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Abstract 
In this paper, several kinds of lump solutions for the (1 + 1)-dimensional 
Ito-equation are introduced. The proposed method in this work is based on a 
Hirota bilinear differential equation. The form of the solutions to the equa-
tion is constructed and the solutions are improved through analysis and 
symbolic computations with Maple. Finally, figure of the solution is made for 
specific examples for the lump solutions. 
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1. Introduction 

In recent years, the study to the exact solutions of nonlinear equation is one of 
the hot topics in nonlinear science. A variety of nonlinear complex physical 
phenomena appear in many fields, such as chemistry, biology, engineering and 
social sciences. So, seeking exact solutions of nonlinear partial differential equa-
tions (NLPDEs) has become more and more attractive. In order to solve the ex-
act solutions of NLPDEs, sciences have come up with lots of ways, for example 
Backlund transformation [1] [2], Darboux transformation [3] and Hirota bili-
near methods [4]. Among these ways, Hirota bilinear method plays an impor-
tant role in presenting lump solutions owing to its simplicity and directness. In 
these solutions, lump solutions are a kind of regular and rationally function so-
lutions, localized in all directions in the space [5]. Lump solutions are very im-
portant in fluid dynamic, propagation of surface waves, and many other fields of 
physics and some engineering fields. Some lump solutions to many integrable 
equation, for example the Benjamin-Ono equation [6], the KP equation [7] and 
(2 + 1)-dimensional Ito-equation [8], have been found. The lump solution which 
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is called the vortex and anti-vortex solution for Ito-equation was firstly put for-
ward by Zakharov [9] and later by Craik [10]. The aim of this study is using the 
bilinear equations to search the solutions of (1 + 1)-dimensional Ito-equation. 
The Ito-equation is usually written as 

2 3 , , 26 3 3 d 0.
x

t x t x t x t x tu u u u uu u u x
−∞

′+ + + + =∫            (1.1) 

which is an extension of the K-dV(mK-dV) type to higher orders. Ito-equation is 
usually used to predict the rolling behavior of ships in regular sea. It also can be 
used to describe the interaction process of two internal long waves where 
( ),u x t  is an analytic function. 
In this paper, we would like to present the lump solutions of (1 + 

1)-dimensional Ito-equation. In Section 2, we mainly introduce the bilinear form 
of the Ito-equation through tedious transformation. In Section 3, based on the 
bilinear forms, we will get the lump solutions of the Equation (1.1) via analysis 
and symbolic computations in Section 3. And plots with different parameters 
will be made to show the change of the equation. In section 4, we will give the 
conclusions. 

2. The Bilinear Equation for Ito-Equation 

Hirota bilinear forms are one of the integrability characteristics of nonlinear 
partial differential equations and the bilinear equation can be solved by the 
Wronskian technique [11]. Hirota bilinear equation plays an important role in 
generating the lump solutions. By Painleve analysis [12], we assume that the 
lump solution of Equation (1.1) as 

22 ln .xu f= ∂                           (2.1) 

where ( ),f x t  is unknown real function. Through transformation Equation 
(2.1), the bilinear equation of Equation (1.1) can be presented 

2 3 0.t x tD D D f f + ⋅ =                       (2.2) 

where tD , xD  are all the bilinear derivative operators and D-operator [13] is 
defined by 

( ) ( ) ( ) ( ) ( ) ( )
,

, , , , .n mm n
x t t t x x

x x t t
D D a x t b x t a x t b x t′ ′

′ ′= =
′ ′⋅ = ∂ − ∂ ∂ − ∂    (2.3) 

where m  and n  are the positive integers, ( ),a x t  is the function of x  and 
t , and ( ),b x t  is the function of the formal variables x  and t . 

3. Lump Solutions for Ito-Equation 

Based on analysis and symbolic computations with Maple, we can show that the 
(1 + 1)-dimensional bilinear Ito-equation has a class of solutions determined by
( ),f x t . Inthis section, we make ( ),f x t  as a combination of positive quadratic 

function, that is 

( ) ( ) ( )2 2
1 2 3 4 5 6 7, .f x t a a x a t a a x a t a= + + + + + +               (3.1) 
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where , 1, 2, ,7ia i =   are some constants to be determined. Substituting Equa-
tion (3.1) into Equation (2.1) yields the exact solution of Equation (1.1) 

( )
( )

( ) ( )
( ) ( )( )

( ) ( )( )

2 2
2 5

2 2
1 2 3 4 5 6 7

2
2 3 4 2 5 6 7 5

22 2
1 2 3 4 5 6 7

2 2 2
,

2 2 2
              

a a
u x t

a a x a t a a x a t a

a x a t a a a x a t a a

a a x a t a a x a t a

+
=

+ + + + + +

+ + + + +
−

+ + + + + +

.     (3.2) 

Substituting Equation (3.1) into Equation (2.2) leads to 

( ) ( )(
) ( )

( )
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2 2 3 2 2 2 2 2 2 2 2 2
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4 4 4 0
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+ + − + − + +
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(3.3) 

Next equating all coefficients of different powers of 2 2, , ,x x t t  to zero, through 
the coefficients of the Equation (3.3), we can get the following relations between 
the parameters: 

3 60, 0a a= = .                         (3.4) 

where 1 2 4 5, , ,a a a a  and 7a  are some free real numbers. Substituting Equation 
(3.4) into Equation (3.2), we have 

( )
( )

( ) ( )
( ) ( )( )
( ) ( )( )

22 2
2 5 2 4 2 5 7 5

2 22 22
1 2 4 5 7 1 2 4 5 7

2 2 2 2 2 2
,

a a a x a a a a a
u x t

a a x a a x a a a x a a x a

+ + + +
= −

+ + + + + + + +
 (3.5) 

Similarly, solution Equation (3.5) is also a lump solution, which contains five 
free parameters 1 2 4 5, , ,a a a a  and 7a . When the values of these parameters are 
changed, the structure of the lump solutions will also change accordingly. Here, 
we give two plots with particular choice of the involved parameters for lump so-
lutions (Figure 1). 

4. Conclusions 

Recently, a lot of work has been done to learn the lump solutions of the 
Ito-equation and Ito-like equations. It is natural and interesting to search for 
lump solutions to nonlinear partial differential equations. Based on the advan-
tage of Hirota bilinear forms, lump solutions for Ito-equation have been solved 
with symbolic computations in this paper. At the beginning of the paper, we give 
the Hirota bilinear equation of Ito-equation via tedious calculation and analysis. 
And then, we verify the two lump solutions for the equation. Meanwhile, we 
found that the lump solutions contain many parameters and relations between 
these parameters which can affect the structure of solutions. Finally, we get dif-
ferent plots with particular choices of the involved parameters which have been 
made to show the lump solutions and their energy distributions. 
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(a)                                                           (b) 

Figure 1. When the Equation (3.5) selects the following parameters, the equation will be rendered with the lump solutions of a 
and b. ( ) 1 2 4 5 7: 1, 1, 1, 1, 1;a a a a a a= = = = = ( ) 1 2 4 5 7: 1, 1, 1, 1, 1.b a a a a a= − = − = − = − = −  

 
Next, we would like to discuss that there is any other solutions to the 

Ito-equation. Furthermore, we can extend this method to solve other equations 
and learn their lump solutions. Those problems may be also interesting and be 
worthy to study. 
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