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ABSTRACT

In this paper, we research the existence and uniqueness of positive solutions for a coupled system of fractional differen-
tial equations. By means of some standard fixed point principles, some results on the existence and uniqueness of posi-

tive solutions for coupled systems are obtained.
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1. Introduction

Fractional differential equations can describe many phe-
nomena in various fields of engineering and scientific
disciplines such as control theory, physics, chemistry,
biology, economics, mechanics and electromagnetic. In
recent years, there are a large number of papers dealing
with the existence of positive solutions of boundary
value problems for nonlinear differential equations of
fractional order. We refer readers to the monographs
such as Kilbas etal. [8], Miller and Ross [20], Podlubny
[21], and the papers [1,3-5,12-19,28-33] and references
therein.

In [12], Li, Luo and Zhou considered the existence of
positive solutions of the following boundary value prob-
lem of fractional order differential equations:

Dy u(t)+ f(t,u(t))=0,0<t <1,
u(0) =0, Dgu(1) = aDg.u(é),
where Dy, is the standard Riemann-Liouville fractional
derivative of order 1<a <2, 0< <1, 0<a<l £€(0,),
a2 <1-p, 0<a—4-1 and f :[0,1]x[0,0) —[0,0)
satisfies Caratheodory type conditions.
In [30], Yang, Wei and Dong investigated the follow-

ing existence of positive solutions of fractional order
differential equations:

“Dyu(t) = f(t,u(t),u’(t),0<t <1
u(0)+u’(0)=0,u(®)+u’'() =0,

where °Djy, is the Caputo fractional derivative of order
l<a<2 and f eC([0,1]x[0,0)xR,R").
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In addition, recently some authors also pay close at-
tention to the existence of solutions for coupled systems
of fractional differential equations (see[2,3,25,26]).

In [26], Su studied the existence of solutions for a
coupled system of fractional differential equations:

DZ u(t) = f(t,v(t), DL v(1), 0<t<1,
DELv(t) = g(t,u(t), Dy.u(t)), O<t<l
u(0) = u(®) = v(0) = v(),

where 1<a, f<2 1v>0, a—v>1 f—u>1 f,9:[01xR —R
are given functions and D,, is the standard Riemann-
Liouville fractional derivative.

In [25], Sun, Liu and Liu considered the following
systems of fractional differential equations with antipe-
riodic boundary conditions:

*Dgu(t) = f,(t,ut),v),” Dyu). Dav(t),
teJ=[0,T],

c D0ﬂ+V(t) = fZ (t, U(t),V(t),c DngU(t),c D8+V(t)), (11)
teJ =[0,T],
u(0) =-u(T),u'(0) =-u'(T),
v(0) =—v(T),v'(0) = —v'(T),
where °Dg. denotes the Caputo fractional derivative,
l<a, f<2,0<p,q<l f,f,eC(IxR"R).

However, the research on the systems of positive solu-
tions of fractional differential equations hasn’t received

remarkable attention. In this paper, we shall concern with
the existence and uniqueness of positive solutions for a cou-
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pled system of nonlinearfractional differential equations.
More precisely, we will consider the following problem:

“Dau) = f(t,u®),v®).! Dyu®).’ D),
ted =[0,T],

“DIv(t) = f,(tut),v(t),* Dou®). DLv),
ted =[0,T],

u(0)+A4u'(0)=0, u@®)+1°PDyu@®) =0,
v(0)+4Vv'(0)=0, v(1)+4,° Dy V@) =0

where °D{, denotes the Caputo fractional derivative for
7>0,1<a, f<2, 0<p, q<l, f, f, eC([0,1xR*xR%,R,).
This paper is organized as follows: In section 2, we in-
troduce some preliminary results, including basic defini-
tions of fractional integrals and derivatives, some proper-
ties and a fixed point theorems. In section 3, by applying
some standard fixed point principles, we prove the exis-
tence and uniqueness of positive solutions for a coupled
system of nonlinear fractional differential equations.

2. Preliminaries
X ={u(t) |u(t) e C*([0,1])}

Let us introduce a space:
endowed with the norm

Tull= maX; o lu()| +MaX oy lu'@®]l-

Indeed, (X,||.]ly) is a Banach space. Obviously, the pro-
duct space (X x X,||.|ly.x) is also a Banach space with
1 (U,V) [l =llully +11 VIl . For the convenience of the
readers, we first present some useful definitions and
fundamental facts of fractional calculus theory, which
can be found in [8,21].

Definition 2.1. For y >0, the integral

1 o f(s)
.10 = anasf

is called the Riemann-Liouville fractional integral.
Definition 2.2. For a function f(t) given in the in-
terval [0,00), the expression

.1)

(d)nr f(s)

Do T 0= ) @ b mey

S,
(2.2)
n=[y]+1
is called the Riemann-Liouville fractional derivative of
order y >0, where [y] denotes the integer part of real
number .

Definition 2.3 [6]. The Caputo’s derivative of order

y forafunction f eC"([0,o0),R) can be written as
-1k § () (O)

‘D, f(t)="D[f(t)-> ———],

0+ ( ) [ ( ) “= k' (2.3)

n-l<y<n.
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Lemma 2.4 [8,21]. Let ue C"[0,1] and g e (n—-1n],
ne N . Thenfor te[0,]],

-1 tk

19D3 u(t) = u(t)—nzﬁu(k) (0). 2.4)

Lemma 2.5. Let ¢ eC[0,1]. If H:1<4 <1+r2 5
A, >0, then u(t) is a solution of the following frac-
tional differential equations:

{°Dg‘+u(t):¢(t) te[0,1l<a <2

(2.5)
u(0) + 4u'(0) =0,u(l) + 4, D u) =0,0< p <L,

if and only if u(t) is a solution of the fractional integral
equations

u(t) = [ G, (t.5)p(s)ds, (2.6)
where
A(t—s)*"+ (4, —t)A-s)*"
Al(«x)
e =0A-9) "
Al (- p) ’
G,(t,s)=40<s<t<] (2.7
(A -ta-s)" 1 Gt G )
Al () Al (ax—p) ’
0<t<s<l
_ b
A=1+ r2-p) A.
Furthermore, if the assumption H holds, then
G,(t,s) e C([0,1)x[0,1)) and G,(t,s)>0, for any

t,5€(0,1).
Proof. Assume u(t) satisfies (2.5). By (2.4), (2.5),
we have

(t-s)" ,
u(t) = j 220 p(s)ds+u(0)+u’(O)t.
I'(a)
Hence,
(t-s)** ,
s)ds+u’(0).
u'(t) = Lr( ¢(s)ds +u'(0)
By definition 2.3 together Wlth the facts that
L P+ _ tlip L p o _p1a-p
D0+t - F(2_ p) > D0+I U(t) =1 U(t)
and the linearity of fractional differential, we get
: Lt=s) " t
D u ~—————(s)ds+u'(0 .
nu(t) = Lr( - oe)ds+ ()sz)

Applying the boundary conditions

u(0)+ A4u’(0) =0, u@®)+ A, Dfu(®) =0,
we obtain that
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a-1 /,{11'2
u(0) = Ar( ok j 1-5s) ¢(S)dS+Ar(a_p)
x| (1—s)“-f’-1¢(s)ds,
' a-1 /,{2
0) = 1— P
'O =-3ra )f( S ple)ds s

x jo (1—5s)""Pp(s)ds.

Consequently,

u(t) = J“ S)f p(s)ds +

ﬂ?(ﬂi—t)
AF(a p)j(

= jo G, (t,5)p(s)ds.

Conversely, assume u(t) is a solution of fractional in-
tegral equations (2.6). Using the definition of Caputo’s
derivative (2.3) and the fact that " D{,C = &= and " Dy,
is the left inverse of 17, we get (2.5).

Observing the expression of G,(t,s) in (2.6), we
easily obtain G, (t,s) € C([0,1) x[0,1)). Let

AF( ik j 1-5)“"p(s)ds

8)* " gp(s)ds

gl(t,s) — (t; s)a—l . (/,{1 _/i)r(l_ S)a—l
@ "
R ) Ry PP
ATl(a-p)
N G o
Al(@) AL(a - p) (2.9)
0<t<s<l.

By H, we have A >0 and
(h=A-9)"" A0 -DA-5""

t,s) =

%(t.9) AT(a) Al (a - p)
Vs,t € (0,1),

which also implies g,(t,s)>0 by (2.8). Hence

G,(t,s)>0 forall s,te(0,1). The proofis completed.
Remark 2.6. If we make use of

. I_‘(Ol_p)
H A 2L A <o

instead of H, we may similarly consider the problem
(1.1). We omit it here.

Lemma 2.7 [22]. Let E be a Banach space. Assume
that T:E — E isacompletely continuous operator and
the set V ={ueE|u=4Tu,0< <1} is bounded. Then
T has a fixed point in E.

3. Main Result

For the sake of convenience, we set

Copyright © 2013 SciRes.
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A+ +Aa+l A4 +])
1= Ar‘(a+1) AF(a - p+1) , (3 1)
N A HNa+l B (D) |
*TTAT@+)  AT(@-p+D)’
1
M, = max{[Mlc1 +M,d; +(Mc, + Mzd3)m],
1
[M102+Mzd2+(Mlc4+Mzd4)m]}'
(3.2
We denote
Aelile g p o1t g

"T@-p)
and give the following assumption
H":1< 4 <1+%, A, >0,
* A *
1Sﬂi <1+T2*Q)’ ﬂz > 0.
Define the operator T: X xX —» Xx X as

T (u,v)(t)
= (T, (U, V) (1), T, (u,v) (1))
=[G, (t.9) f,(5,u(5).v(s).* DRu(s) DY w(s)ds, )

T2-9)

IG (t,s) f,(s,u(s),v(s),” DLu(s),® Dy, v(s))ds),

which implies
(T (u,v))' (1) == (T, (u,v))' (1), (T, (U, v)) (1)
:<;(;(‘5)_a; f,(5,u(s).° DL U(S).° DE.(s))ds

AF( )j (L-s)*" f,(s,u(s),” DJ.u(s),” Dy, v(s))ds

_Ar—f @-s)*" P f (s,u(s),” DL u(s),
D, v(s))ds,

jo (;( ;) 1)2 f,(s,u(s),” Dg.u(s),” Dg,v(s))ds

1

CAT(p)

- ppt
I j(l $)7 P £, (s,u(s),” DEu(s),"

j(—s)ﬂlf (s,u(s),° DL.u(s),® D, v(s))ds

D,.v(s))ds).
(3.4)

Lemma 3.1. The operator T: X xX — X xX is
completely continuous.

Proof. Firstly, we show that the operator T : X x X
— X x X is continuous.
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For 0< p<L{u,,v, }= Xx X such that (u,,v,) = (U,,V,)
in X x X, we have
max [ Dy U, (t) = Dy, Uy (1)
= max j (t—s)Pu’,(s)ds— !
o F(l p)° r-p)

xf (t—s) "u,(s)ds|

_te[01]|1"(1 ).[ (t—s)""[u’n(s) —uy(s)]ds |

1
St ALRORC]

= u —u .
gy I

By |lu,—u,lly— 0, we get the sequence °Dg.u,(t)
converges uniformly on [0,1] with

lim:__ Dg.u,(t) =° Dg.u,(t).

Similarly, by || v, — v, |l, &> 0, we get the sequence
CD(ELVn (t) converges uniformly on [0,1] with

I n—>oo Dg+vn (t) =° DCI vV (t)
Since

1T (U, Vi) =T (Ug, Vo ) e
=mgﬁ|Tl(Un, Vo)) =Ty (U, vp)(1) |
+[2:%|(Tl(un’ V) (0) = (T, (U, Vo)) (1) |
+ max | T3 (Un, Vi ) (1) = T, (Ug, Vo ) (1) |
+[2%|(T2(un, v, ))'(t) = (T, (Ug, Vo)) (®) |-

Combining (3.3),(3.4) with the continuity of f,, f,,
we can get

1T (U5 Vi) =T (Ug Vo) llxex = 0,((U,5 V) = (Ug, Vp))-
Thus T is continuous in X x X .

Let Q< X x X be bounded. Then there exist posi-
tive constants L, >0 such that

| f,(t,u(t),v(t), DSu(t),” DJ.v(t)) < L (i =12)
V(u,v) e Q.

Thus, for any (u,v) € Q, we have
[T (u,v)(t) I<7I (t=9)" | f,(s,u(s),v(s)," DJ,u(s),’

Dg.v(s)) | ds

Ar( )I( $)“ | fu(s,u(s),v(s),” DFu(s).
Dg,v(s)) | ds

12‘;{1 a-p-1

FAM(@ - p)f( )P fi(s,u(s), v(s), DRLu(s).

Dy, v(s)) | ds

Copyright © 2013 SciRes.

L, L, AAL
T T(ax+1) Al(a+1) AT'(a-p+1)

_L(A+A) | Al
Al (a+1) Al'(a-p+])

[T I Dﬁﬁ—@“ﬂﬁ@m@%ﬂﬁf

Dg.u(s),® Dg,v(s)) | ds

Ar( ) T su(s),v(s)

D0p+u(s)»C Dg+V(S)) | dS
mﬁa—a%%ﬂn@m@xwaf

Dg.u(s),® Dg,v(s)) | ds
<L L AL
I'a) AT'(e+1) Al'(e¢—p+l)
_L(Aa+d) AL

AF(O.’ +1) AF((Z— p+l)
Hence
Ty, < BB ArAaH) | ALAD
AT (a+1) AF(a p+1)
(3.5)
where M, isgiven by (3.1).

In the same way ,we can verify that

1T, (W) [ < LA™+ A4 +Aa+l)
2R A'T(B+1) 36)
n I:z/lz*(/?f"‘l) =M, L
ANT(f-q+))

where M, isgiven by (3.1). Thus,

TVl x<M L +M,L, :=M

which implies that the operator T is uniformly bounded
Next we show that T is equicontinuous.
Forany 0<t <t, <1,
I Ty (u(ty),v(t,)) - Ty (u(ty). (b)) |

< [MIG, (t,-5) ~ G, (t,. )] f,(.u(s).v(s)." DJ,u(s)."

D{,v(s))| ds

+ [ 116, (:5) =G, (6, )] (s, u(s)v(s),* DRU(s)

Dg.v(s))| ds

+ [ 116, (t,5) =G, (4, 9N (5, u($).v(s),* DLU(S).’
D3, v(s)) | ds

bt G-t At

Al(a+1) T(a+]) AF(a—p+1)]
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|(T, (UI V))'(t,) = (T (u,v))'(4) |

- ( 2 (t, —$)“"2 f,(s,u(s), v(s),° DL.u(s).c
D(‘)Lv(s))ds
~ [ (6 = 9)" £,(5.u(5).¥(s)." DL.U(s).
DY.v(s))ds |
“(t,—s)"ds— [ (t, —s)"“ds |
<rt;)( !

Analogously, we can obtain the following inequalities:
| T, (U(t,),v(t,)) - T, (u(t), v(t,)) |

SLz[ tz_ti tzﬂ_tlﬂ + ﬂ”Z*(IZ_tl)
AT(B+1) T(f+1) AT(B-q+])

(T, (U, V) (t,) — (T, (U, V) ()|
1 " -t
F(ﬂ)

Since the functions t*,t”,t**,t*™ are uniformly con-
tinuous on the interval [0,1], we can conclude that T (u, V)
is equicontinuous on [0,1].

Thus, the operator T: X xX — X x X is completely
continuous. The proof is completed.

Theorem 3.2. Assume that there exist positive con-
stants c;,d;(i=0,1,2,3,4), ¢, >0, d, >0, ¢, d; 20 (i =1
2,3,4) such that

1

Y(t, %, %y, X5, %,) € [0,]x R? x R?,t €[0,1],

| fl(t’xl’XZ’X3>X4)|S CO-i_cl | X1|+CZ | X2|
+Cy | X | +C, | X, |,
3 | X5 [+C, | X, | 37)
| £ (6%, %00 %55 %, ) [ dg +dy [ % [+, [ X, |
+dg | X [+d, | X, [
In addition, assume that
1
Mlcl+M2d1+(Mlc3+M2d3)m
1
<J,Mlcz+M2d2+(Mlc4+M2d4)m<L

where M, and M, are defined by (3.1).

Then the problem (1.1) has at least one positive solu-
tion.

Proof. Let us verify that the set

V ={(u,v) e X xX | (u,v) = uT (u,v),0< <1}

is bounded. Let (u,v) eV, then (u,v) = uT (u,v). For any
t €[0,1], we have

Copyright © 2013 SciRes.

[u@®) = | T (VO |

,u(t $)*| f,(s,u(s),v(s)," D.u(s),

1
l”( )°
“Dg.v(s)) | ds

LA j u(@-3)" | f,(s,u(s),v(s).c DL.u(s),

TAT (@)

Dy, v(s)) | ds

o VD LOCY

“D¢,u(s). DY, v(s)) | ds
<[co +¢, |U(t) |+, [V(t) | +¢, F DEUCD)]

A+ el
+¢, [ Dy, v(t) [1% (AF( 1) Al(a- p+1))

1
<[e+c llully +¢, IV Ilx +C3m” ullx
1
+C,——— ||V
T V]
A+ A

AF(a+1) AF(a p+l))
U'(t) b= ] (T (V) (1)
(1 DR LCIONORE !
*Dg,v(s)) | ds
[} 1@ | f,(s.u(s).v(s).* D&us).
“Dg,v(s))| ds
e RO B BACRTORTON

‘Dg.u(s),” Dy, v(s)) | ds
<[ep +c fut) [+c, [ v(t) [+¢, [0
Dgu(t) [+c, [ Dg.v(t)[]
Aa+l s )
Al(a+1) A(a—p+1)

1
Al(a)

Af(a p)°

1
<eg+e Tully +C IVIIx +6———=Ilull

I'(2-p)

1
c,————1lv
etV
Aa+1 N A

@) Ara—pid)"

Hence,

lully <My[c, +c [lully +¢, [V

llu

1 1
C,———— c,———IIVi 1
+G g 1+ g 1V
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where M, is defined by (3.1). Similarly, we can get

VIl <M,[dy+d; [[ull +d, [Vl

L gy @9

llully +d
‘re-p 7 ‘rE-q)

where M, is defined by (3.1). Combining (3.8) with
(3.9), we obtain

I (U, V) [l
=|lully +1v Il
<[M.c, +M,d; +(M,c, + M,d,) ra- )]||u||x
1
+[M1C2+M2d2+(M104+M2d4)m]”V”x

+M,c, +M,d,
<Mg(lully +1IVIlk)+Mc, +Myd,.
As a result
M.,c, +M.d
U,V S 1~0 2 0’
[ (U, V) Tl ex —1—M3

for any te[0,1], where M,
set V is bounded.

Thus, by Lemma 2.7, the operator T has at least one
fixed point. Hence the problem (1.1) has at least one
positive solution.The proof is completed.

Theorem 3.3. Assume that both f, and

f,:[0,1]xR*xR* > R

is given by (3.2). So the

are continuous functions and there exist constants
n,n >0 (i=12,34), such that

vt [0,1],(u,, u,,us,u,) € R?SR?, (V;,V,,V5,V,) € R xR?,

‘ fl(tau1’u2»u37u4)_ fl(t:V1’V2»V3:V4)|
Snl|ul_v1""nz |u2_V2 |+n3|u3—v3\

N (U =V, |

| fz(t=u1au27u3=u4)_ fz(t:V13V29V33V4)|
Snf |u1—v1|+n; |U2—V2 |+n; ‘Us_V3|

+n, ju,—v, |.

In addition, assume that

n, +n,+n, +n, 1 < 1,

I'(2-p) r(2-q) 4M,;
* * * 1 l
n +n, +n, <

+n, < .
'(2-p) [(2-q) 4M,

where M,,M, are defined by (3.1). Then the problem
(1.1) has a unique solution.

Proof. Define SUPco7 | f,(,0,0,0,0) |= N, < oo,
Supte[O,l] | f2 (t’ 09 Oa 03 O) |: N2 < o0,

Copyright © 2013 SciRes.

such that r>4max{MN;,M,N,}. We show that
TB, = B,, where B, ={(u,v) e X x X || (u,v) |I< r}.
For (u,v) e B, , we have

|T(u V)|
L[ =9 (s u(s),v(s). DLU(S) DLV(S)) | ds

r( )
Ar( )I (=) Ty (s,u(s)L(s), D),
“Dg.v(s)) | ds
LAl At o
AF(a f(l $)*7P| fi(s,u(s), v(s),

‘DY u(s),” Dy.v(s)) | ds

J (t=s)""[ f,(s,u(s),V(s),"” Dg,u(s), Dg,v(s))
—f(sOOOO)|+|f(sOOOO)|]ds
j @-s)“ [ f,(s,u(s),v(s),° DE.u(s),

F()

Al“( )0
Dy, v(s)) - f,(s,0,0,0,0) | +| f,(s,0,0,0,0) [Jds
+ 22T R genap (s, u(s).v(s)S DLUGS)
AF(a p)-°
‘Dy.v(s)) - ,(s,0,0,0,0) | +] f,(s,0,0,0,0) []ds
1 1
<[(n,+n,+n, re_p +n, F(2—q))r +N,]
(A+4)  Ah
AF(a +1) AF(a p+1)"
| (T (u,v))' (1) |

ﬁj‘ (t-s)*?1 f,(s,u(s),v(s)," DL.u(s),

“Dg.v(s)) | ds

+AF(a)I°(1_ )“ | £,(s,u(s),v(s)." DE.u(s),

“Dg.v(s)) | ds

ATy & REUOVG)
“D,u(s),° D§,v(s)) | ds
< T(a-1) I;( —$)* | f,(s,u(s),v(5)," D, u(s),
°DE.V(s)) - £,(5.0,0,0,0) | +] ,(5,0,0,0,0) [|ds
1 a-1

+AF( ).[( —8)*"[ f,(s,u(s),v(s).° D, u(s),

D V(S))‘f(50000)|+| f,(5,0,0,0,0) [Ids
T AT(a- p)f (@=8)" " f,(s,u(s),(S),

¢ D0p+u (S)’ D0+V(S)) - fl (Sa 07 05 07 0) |
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+1 ,(s,0,0,0,0) []ds

1
<[(n,+n,+n +n r+N
[0+, 0y o M = N
><((A05+1)_|r A .
Al(a+1) Al(a-p+1)
Hence
1T, (U, v)(t) [l
<[(n, +n, +n, 1 +n, ! )r+N1]Mls£.
r@2-p) "I'(2-0q) 2
In the same way, we can obtain that
1T, (U, v)(E)
<[(n +n, +n; ! +n, ! )r+N2]M2s£.
r2-p "I'(@2-q) 2

Consequently, || T (u,v)(t) |ly.x<r. Now for (u,,v,),
(u,v,) € X x X and forany t<[01 we get

Ty (uzavz)(t) ~Ty (U v)(®) |
| £1(s,U,(8), v, (5),° DU, (S),

n)
¢ D&Vz (5)) - fl(s’ ul(s)’vl (5):
‘DL, (s), “DEv,(s))|ds
~t -
éxﬁ( =9 (5,0, (% (),
‘DU, (s)," DLV, (8))
— £,(5.0,(9):,(5) DU, () DLW, () | ds
ZQ?ﬂUa.wpwf@u@w@)
Dy, U, (8)," Dy, Vv, (s))
— £,(5,0,(9):¥y(5). DU, (5)." Dy () | ds
(heh) Ak
Al (a +1) AT (a—p+1)

)l uy

<( +n +n#
©UT(2-p)

—U1 ” + ” Vz _V1 ||)a

mr@—m
memwm—mumwm|
[ (=9 | £,(5,U, (), (5) DU, (),

Dy, v, (8)) = fi(s,u;(s), v, (),
°DLu,(s)," Dg.v,(s)) | ds

[ @=9" £,(5.U,(5).v, (s).
‘DU, (s),” Dy, (s))
= fi(s,u,(5), v, (s).° Dy uy (),
Dy, v, (s)) | ds

a-1)"

Ar( )°
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‘DL u,(s)," Dy, v, (8))
= fi(5,u,(8), 1 (5),° Dg,uy (s).° D3, v (s)) | ds
(Aa+1) N A,
TCAT(a+1) AT(a-p+1)
1 1
x(n +n,+n, +n, )
r@2-p) T(2-0q)

x(lluy =ug [T+ 11V, = v D).

Hence
” Tl(uz’vz)(t) —Tl(Ul,Vl)(t) ||x
N )
I'(2-0q)

<M, (n,+n,+n +
1(n+n, 31_,(2_p)

(|1 —Uy [l HIV—Vally )-
Similarly to the above discussion, we can obtain
” Tz (Uz ,VZ)(t) _Tz (Ul,Vl)(t) ”x
1 1
+N; )
[(2-p) TI(2-0)
X([luy =yl HIV, =Vl )
As a result
1T (U, v )(8) =T (U, Vi)()

1
< [M,(n+n,+n +n
[M,(n+n, 3F(2— 0)

* * * 1 * 1
+M,(n +n; +n; +n,
r@2-p) r(2-q)

—Ul ||)< + ||V2 _V1 ||)< )

<M, (g +n3+n3

1
%@wf

)]

x (|l u,
Since

[M,(n, +n, +n; F(Zl—p) +n, r(zl-q))

* * * 1 * 1
+M,(n +n, +n, et _r(z—q))] <1

therefore T is a contraction operator.

Thus the conclusion of the theorem holds by using the
fixed point theorem of contraction mapping principle.
The proof is completed.
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