided and the prior probability assigned to the interval is high-
lighted and indicated in the plot of the prior density. Thus, the prior sample size can

be selected according to the level of this prior probability we wish to achieve.

5.1. Example 1

Let us consider an example provided by Spiegelhalter ef al [13], where the re-
sponse rate of an experimental drug is supposed to lie between 0.2 and 0.6 on the
basis of previous experience. The Authors translated this information into the beta
prior of hyperparameters 9.2 and 13.8, by exploiting a normal approximation for
the beta distribution of mean 0.4 and imposing a 95% of prior probability assigned
to [0.2, 0.6]. As an alternative, we can exploit the Shiny/R App to set the hyperpa-
rameters as in (3) by fixing the prior mean equal to 0.4 and selecting the prior
sample size n§ through the slider in order to have a prior probability assigned
to the interval of interest equal to 0.95 (see Figure 2). We obtain the prior density
7(0)=Beta(¢;8.6,12.9) with hyperparameters slightly different from the ones
obtained with the procedure based on the use of a normal approximation, that
actually provides a prior probability that 6 e [0.2, 0.6] equal to 0.958.

Elicitation of informative Beta Prior Distributions

MEASURE of CENTRAL
TENDENCY

O mode
@ mean
Prior Mean:

0,4

Prior sample size
1,000
O

1 101 201 301 401 501 601 701 801 901 1,000

INTERVAL OF INTEREST
Lower Limit

7(6) = Beta(8.6, 12.9)

l The probability assigned to (0.2, 0.6 ) is equal to 0.95

Prior distribution Beta( 8.6 , 12.9 ):

— prior mode: 0.3897436
0,2 — prior mean: 0.4
— prior sample size: 21.5
— prior variance: 0.01066667
Upper Limit
0,6

Figure 2. Shiny app user interface to elicit a beta prior distribution with mean equal to 0.4 that

assigns a 95% prior probabability to the interval [0.2, 0.6].
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5.2. Example 2

Let us assume that our prior knowledge suggests that the success probability &
cannot take certain values or that we need to elicit a beta prior with support
smaller than the parameter space [0, 1]. The latter case occurs, for instance, at the
design stage of a one-sample experiment when a hybrid frequentist-Bayesian ap-
proach is used to determine the appropriate sample size. When the focus is on
power analysis, the frequentist criterion selects the minimal sample size that guar-
antees a given power, for a fixed Type I error rate, conditional on the assumption
that the true @ is equal to a clinically relevant design value, 0° , that belongs to
the alternative hypothesis. To overcome local optimality, implied by the fixed de-
sign value, the hybrid approach assigns a prior distribution to &, typically called
design prior distribution, to realize the assumption that the alternative hypothesis
is true [14]. The sample size criteria is then based on the average of the traditional
power over the design prior. For an exhaustive discussion about this topic the
readers are referred to [15].

Specifically, let us focus on the hypotheses H;:6<0.3 and H,:6>0.3. In
order to apply the hybrid approach to determine the optimal sample size, we need
to elicit a beta design prior for @ that 1) assigns negligible probability to values
of @ outside the interval (0.3,1] and 2) has mode equal to the design value that
we would have set if we had used the classical approach. The Shiny/R app can be
used to easily obtain such a prior density. Assuming that 6° =0.4, a first way of
proceeding consists in setting the prior mode equal to 0.4 and specifying the limits

of the interval of interest equal to 0.3 and 1, respectively. Then, we use the

Elicitation of informative Beta Prior Distributions

MEASURE of CENTRAL TENDENCY
© mode
") mean

Prior Mode:

0,4

Prior sample size
1 1,000

(U T O T S e e
1 101 201 301 401 501 601 701 801 901 1,000

INTERVAL OF INTEREST
Lower Limit

0,3

Upper Limit
1

n(08) = Beta(77.4, 115.6)

I The probability assigned to ( 0.3, 1) is equal to 0.999

0.0 0.2 0.4 0.6 0.8 1.0

Prior distribution Beta( 77.4 , 115.6 ):

— prior mode: 0.4

— prior mean: 0.4010363
— prior sample size: 191

- prior variance: 0.001238176

Figure 3. Shiny app user interface to elicit a beta prior distribution with mode equal to 0.4 that assigns a 999% prior
probabability to the interval [0.3, 1].
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Elicitation of informative Beta Prior Distributions

MEASURE of CENTRAL TENDENCY

© mode
) mean

Prior Mode:

0,4

Prior sample size

1 365

p——)

1 101 201 301 401 501 601 701 801 901 1,000 o -

INTERVAL OF INTEREST

Lower Limit

0,35

Upper Limit

0,45

n(8) = Beta(147, 220)

I The probability assigned to ( 0.35, 0.45 ) is equal to 0.95
20

1,000

0.0 0.2 0.4 0.6 0.8 1.0

Prior distribution Beta( 147 , 220 ):

— prior mode: 0.4
- prior mean: 0.400545
— prior sample size: 365

— prior variance: 0.0006524693

Figure 4. Shiny app user interface to elicit a beta prior distribution with mode equal to 0.4 that assigns a 95% prior
probabability to the interval [0.35, 0.45].

slider to increase the prior sample size, n,' , until the prior probability assigned
to (0.3,1] achieves the level 0.999. Figure 3 shows that the prior obtained is
7(0)=Beta(6;77.4,115.6), based on a prior sample size equal to 191. As an al-
ternative, we can choose as interval of interest an interval centred at 8° and en-
tirely belonging to the alternative hypothesis. In this case, the prior sample size
can be fixed as the smallest value such that the prior probability of the interval
reaches a desired high value, e 0.95. For instance, by using the shiny app, we
obtain that the beta prior 7[(0) = Beta(9;147, 220) has mode in 0.4 and assigns
a prior probability equal to 0.95 to the interval [0.35, 0.45] , being based on a prior
sample size equal to 365 (see Figure 4). This latter prior is less dispersed around
0° , being based on a larger prior sample size, and thus expresses less uncertainty

on the guessed design value.

6. Conclusions

Binary outcomes are dichotomous data that can take exactly two possible values
and are often analysed in many fields. In the Introduction, we specifically refer to
epidemiology and clinical trials, but many applications concern different context,
such as, marketing, education, environment and social science. The statistical
analysis of these data is often conducted by exploiting the Bayesian approach that
is very popular and widely used nowadays. Many introductory textbooks and pa-
pers on Bayesian procedures cover binary data analysis, because it is really simple,
but they typically provide only one of the two possible interpretations of the hy-
per-parameters of the beta prior distribution as extra data. This paper clarifies
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why both the interpretations are reasonable and, therefore, it is particularly aimed
at non-expert users of Bayesian statistics and for students who might be confused
by inconsistent definitions across sources. By explicitly discussing both interpre-
tations and their implications, we aim to provide a clearer and more coherent un-
derstanding of the beta prior density, supporting more informed and consistent
applications in practice.

Moreover, the great popularity of Bayesian methods is in part due to the prolif-
eration of user-friendly software tools available through open source platforms.
We developed a very intuitive Shiny/R app that allows practitioners unfamiliar
with Bayesian methods to easily apply the described elicitation procedures. Alt-
hough the Shiny app itself is not the central contribution of this work, we think it
can be useful as a support tool to operationalize the theoretical insights discussed.
The app complements the methodological content by offering a dynamic and in-
teractive means to explore the effects of different elicitation choices. In particular,
it aims at fostering a better understanding of how prior parameters influence the
beta prior shape and at clarifying the role of the prior sample size.

Note that the elicitation procedures based on the two interpretations lead to
very similar beta prior densities for high values of the prior sample sizes and to
very similar posterior analysis for large samples. Instead, in small-sample contexts,
the posterior distribution may be noticeably sensitive to the prior sample size, and
hence to whetheritis definedas o+ f—2 (mode-based)or a+ 8 (mean-based).
Furthermore, as a limitation of the elicitation procedures presented, we can men-
tion the fact that they assume a unimodal and well-defined belief about the success
probability. These methods may not be suitable when the prior knowledge is vague,
multi-modal, or intentionally uniform over a restricted range. In such cases, al-
ternative elicitation strategies or prior structures (e.g., mixtures of beta distribu-

tions or truncated distributions) should be considered.
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