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Abstract—In Hilbert spaces , through improving some corresponding conditions in some literature and extending some
recent relevent results, a strong convergence theorem of some implicit iteration process for pesudocon-traction mappings
and explicit iteration process for nonexpansive mappings were established. And by using the result, some iterative solution

for some equation of response diffusion were obtained.
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1. Introduction

Let E be Banach space, and k be a nonempty closed
convex subset of F . Suppose that Tisa mapping from K to
K ,and F(T) is a set of fixed point of | with F(T)#¢ .
Assume that J:E — 2" is regular dual mapping on E  and
J(x)={feE* },er.

As £-p is Hilbert space, the internal product of H

is donate by the symbol - ¢ e~ , and the norm of His

designated by symbol "o" .

Definition 1 Mapping ] : K = K is said to be pseudo
contraction if for arbitrary x,yeK, there exits j(x-y)eJ(x-y)

such that <Tx-Ty, j(x-y)>< Hx —sz .

T'is said to be strong pseudo contraction if there iske(0,1)

. 2
such that< Tx =Ty, j(x - y) >< k||x - y|| for arbitrary x, y € K .

Definition 2 Mapping[ ;K & K is said to be nonexpanxive
if for abitrary x, y € K, there is ||Tx — Ty” < ||x — y” .

As we all know, that | is pseudo contraction is equivalent
to that for every § > 0 and every x, y € K ,there is
Hx—yH < Hx—y+s[([—T)x—(I—T)y]H
M

When £ = 77 is Hilbert space,J : E — 2" is single value ,
and for abitrary x, y € K ,there Is

<x—y7j(x_y) =X =Y, X -y >
Obviously, nonexpansive mapping is pseudo contraction.
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2. Lemmas and Methods

Lemma 1" Let £ be a real Banach space , and K be
nonempty closed convex subset of E . Assume that T:K > K
is continuous strong pseudo constraction mapping . Then Tis
unique fixed point in K.

Lemma2 ' Let £ be a real reflexive Banach space

satisfying opial condition, and K be a nonempty closed

convex subset of £ . Supposethat T:K-K is continuous

strong pseudo  constraction mapping Then for

abitrary {xﬂ } CE,

X, weakly converge to } , and ||xn —Txn" —0. So there is

(U-T)x=0
Lemma 3™ Let p >1,r > 0be two certain real number,

then Banach space is (I - T)x = 0if and only if there is a

strictly
increasing continuous function g :[0,+w) —[0,+x), g(0) =0,
such that
[+ (= ap{" <2 + =D -, Dex-s).

forallX,y € B, where 4 e [0,1], and B, is a closed spheroid
which center is origin and radius is 7, and

W, (2)=A"(1-2)+ A(1-2)".
Lemma 4 Let nonnegative real sequence {an} satisfy the

inequaltiy : 4., S(l—}/ Ja+6, n>0 where ¥, €[0,1),

0

Z =00, 1m—-0 or Z|5 |<+OO then lima, =0.

n—0n n—ow
n=1 }/n n=1
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In Hilbert space, Moudaf'® has get strong convergence
theorem of implicit iteration process of nonexpansive mapping,

and Xz'"1 has improved and extended some relative results in
Reference [7].

In this paper, by applying a new implicit iteration
sequence X, = anf(xn)+/)’nx
sequence y . =a, f(y,)+B,v, +7,Tv,» We shall consider

the problem involving the fixed point of strong pseudo
constraction and nonexpansive mapping on closed convex set

-I-}/nTXn ,and explicit iterative

n

K . When exact conditions are satisfied, {xn} and {yn} all

strongly converge to the fixed point of T . When the
conditions for {an} and f in Reference[6],[7] are widened,

and as ﬂn =0, we can obtain the iterative sequence in

Reference [6],[7], and then we improve and extend some

ralative results and obtain some equation of diffusion by
applying the above results.

Let T : K — K be continuous pseudo constraction
mapping , and f:K — K be continuous strong pseudo

constraction mapping with constant & (0<a<1). Suppose
that &, -I-ﬂn +7. =1 for an,ﬂn,}/n €(0,1), and we stucture
mapping § :K K » S,x=a,f(x)+f,x+y Ix -Then S,
is continuous strong pseudo constraction mapping . By virtue

of Lemma 1, Sn hasunique fixed point X, , then we have

x,=8Sx =af(x)+px +yTx

(2)
3. Main Results
Theorem 1  Let E be a Hilbert space , and K be a

nonempty closed convex subset of E . Assume that
f : K — K is continuous strong pseudo constraction mapping

with constant & (0 < <1), and f is bounded on bounded

set , and T : K — K is continuous pseudo constraction
mapping .Then

n

(a Ifo,= —0 or 1im supo, <1 and there

n—»o0

n

2
is p e F(T) such that ||f(xn)—p|| -
then implict iterative sequence (2) strongly converges to the

point of F(T) .

b 1T is nonexpansive mapping and f is constraction

xn—p||2—>0,

g -0
mapping with constant ¢ ,as ——""1 () and Ma,=cw,

ao

n—n
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the explicit iterative sequence ), =@, f (yn) + ,B”yn +7.1y,

strongly converges to the point of F (T ) .

Proof.
(a) BecauseVp e F(T),

I, -l
=a,(f(x,)-p)+p,(x,~p)+7,(Ix, - p),x, - p>
v~ ol +a, 1 (0)-pll, - ol 8., - 2 +7,

2, U P
xn‘P"Sm"f (p) P" l—a"f (p) P"

Hence {xn} , {f(xn )} , {Txn} are bounded.

2
51|

<aa,

we have

n

If 0,= — 0 then using formula (2),we can

n

write X, =0, f (xn) +(-0 B )7 X, ,and then we obtain

|xn—Txn =o,||f(x,)-Tx,|—0. (3)
If lim supo, <1 and there is p e F(7") such that

|/ (x,) = p|[ =[x, — p| = 0. then by virtue of formuta (1)

and Lemma 3, we obtain

2
|, =l
1 2
<|x,—-p+ — % (x,—Tx,)
20,
l-o, ’
=I5 P (f(x,)=Tx,)

2

- %(f(m—p)%(xn -p)

),

x, = f(x,)

1 1 1
< lree)=pl +2 b, - ol -5 2(

and then
%g( x, — LD <o) - pff -

So we have ||xn - f(x,)
Whereas

x, —p”2 — 0.

—0.

O-n
l-o

n

-0

x, = f(x,)

x -Ix (=0, =

fx,)-Tx,

“4)
Because {xn } is bounded , and E is Hilbert space , we

have that X, weakly converge to g € K .By virtue of formula
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(3)or (4) and Lemma 2, we have g € F(T).
Because

2
x4 +0,<f(g)-4.5,~¢>+(1-0,)

2
n —6]" ’

<ao,
. 2 1 .
we obtain |x, —g[" < T <f(@)—q,x,—q>- Since X,
-a
weakly converges to ¢ , X, strongly converges to g € F(T).

(b) Because

xn _xn—l
=|o,f(x)+(1-0)Tx, -0, f(x,)-(1-0,)Tx,|
Sgna xn_xn—l||+ O-n_Gn—l||f(xn—l)|+(1_o-n) xn _xn—l +|6n _Un—l Txn—l 4
we obtain
O-n _O-n—l
x, —x, || < 2l 5)
o,(1-a)
M M
where ||f(xn_1)|| <, ||Txn_1 |g_.
2 2
yn+l _yn
= anf(yn)+ﬁnyn+}/nTyn_anf(xn)_ len_j/VITxn
Saan yn_xn +ﬂn yn_xn +]/)7 yi‘l_xﬂ :[l_an(l_a)] yn_xn
<f-a,d-a)|y, —x,.|+[1-a,q-o)]|x, —x,.|
Si 291l 50 formula (5) and
ince o =0, , formula (5) an
2 a0o,(l-a)
Lemma 4, we obtain || Vo —X,||=0.
Hence we have |y —q"S Vs =X, [ H1IX, —q"—)O, which

means that {yn} strongly converges to g € F(T).

Note.
Theorem 1 improves and extends some relative results in
Reference [6] and [7].

As follows, we will discuss iterative solution of some
response diffusion equation .

Let E=L'(I)= { x(t,s)
Lebsgue
Vx,yekE
we define <,y >= [ x(t,)p(t,s)dtds Then E'is Hilbert

]
space, and ||x||2 =< X, X >= J:f x*(t,5)dtds »
1

(t,s) eI, X(t,) and x’(t,s) are
intergrable on I},where [=[a,b]x[c,d] , and

<y, j(x)>=<y,x>Vx,yekE.
Consider the problem involving solution of some first
order
diffusion equation:
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ox ox
— =—uy,——xGx — hx,
or  "os (6)
x(s,0) = x,(5),x(0,7) = x,(?),
where G is continuous mapping on E ., and u, >0 is
constant,, and /& = h(¢,5) = 0.

This problem is equivalent to the integral equation as
follows:

jo’ x(t,5)ds +1, L x(t,s)dt + jﬂ [0 h(t,5)x(,5)dids + jo jo xGdtds
—j: xo(s)a’s—uo.[0 x,(H)dt =0 @2
Let K = {x € E|x(t, s) is continuous function on / } ,

then K is nonempty closed convex subset of E.

LetH : K > K.
Hx=u, J; x(t,8)dt + j x(t,8)ds + J; J.OS h(t—x)x(t - s)dtds + ﬂ .[05 xGxdtds

0
- jo X, (5)ds —u, jo x,(1)dt.

If G satisfies (A): Vx, y € K, xGx < yGy, then let
T:-K—>K,Tx=—Hx+x.

If G satisfies (B) : there is L >0 such that
||xGx—yGy|| <L ||x —y” for abitrary x,y e K. Then H

is LlpSCl’litZ mapping on K, and then we have L >0
such that Vx,y € K,|Hx — Hy| < L”x—y” .

Let HIZ%H, T:K—>K,Tx=-Hx+x.

Theorem 2 Let integral equation (7) has solution, then

(04
(i) IfG satisfies (A), when O, = l—n —0 or

n

limsupo, <1 ,and there is p e F'(T") such that

—>0

()= -

X, = anf(xn) + ﬂnxn + 7,1Txn strongly converges to the fixed

2
X, = p” -0 , Implicit iterative sequence

point of T which is solution of equation (7).

O-n B O-n—l |

(i) If G satisfies (B) ,when Y a, =0 and -0,

ao

n-n

explicit iterative sequence V,,; =, f (yn) + ﬂ”yn + ]/nTyn

strongly converges to the fixed point of T which is solution
of equation (7).

Proof.

(i) Now, Vx,y e K,(Hx— Hy)(x— y) is nonnegative on
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E = {(t,s) € I|x—y < 0} and E, :{(t,s)el|x—y20}.
Then we have < Hx — Hy,x — y >= 0, that is said that
Tis
pseudo constraction mapping on K. Using Theorem 1, we
obtain the result .

(ii) Now , Vx,yek, Hlx—Hly”SZ”x—y”
(®)
(Tl)x_le)z

:[_H1x+x_(_H1y+y)]2
=(Hx=H,y) =2 y=X)(H,y-Hux)+(x-yy
= (Hly_Hlx)2 —2|y—x||H1y—H1x|+(x—y)2
=(H,y—Hx)(|H,y~Hx|=2|y=x+(x-p)’

If |Hly—H]x| < 2|y—x|,then we obtain

(Ta-Ty) <(r-p).

If |H1y—H1x| > 2|y—x| > 0, then we obtain

(Tx=Ty) < (Hy~Hof + 2]y x)(H y~Hal =2y =) + (- y)
=(Hy—Hyx)' =4 x4y)" +(x-y)".

Hence, by virtue of formula (8), we have
[T =Tl <[y

That is said that T1 iS nonexpansive mapping on K.

Using Theorem 1, we obtain the result.

Therefore , through improving some corresponding

conditions in literature [6],[7], and extending some recent
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relevent results, Theorem 1 was established. Theorem 1 is a
strong convergence theorem of some implicit iteration process
for pesudocon-traction mappings and explicit iteration process
for nonexpansive mappings . By applying Theorem 1, the
iterative solution for some equation of response diffusion was
obtained, Theorem 2 was established.
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