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Abstract

In 2014, Vargas first defined a super-shuffle product and a cut-box coproduct
on permutations. In 2020, Aval, Bergeron and Machacek introduced the su-
per-shuffle product and the cut-box coproduct on labeled simple graphs. In
this paper, we generalize the super-shuffle product and the cut-box coproduct
from labeled simple graphs to (0,1)-matrices. Then we prove that the vector
space spanned by (0,1)-matrices with the super-shuffle product is a graded
algebra and with the cut-box coproduct is a graded coalgebra.
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1. Introduction

In 1941, Hopf [1] first put forward the concept of both algebra structure and
coalgebra structure in the study of cohomology algebra H” (G,K) of Lie group
G. After that, more and more interesting questions about algebras and coalge-
bras have attracted many mathematicians to work and study on them conti-
nuously. Among those questions, it is a hot topic how to construct algebras and
coalgebras on combinatorial objects.

In 2014, Vargas [2] defined a super-shuffle product w and a coproduct A,,
called cut-box coproduct by Liu and Li [3] on permutations. In 2005, Aguiar and
Sottile introduced the global descents of permutations in symmetric groups [4].
On this basis, Zhao and Li derived another shuffle product and deconcatenation
coproduct from the classical one on permutations. Then they proved the vector
space spanned by permutations with the shuffle product that is a graded algebra
and with the deconcatenation coproduct that is a graded coalgebra [5] in 2020.
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In the same year, Aval, Bergeron and Machacek introduced the super-shuffle
product and the cut-box coproduct on labeled simple graphs without proof [6].
In 2023, Dong [7] proved the vector space spanned by labeled graphs with the
super-shuffle product is a graded algebra and with the cut-box coproduct is a
graded coalgebra.

In fact, matrices are related to permutations and graphs closely. A (0,1)-matrix
is a matrix whose entries are all 0 or 1, also called a binary matrix. It is widely used
in graph theory [8] [9], combinatorics [10], linear programming [11] [12] [13] and
computer science [14]. In this paper, we first generalize the super-shuffle product
and the cut-box coproduct from labeled simple graphs to (0,1)-matrices, then we
prove that the vector space with the super-shuffle product that is a graded algebra
and with the cut-box coproduct that is a graded coalgebra.

This paper is organized as follows. We start by recalling some notations on
(0,1)-matrices and defining the vector space M spanned by (0,1)-matrices in
Section 2. In Section 3, we define the cut-box coproduct A on M and prove
M with coproduct A that is a graded coalgebra. In Section 4, we define the su-
per-shuffle product * on M and prove M with product * that is a graded

algebra. Lastly, we summarize our main conclusions in Section 5.

2. Basic Definitions

An sxn matrix A= (c’:\ij )S ) is called a (0,1)-matrix if

8; ap - Gy

a a oo a
O Il

asl asz asn sxn

where &; is either 0 or 1. In particular, the empty matrix is the matrix with no
entries, denoted by ¢.
Define

J, n=0,

[n]={{1’2“"’”}' n>0,

and
- i+, i<,
il o

K, i>].

Let | ={i,i,,~-i,}<[s] and J ={j1, Joreees jq} c[n], where

<y <--<i <s and j<j,<--<],<n. For an sxn (0,1)-matrix A, the
restriction of A on |xJ is the submatrix formed by the entries, in the same
relative positions, in both rows indexed by 7and columns indexed by J denoted
by A,,.Inparticular,if | =[s] and J=[n], A,; =A andif /or Jis empty,
A, =¢. For convenience, let A denote A, and call A the restriction of
Aon I

Example 1. The matrix
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o O O o
O B O -
o O o o
o = O O
o O +—» O
= O O O
o O O -

isa 4 x 7 (0,1)-matrix. We have

B 011
A{l,z}x{1,2,7} “lo o o
and
010
,013] =0 0 0]
010

Let M, ={A| A:(aij)is annxn (0,1)-matrix} and M, be the vector space

spanned by M, over field K, for any non-negative integer n. For example,

o=l oo ol oJfs oo Mo olfs olfs 3]
o oflo o o ol i 2 R A

In particular, My ={¢} and M, =KM,. Denote

M :L—JOMH and M=(-O_ODOMH.

A O
If A and B are both non-empty matrices, then we denote A0 B :{ :|,

O B
where O's are zero matrices. In particular, ¢ 0 A=A0¢=A for any (0,1)-matrix
A.

100

Example 2. For Az(g (lJ] and B={1 0 1|, wehave

011
0 00O00O0
11000

AOB=(0 0 1 0 0]

0 0101
0 0011

For Ain M, we call 7a spiltof A, if

A © A = A

where 0<i<n. By the definition, 0 and »n are always splits of a (0,1)-matrix in
M, when n2>1, called trivial splits. Obviously, Ati]x([n]\[i]) = A([n]\[i])x[i] =¢ when
I is a trivial spilt of A; Amx([n]\[i]) =0, and At[n]\[i])x[i] =0, i) When 7is a
non-trivial spilt of A. We call A indecomposible if it is non-empty and only has
trivial splits.

For Ain M,, n>1, suppose that {iy,i,,--i;} is the set of all splits of A,
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where O=i; <i <:--<ij=n. We call AIIk ] an atom of A, 1<k<s. Ob-

viously, there is no non-trivial split of ﬁ L] for 1<k <s.Let

A= Alik,ﬁnkr
for 1<k <s.We define the decomposition of A by
A=AO0A O---OA.

In particular, when A is indecomposable or empty, its decomposition is itself.

Example 3. 1) The set of splits of

100000
011000
001000
000111
000010

00010 0

s {0,1,3,6} and its decomposition is

1000 0 0]
011000 .
001000 11
=[1]¢ ofo 1 ol
000111 01
100
000010
00010 0

Its atoms are

01
101

2) The set of splitsof |0 1 0] is 0,3 , 80 it is indecomposable. Its de-

111

11
[1]{ and [0 1 OF.
00

composition is itself, and golis s a:

3. Cut-Box Coproduct and Coalgebra

In this section, we define the cut-box coproduct on the vector space M. Then
we prove the space with the cut-box coproduct is a graded coalgebra.
Define the cut-box coproduct A on M by

A(A):ZS:AO---OAj ®A, 0 0A
=0

for non-empty matrix A in M, with decomposition A=A 0A, 0---0A,
where A 0---0 A=A, 0---0 A =¢.In particular, define A(g)=¢®¢.
Define the counit v from M to K by

o

0, otherwise,

for Ain M.

Example 4. From Example 3 and the definition of the cut-box coproduct, we
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have
100 0 0 0]
11
EEEEE
A _A[l]o{ }0010
000111 01
100
000010
00010 0
L LR
:£®[1]0{0 1}0010+[1]®[0 1}0010
100 10 0]
111 111
+[1]<>[; 1}@010]41]0{; ﬂ{o 1 0|®s
100 100
100000 1100 0
011000 01000
=g®88(1)(1)(1)(1)+[1]®00111
00010
000010 00100
00010 0
100 0 0 0]
100 111|010 00
Jo 2 Tlefo 1 offo ot 000l
001|100
Jloooo0o10
00010 0
and
101 101][101
A0 1 0||=¢®|0 1 0|+|0 1 0|®e
101 101|101

Theorem 1. (M,A,v) is a graded coalgebra.

Proof 1t is easy to verify that v isa counit. Obviously,
(Id®A)oA(e)=e®e®e=(A®id)oA(¢).
Suppose Ain M, with n>1 and its decomposition is
A=AO0A O---OA.
Then
(id®A)oA(A)
=(Id®A)cA(AOA 0O A)

=(id®A)£iAl<>---<>Aj ®Aj+1<>...<>A5]

=0

ZS:AlO---OAj®[ZSLA]+1<>---<>A‘<®A<+1<>---<>ASJ
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> ACOA®A OOAB®A,LOOA

0<j<ks<s

:ZS:[ZAlO OA®A, O opkj@nmo 0A

S
(8010) T A 004 84, 0-0A
k=0
=(A®id)oA(A),
where A, 0--0A =& for 0<j<s.So A satisfies the coassociative law.

Obviously, by the definitions of A and v, we have A(M,)c @M O M,
and v(M,)=0 for n>0.Hence (M,A,v) isa graded coalgebra.

4. Super-Shuffle Product and Algebra

In this section, we define the super-shuffle product on the vector space M.
Then we prove the space with the super-shuffle product is a graded algebra.
Define the super-shuffle product * on M by

AxB= Y C (1)
CeMp,n
1,3:10d=[m+n]
C/=A,C;=B

for Ain M with the

restriction on /is A,on Jis Bon IxJ and Jx| arearbitrary (0,1)-matrices.

and Bin M, where Ctraverses all matrices in M,

Obviously, the product * is commutative and ¢+ A= Axg=A, for any A4 in
M. Define the unit y from K to M by u(l)=

Example 5. For A= i (l) ,B=[1] we have

11 0] 111 110|110 110
AxB=|1 0 O|+|1 O 0+{1 0 1|+|1 O 0}+1 0 0]
001|001 0 0 1101 011

(11 1] [1 11 111|110 110
+101+100}{100+101+101

10 0 1] |1 0 1 011|101 011

1 1 0] [1 1 1] [1 1 111|110

+/1 0 0|+|1 O 1]+{1 0 1{+|1 O O}+ 10 1]
111|101 (01 111111

(1 1 1] [1 0 1 11 101 0 1]
+101}+0 1 0}+{0 1 0|+{1 1 0[+|0 1 1
11 1] [1 00 1 0 0] |1 00 1 00
(10 1] [1 1 1 111 11 1] [1 0 1]

+/0 1 0+{1 1 O]+{O 1 1|+/0 1 0|+|1 1 1
11 10,100 1 00 110] |10 0]
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10 1] 10 1] 11 1] f1r11] 111
+110+011+111]+110+011
110/ (2120200210110
10 1] [111 0 11 0] 101
+111+111]+011]+011+011
11 0] 110 0 |01 0] |0 10
(1 0 0] [1 0 O] 1 12 1] 1 1 0] [1 1 0]
+1 1 1|+/0 1 1{+/0 1 1f+f1 1 1|+/0 1 1
0101 10]]010]]010f |1 10]
10 1] (10 1] f100] 11 1] 11 1]
+/1 1 1|+/0 1 1|+f1 1 1|+f1 1 1|+/0 1 1
010210210010 |1 10
110 (201 (211
+1 1 1(+f1 1 1(+1 1 1.
11 0] 1 10][1210

Here, we color the entries of Cin A#*B restricted to A red and to B blue,

101 1 01
respectively. Although {0 1 1| and |0 1 1| are same matrices, we
110 110

consider they are different. Then each term in A=*B is unique.

Let W ={i,,i,,---,i,} be a set of positive integers where i, <i, <---<i,. De-
fine a mapping st, from W to [I\NH by st (i,)=a for 1<a<n, and call
it the standardization of W [6]. For a subset 7T of W, denote
sty (T)={sty (i)|i€T}. Obviously, st, isa 1-1 mapping from the set of sub-
sets of W to the set of subsets of D\IVH Therefore, for any subset A of [[VV ],
there must exist a unique subset Pof Wsuch that H =st, (P).

Remark 1. ([15]) Let W be a set of positive integers and P be a subset of W.
Then there exists a unique subset A in [[\NH such that

stp (i) =sty, (ty (i),

for any 7in P. Actually, H =st, (P).

Example 6. For W ={3,5,7,8,9} and P={3,7,8}, st,(3)=1, st,(7)=2,
st,(8)=3, sty (3)=1, st,(7)=3 and st, (8)=4. Take
H =st, (P)=st, ({3,7.8})={1,3,4}. Furthermore, st,, (st, (3))=1,
sty (St (7)) =2, st (ty (8))=3.

Next, in order to prove (M, *, 1) isa graded algebra, we give one lemma.

Lemma 2. Assume A=(aij )nxn is a (0,1)-matrix, W <[n] and Hc D\NH
Then there exists a subset Pof Wsuch that A, =(A, )H .

Proof. By the definition of st,,, there must exist a subset P of W such that
st,, (P)=H . Next, we prove A, =(A, )H .

Let A, be B=(b;), A, be C=(c;) and (A,), be D=(d;). Ob-
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viously, B and D are both |P|><|P| (0,1)-matrices. We just need to show that
b; =d; for each i,j in [|P|] For b; in B=A,, there must exist i’ and
j' in Psuch that st,(i")=i, st,(j')=] and a; =b;. Since Pis a subset of
W, there must exist i” and " in UWH such that sty (i")=i", st, (j')=]"
and & =Cyy» . On the other hand, we have st (P)=H and st, isa1-1map-
ping from the set of subsets of WWto the set of subsets of [[\N ] , therefore i” and
j"" arein H. Then there must exist i”’ and | in UH |] such that

sty (i")=i"", sty (j")=]J" and ¢, =d,.. Hence, b, =d,,.. By Remark 1,

we have

=ty ()=t (st (1) =t () ="
and

] :Stp(j’):StH (Stw (j,)):StH (j”): i

Thus, for each i, in DPH , by=dy, ie, A =(AN)H . O
Theorem 3. (M,* 1) isa graded algebra.
Proof. 1t is easy to verify that x4 is aunit. For Ain M, , Bin M, and Cin

M, , we have
A*B= > X.

XeMp,
H,K: HuK:lIthk]
Xy =A, Xy =B

Then for any term Yin (A#*B)#*C, there exist two disjoint subsets Wand L of
[h+k+1] with [\N|=h+k and |L|:| such that Y,, is a term in A*B and

Y, =C . It means

(A*B)*C = > > Y. (2)

XeMyp, YeMpik+l
H,K: HuK:’Tthk] W, L:WuL:Th+k+I]
Xy =A, Xy =B Yy =X, Y =C

For a fixed Win [h+k+1] with cardinality h+k, there exist two disjoint
subsets Hand Kof [h+k] with |[H|=h and |K|=k such that

(Yw), =A and (Y,), =B.

Since His a subset of [|W|:| = [h + k] , due to the Lemma 2, there exists a sub-
set Pof Wcorresponding to Hwith |P|=h suchthat H =st, (P) and

Yo =(Yy), =A

Similarly, there exists a subset Q of W with |Q| =k corresponding to Ksuch
that K =st, (Q) and

YQ :(YW )K =B.

In (2), for a fixed subset Win [h +k+ I] with cardinality h+k , A traverses
all subsets with cardinality 2in [h+k], since Y,, traversesall termsin A*B.
Meanwhile, Ptraverses all subsets with cardinality 4 in W. Therefore, Ptraverses
all subsets with cardinality 4 in [h+k+1] when W traverses all subsets with
cardinality h+k in [h+k+1]. Similarly, Q traverses all subsets with candi-
nality £ in [h+k+I] when W traverses all subsets with cardinality h+k in
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[h+k+1] from W =PuUQ. Thus (2) can be rewritten as
(AxB)*C= > Y. (3)

YeMpik+
P,Q, L:PUQUL=[h+k+]
Yp=A,Yo=B,Y =C

Similarly, A*(B*C) can be rewritten as (3). Hence, * satisfies the asso-
ciative law and (/\/l, *, ,u) is an algebra.

By the definitions of the product * and u, we have M, * M, c M,,; and
,u(K)g/\/lo. So (./\/l,*,,u) is a graded algebra. O

5. Conclusion and Suggestion

Let M be the vector space spanned by (0,1)-matrices. Firstly, we introduce
splits and the decomposition of a (0,1)-matrix. Then we define the cut-box co-
product A and the super-shuffle product * on M. We prove the cut-box
coproduct A satisfies coassociativity and the super-shuffle product * satisfies
associativity, Ze, (M,A,v) is a graded coalgebra and (M,*, /J) is a graded
algebra.
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