
Open Journal of Applied Sciences, 2025, 15(4), 1058-1072 
https://www.scirp.org/journal/ojapps 

ISSN Online: 2165-3925 
ISSN Print: 2165-3917 

 

DOI: 10.4236/ojapps.2025.154074  Apr. 23, 2025 1058 Open Journal of Applied Sciences 
 

 
 
 

Scattering of SH-Waves by a Circular Inclusion 
in Exponentially Inhomogeneous Media with 
Nanoscale-Dependent Density 

Yongqiang Sun, Longzhan Liu, Jian Zhang* 

Department of Basic Education Research, Xinjiang University of Science and Technology, Kuerle, China 

 
 
 

Abstract 
Based on complex variable theory, this study investigates the scattering of SH-
waves by a circular inclusion in exponentially inhomogeneous media with na-
noscale-dependent density and modulus. First, to solve the scattering problem 
governed by the variable-coefficient Helmholtz equation for a circular inclu-
sion, a conformal mapping method is introduced, transforming the original 
problem into a standard Helmholtz equation with a circular inclusion. Assum-
ing the medium density varies exponentially along the horizontal direction 
while the elastic modulus remains constant, explicit analytical expressions are 
derived for the incident wavefield, scattered wavefield, refracted wavefield 
within the inclusion, and stress distributions under macroscopic conditions. 
Second, a generalized boundary condition incorporating nanoscale effects is 
established using surface elasticity theory. By constructing infinite series equa-
tions and leveraging the orthogonality of trigonometric basis functions, nu-
merical solutions for the stress field are rigorously obtained through a trun-
cated series approach. Analysis of the dynamic stress field distribution around 
the inclusion reveals: 1) Surface elasticity effects significantly alter the stress 
distribution pattern at the inclusion boundary; 2) The incident wavenumber 
and inhomogeneity parameter jointly govern the multiscale diffraction char-
acteristics of stress waves. 
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1. Introduction 

The interaction mechanisms between elastic waves and internal defects (e.g., 
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pores, inclusions, and cracks) in materials constitute a fundamental problem in 
solid mechanics and wave theory. Scattering effects not only induce energy dissi-
pation but also reveal microscopic structural features of materials through fre-
quency-domain information of scattered waves, providing theoretical founda-
tions for seismic engineering, rock mass evaluation, and performance optimiza-
tion of nanocomposites. Traditional continuum mechanics face significant chal-
lenges at the nanoscale: when material characteristic dimensions shrink to the na-
noscale, the accumulation of surface energy caused by a dramatic increase in the 
proportion of surface atoms profoundly alters wave propagation behavior. Con-
sequently, constructing elastic wave scattering models for nanoscale inhomoge-
neous media and establishing quantitative relationships between circular inclu-
sion-type defects and scattering fields have emerged as frontier topics in mul-
tiscale wave theory. 

For homogeneous media containing geometric features (e.g., circular holes, 
spherical/cylindrical inclusions), researchers have uncovered nonlinear correla-
tions between incident wave frequencies and dynamic stress fields (see studies [1]-
[3]). Semi-infinite space scattering problems have been resolved using asymptotic 
matching techniques and Hankel-Bessel series expansions [4] [5]. Research on in-
homogeneous media has focused on wave coupling effects in layered interfaces 
and continuously graded systems. In layered media, shear modulus differences 
between layers significantly amplify dynamic stress concentration factors [6]-[8]. 
For elastic wave propagation in continuously inhomogeneous media, Reference 
[9] pioneered a fundamental solution framework for SH-wave scattering in inho-
mogeneous anisotropic media, establishing a mathematical foundation for subse-
quent studies on heterogeneous scattering. Reference [10] developed a generalized 
Green’s function theory for shear wave propagation in anisotropic graded mate-
rials, deriving dispersion equations for inhomogeneous layers under point-source 
excitation via Fourier transform methods. In solving complex inhomogeneous en-
gineering problems, complex variable theory and numerical mapping techniques 
exhibit unique advantages: Reference [11] formulated dynamic criteria for SH-
wave-induced crack propagation by coupling porous media with pre-stress fields; 
Reference [12] integrated conformal mapping and multipolar coordinate shifting 
techniques to quantify topological variations in dynamic stress concentration fac-
tors caused by interference effects of dual elliptical holes in exponentially graded 
matrices; References [13]-[15] proposed auxiliary function algorithms that uni-
fied variable-coefficient scattering problem frameworks through standard Helm-
holtz equation transformations, enabling generalized analysis of arbitrary cavity 
structures in density-graded media. Reference [16] systematically parameterized 
the coupled effects of wavenumber ratios, modulus ratios, and reference wave-
numbers to elucidate multiscale dynamic stress concentration mechanisms around 
circular inclusions. References [17]-[20] further established full-dimensional par-
ametric characterization spaces (inhomogeneity coefficients, dimensionless wave-
numbers, shallow burial depths), refining universal predictive models for dynamic 
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stress focusing on heterogeneous systems.  
At the nanoscale, the increased proportion of surface atoms leads to substantial 

surface energy accumulation, rendering classical continuum theories inadequate 
for characterizing surface effects on wave propagation. Reference [21] proposed a 
zero-thickness surface film model, establishing a theoretical framework for non-
classical boundary conditions incorporating surface residual stresses. Experi-
mental validations of this framework were provided in References [22] [23]. Ref-
erences [24] [25] developed analytical models for elastic wave scattering involving 
nanoscale cylindrical voids/inclusions using wave function expansion methods, 
systematically revealing strong coupling mechanisms between surface stress ten-
sors and scattering fields of P-, SV-, and SH-waves. These studies demonstrated 
that dynamic stress concentration factors depend not only on incident wave pa-
rameters and bulk material properties but also exhibit significant correlations with 
nanoscale-specific surface effects. References [26]-[28] investigated elastic wave 
diffraction around cylindrical nanoscale inclusions via multipolar coordinate shift-
ing techniques, clarifying that nonlinear interactions between interfacial stress 
gradients and wave phase superposition govern transitions in dynamic stress con-
centration factors as inclusion spacings shift from near-field strong interference 
to far-field weak coupling regimes. These findings provide theoretical models for 
quantifying structure-property relationships in nanoparticle clusters. References 
[29] [30] addressed asymmetric boundary modeling challenges for nanoscale par-
ticle scattering fields in half-space constrained systems using equivalent large-arc 
mapping principles, proposing a surface-stress-modified dynamic stress concen-
tration factor prediction framework. Results indicated that nanoparticle sizes and 
interference effects from free-surface reflected waves jointly dominate multimodal 
scattering field distributions. References [31] [32] employed wave function expan-
sion and complex variable theories to analyze interfacial effects of SH-wave scat-
tering by cylindrical and arbitrarily shaped nanoscale inclusions/cavities. To date, 
studies on SH-wave scattering by circular inclusions in continuously inhomoge-
neous media at the nanoscale remain scarce, highlighting the theoretical signifi-
cance of systematic investigations into this problem. 

Considering the complexity of arbitrarily shaped pores and inclusions, this study 
only establishes a theoretical model for SH-wave scattering by a circular nanoscale 
inclusion embedded in an infinite inhomogeneous elastic medium, grounded in 
surface elasticity theory. By leveraging complex variable theory and conformal 
mapping techniques, analytical expressions for displacement and stress fields are 
derived. Emphasis is placed on numerical calculations of the dynamic stress con-
centration factor (DSCF) around the inclusion, with systematic analyses of the 
influences of surface effects, wavenumbers, and inhomogeneity parameters on the 
dynamic stress concentration characteristics of the matrix material. 

2. Governing Equations 

Considering a homogeneous isotropic linearly elastic body with volume V  and 
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surface area S . Let the mass density be ρ , the body force per unit mass (ex-
cluding inertial forces) acting on the interior be if , the traction per unit area on 
the outer surface S  be ip , and the displacement of material points be iu . By 
applying Gauss’s theorem to convert surface integrals into volume integrals, the 
governing equation for the dynamic problem can be derived as 

 
2

, 2
i

ij j i
uf
t

σ ρ ρ ∂
+ =

∂
 (1) 

 2ij kk ij ijσ λε δ µε= +  (2) 

 ( ), .
1
2ij i j j iu uε = +  (3) 

here, Equation (1) is called the equation of motion, while Equations (2) and (3) 
are referred to as the constitutive equation and geometric equation, respectively. 

2 3Bλ µ= − , λ  and µ  are known as the Lamé constants. B  represents the 
bulk modulus of the linear elastic material. ijσ  denotes the stress tensor of the 
matrix, and ijε  indicates the strain tensor of the matrix. 

Considering anti-plane shear motion, we have ( )1 2 30, , ,u u u w x y t= = = . Due 
to this pure shear state, the stress-strain relationship of the linear elastic material 
is simplified accordingly. Neglecting body forces, its dynamic governing equation 
can then be reduced to 

 
2

2
yzxz w

x y t
σσ ρ
∂∂ ∂

+ =
∂ ∂ ∂

 (4) 

 ,xz yz
w w
x y

σ µ σ µ∂ ∂
= =

∂ ∂
 (5) 

here, ,xz yzσ σ  represent the shear stresses in the matrix. 
By substituting Equation (5) into Equation (4) and assuming  

( ) ( ), exp iw W x y tω= − , the anti-plane wave equation in a homogeneous and iso-
tropic medium can be derived 

 ( ) ( )2 2, , 0W x y k W x y∇ + =  (6) 

here, 2∇  is the Laplacian operator, k cω=  denotes the wavenumber, c µ ρ=  
represents the shear wave velocity of the matrix, and ω  corresponds to the an-
gular frequency. 

Assuming the density function of the medium varies continuously and expo-
nentially along a specific spatial coordinate axis while the elastic modulus remains 
constant, the mathematical expression for the density can be formulated as 

 ( ) ( )2
0 exp 2x xρ ρ β β=  (7) 

where 0ρ  is the reference density of the medium, and β  denotes the inhomo-
geneity coefficient. 

Furthermore, the wavenumber of the inhomogeneous medium can be derived 
as 

 ( ) ( )0 expk x k xβ β=  (8) 

here, 0 0k ω ρ µ=  is the reference wavenumber of the medium. 
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According to Equation (6), the variable-coefficient wave equation in this me-
dium can be expressed as 

 ( ) ( ) ( )2 2 2
0, exp 2 , 0W x y k x W x yβ β∇ + =  (9) 

Based on the theory of complex variables and by introducing a pair of conjugate 
complex variables iz x y= +  and iz x y= − , Equation (9) can be reformulated 
as 

 ( )
2

2 2
0

1 exp 0
4

W k z z W
z z

β β∂
+ + =  ∂ ∂

 (10) 

To solve Equation (10), the following conformal mapping is introduced 

 ( ) ( )e , ez zz zβ βχ ω χ ω= = = =  (11) 

By substituting Equation (11) into Equation (10), the standard Helmholtz equa-
tion can be derived as 

 
2

2
0

1 0
4

W k W
χ χ
∂

+ =
∂ ∂

 (12) 

3. Displacement and Stress Fields 

 
Figure 1. Model of elastic shear wave incident along the 
positive x-axis in an infinite inhomogeneous medium. 

 
As shown in Figure 1, assuming the incident wave propagates along the positive 

horizontal direction in the matrix, its mathematical expression can be derived as 
follows 

 ( ) ( )inc
0 1exp i 2W W k χ χ= +    (13) 

where, 0W  is the wave amplitude, and 1k  is the reference wave speed in the 
matrix. 

The scattered wave caused by inclusions satisfies Equation (12), and the specific 
form can be 

 ( ) ( ) ( )sca 1
1

n

n n
n

W A H k χχ
χ

∞

=−∞

 
=  

  
∑  (14) 
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where ( ) ( )1
nH ⋅  is the n-th order Hankel function of the first kind, and nA  is the 

unknown coefficient in the algebraic equation. 
The expression for the standing wave excited within the circular inclusion can 

be written in the following form 

 ( ) ( )fra
2

n

n n
n

W B J k χχ
χ

∞

=−∞

 
=  

  
∑  (15) 

where ( )nJ ⋅  is the n-th order Bessel function of the first kind, and nB  is the 
unknown coefficient in the algebraic equation. 

According to Equation (5), the stress in plane z  can be expressed as 

 i ie erz
W W
z z

θ θσ µ −∂ ∂ = + ∂ ∂ 
 (16) 

 i ii e ez
W W
z z

θ θ
θσ µ −∂ ∂ = − ∂ ∂ 

 (17) 

Substituting Equation (11) into Equations (16) and (17), the shear stress com-
ponents can be expressed as 

 i ie erz
W Wθ θσ µβ χ χ
χ χ

− ∂ ∂
= + ∂ ∂ 

 (18) 

 i ii e ez
W Wθ θ

θσ µβ χ χ
χ χ

− ∂ ∂
= − ∂ ∂ 

 (19) 

For the incident wave (13), through equations (18) and (19), the shear stress 
components can be formulated as 

 ( ) [ ]{ }inc i i
1 1 0 1

i e e exp i 2
2rz k W kθ θσ µ β χ χ χ χ− = + +   (20) 

 ( ) [ ]{ }inc i i
1 1 0 1

1 e e exp i 2
2z k W kθ θ

θσ µ β χ χ χ χ− = − − +   (21) 

Similarly, for the scattered wave (14), the shear stress components can be for-
mulated as 

( ) ( ) ( ) ( ) ( )
1 1

sca 1 1i i
1 1 1 1 1 1

1 e e
2

n n

rz n n n
n

k A H k H kθ θχ χσ µ β χ χ χ χ
χ χ

− +
∞

−
− +

=−∞

     = ⋅ − ⋅    
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∑  

(22) 

( ) ( ) ( ) ( ) ( )
1 1

sca 1 1i i
1 1 1 1 1 1

i e e
2

n n

z n n n
n

k A H k H kθ θ
θ

χ χσ µ β χ χ χ χ
χ χ

− +
∞

−
− +

=−∞

     = ⋅ + ⋅    
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∑  

(23) 

For the standing wave (15) excited within the circular inclusion, the shear stress 
components can be formulated as 

( ) ( ) ( ) ( )
1 1

fra 1i i
2 2 1 2 1 2

1 e e
2

n n

rz n n n
n

k B J k J kθ θχ χσ µ β χ χ χ χ
χ χ

− +
∞

−
− +

=−∞
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∑  

(24) 
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( ) ( ) ( ) ( )
1 1

fra 1i i
2 2 1 2 1 2
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n n
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k B J k J kθ θ
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χ χσ µ β χ χ χ χ
χ χ

− +
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−
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=−∞

     = ⋅ + ⋅    
        

∑

(25) 

4. Surface Elasticity Theory and Boundary Conditions 

Based on the interaction between the matrix and the inclusion, under macroscopic 
conditions, the displacement and stress at boundary r a=  must satisfy 

 
( ) ( )

( ) ( )

M I

M I
rz rz

W W

σ σ

 =


=
 (26) 

where ( ) ( ) ( )inc scaMW W W= + , ( ) ( )fraIW W= , ( ) ( ) ( )inc scaM
rz rz rzσ σ σ= + , ( ) ( )fraI

rz rzσ σ= . 

In surface elasticity theory, a free surface is modeled as an elastic membrane of 
negligible thickness that is perfectly bonded to the bulk material matrix without 
slip. In this case, the interior of the solid bulk material follows the same equilib-
rium equations and constitutive equations as classical elasticity theory. However, 
the presence of surface stress introduces non-classical boundary conditions [21]. 
Generally, the surface stress tensor s

αβσ  and the surface energy density ( )E αβε  
are related as follows 

 0s E
αβ αβ

αβ

σ τ δ
ε
∂

= +
∂

 (27) 

In the equation, αβδ  represents the Kronecker delta, αβε  denotes the sec-
ond-order surface strain tensor, and 0τ  is the residual surface tension in the 
strain-free state. Throughout this paper, the Einstein summation convention is 
adopted, with summation performed over repeated Latin and Greek letter indices. 

According to the generalized Young-Laplace equation [31] [32], the surface/in-
terface equilibrium equations are 

 ( ) ( )( ) ( )M I s
sσ σ σ− = −∇ ⋅n  (28) 

where ( )Mσ , ( )Iσ , and ( )sσ  denote the stress tensors of the matrix, inclusion, 
and surface, respectively; n  is the unit normal vector; and ( )s

s σ∇ ⋅  represents 
the divergence of the surface stress tensor ( )sσ . 

The constitutive relationship between the surface stress tensor and the strain 
tensor is derived using elasticity theory and tensor analysis 

 ( ) ( )( ) ( )( )0 0 02s s s
αβ αβ αγ γβ γγ αβσ τ δ µ τ δ ε λ τ ε δ= + − + +  (29) 

where ( )sµ  and ( )sλ  are surface parameters. 
By combining Equations (1)-(3) and (27)-(29), the boundary conditions on a 

circular inclusion of radius a  at the nanoscale can be obtained as 

 

( ) ( )

( ) ( )
( )

M I

M
M I z

rz rz

W W

s θσσ σ
θ

 =

 ∂

− = −
∂

 (30) 
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where ( ) ( ) ( )inc scaM
z z zθ θ θσ σ σ= + , 

( )s

s
a
µ
µ

= , and s  is a parameter reflecting the 

nanoscale effects of the surface/interface. It can be observed that for a specific 
elastomer material system, the dimensionless parameter s  exhibits an inverse 
proportionality to the pore radius a . When the material operates at the macro-
scopic scale, the value of parameter s  approaches negligible magnitudes. In this 
regime, the influence of surface energy effects becomes insignificant compared to 
volumetric strain energy, which aligns with the fundamental assumptions of clas-
sical continuum mechanics. However, when the characteristic material dimen-
sions enter the nanoscale regime, parameter s  increases by orders of magnitude. 
At this scale, the surface stress tensor becomes comparable in magnitude to the 
bulk stress tensor. To accurately describe the mechanical response of the material, 
it is imperative to incorporate surface elasticity theory and modify the traditional 
constitutive relations. 

By substituting Equations (13)-(15) and Equations (20)-(25) into the boundary 
condition Equation (30) and simplifying, we obtain 

 

( ) ( ) ( )

( ) ( ) ( )

11 12 1

21 22 2

n n n n
n

n n n n
n

A B

A B

∞

=−∞

∞

=−∞

  Θ + Θ = Θ  

  Θ + Θ = Θ 

∑

∑
 (31) 

where ( ) ( ) ( ) ( ) ( ) ( )11 12 1 21 22 2, , , , ,n n n nΘ Θ Θ Θ Θ Θ  is provided in the Appendix. 
By multiplying both sides of Equation (31) by ie mθ−  and integrating over the 

interval ( ),−π π , we obtain 

 
( ) ( )

( ) ( )

( )

( )

11 12 1

21 22 2
0, 1, 2,mn mn n m

nmn mn m

A
m

B

   Θ Θ Θ  = = ± ± ⋅⋅⋅     
   Θ Θ Θ    

 (32) 

where 

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

11 11 12 12i i

1 1 21 21i i

22 22 2 2i i

1 1e d , e d ,
2 2
1 1e d , e d ,

2 2
1 1e d , e d

2 2

m m
mn n mn n

m m
m mn n

m m
mn n m

θ θ

θ θ

θ θ

θ θ

θ θ

θ θ

−π π

π π

π π

π π

π

−

− −

− −

− −

− −

−π π−

π

π
Θ = Θ Θ = Θ

Θ = Θ Θ = Θ


Θ = Θ Θ = Θ

π

π



π

π π

∫ ∫

∫ ∫

∫ ∫

 (33) 

5. Numerical Results and Discussion 

This study focuses on analyzing the dynamic stress concentration phenomenon 
around circular inclusions. The Dynamic Stress Concentration Factor (DSCF) is 
defined as the ratio of stress component ( )M

zθσ  to the reference stress 0σ . This 
factor can be determined using the following expression 

 ( )
0DSCF M

zθσ σ=  (34) 

where 0 1 1 0k Wσ µ=  is the stress intensity in the propagation direction of the SH 
wave. 
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Substituting Equations (21) and (23) into Equation (34) yields the final DSCF  
result 

( ) [ ]{ }

( ) ( ) ( ) ( )

i i
1

1 1
1 1i i

1 1 1 1

1DSCF e e exp i 2
2

i e e
2

n n

n n n
n

k

A H k H k

θ θ

θ θ

χ χ χ χ

χ χχ χ χ χ
χ χ

−

− +
∞

−
− +

=−∞

= − − +

     + ⋅ + ⋅    
        

∑
(35) 

Based on the theoretical derivation above, the following section focuses on the 
distribution of dynamic stress concentration around a circular inclusion in a het-
erogeneous infinite medium at the nanoscale. The following dimensionless defi-
nitions are adopted: Matrix reference wavenumber 1k a , Heterogeneity parame-
ter aβ , Surface parameter s , Wavenumber ratio between the matrix and inclu-
sion 2 1k k k∗ = , Shear modulus ratio 1 2µ µ µ∗ = . Three distinct cases are se-
lected as numerical examples for comparative analysis: 1) 0.5k∗ = , 0.25µ∗ = ; 2) 

2.0k∗ = , 4.0µ∗ = ; 3) 4.0k∗ = , 16.0µ∗ = , representing scenarios where the in-
clusion is relatively stiffer, softer, and even softer than the matrix, respectively. 

 

 
(a) 0.5, 0.25k µ∗ ∗= =                         (b) 2.0, 4.0k µ∗ ∗= =  

 
(c) 4.0, 16k µ∗ ∗= =  

Figure 2. Variation of DSCF around the circular inclusion with the surface parameter s  ( 1.0aβ = ). 
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Figure 2 presents the distribution of the dynamic stress concentration factor 
(DSCF) around the circular inclusion in an exponentially graded heterogeneous 
medium under a horizontally incident elastic shear wave, with aβ  set to 1, for 
different values of the wavenumber ratio k∗  and shear modulus ratio µ∗ , as 
functions of the surface parameter s . It can be visually observed that the DSCF 
exhibits a symmetric distribution pattern. As the surface parameter s  increases, 
the DSCF significantly increases. Furthermore, the figure reveals that the relative 
stiffness between the matrix and the inclusion substantially influences the DSCF 
distribution.  

 

 
(a) 0.5, 0.25k µ∗ ∗= =                            (b) 2.0, 4k µ∗ ∗= =  

 
(c) 4.0, 16k µ∗ ∗= =  

Figure 3. Variation of DSCF around the circular inclusion with the surface parameter s  ( 2.0aβ = ). 

 
Figure 3 illustrates the distribution of the dynamic stress concentration factor 

(DSCF) around the circular inclusion in an exponentially graded heterogeneous 
medium under a horizontally incident elastic shear wave, with aβ  set to 2, for 
varying wavenumber ratios k∗  and shear modulus ratios µ∗ , plotted against 
the surface parameter s . Visually, the DSCF exhibits a symmetric distribution. 
As s  increases, the DSCF notably amplifies. Additionally, the relative stiffness 
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contrast between the matrix and inclusion significantly affects the DSCF profile. 
Compared to Figure 2, where the heterogeneity parameter is 1.0aβ = , the DSCF 
values in Figure 3 (with 2.0aβ = ) are universally higher, demonstrating the pro-
nounced impact of the heterogeneity parameter on dynamic stress concentration.  
 

 
0.5, 2.0, 16, 0.1a k sβ µ∗ ∗= = = =  

Figure 4. Distribution of DSCF around the circular inclusion as 
a function of the matrix reference wavenumber 1k a . 

 
Figure 4 presents the distribution of the dynamic stress concentration factor 

(DSCF) around the circular inclusion in an exponentially graded heterogeneous 
medium under the condition 0.5aβ = , 2.0k∗ = , 16µ∗ = , 0.1s = , for differ-
ent values of the matrix reference wavenumber 1k a . It can be visually observed 
that the DSCF exhibits a symmetric distribution pattern. As the matrix reference 
wavenumber 1k a  increases, the DSCF decreases. 
 

 
0.5, 0.25, 0.5k sµ∗ ∗= = =  

Figure 5. Distribution of DSCF around the circular inclusion as 
a function of the heterogeneity parameter aβ . 
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Figure 5 illustrates the distribution of the dynamic stress concentration factor 
(DSCF) around the circular inclusion in an exponentially graded heterogeneous 
medium under the condition 0.5k∗ = , 0.25µ∗ = , 0.5s = , for varying values of 
the heterogeneity parameter aβ . It can be visually observed that the DSCF ex-
hibits a symmetric distribution pattern. As the heterogeneity parameter aβ  in-
creases, the DSCF undergoes discernible variations. 

6. Conclusions 

This study, grounded in the theory of complex functions, investigates the scatter-
ing of incident SH waves by Cylindrical nano-scale inclusion within an infinitely 
large density inhomogeneous medium. Numerical examples were employed to 
analyze the influence of Matrix reference wavenumber 1k a , Heterogeneity pa-
rameter aβ , Surface parameter s , Wavenumber ratio between the matrix and 
inclusion 2 1k k k∗ = , Shear modulus ratio 1 2µ µ µ∗ = . The following conclu-
sions were drawn: 

1) The dynamic stress concentration factor around the inclusion changes sig-
nificantly with an increase in surface effects. 

2) Changes in inhomogeneous parameters lead to notable variations in the dy-
namic stress concentration factor. 

3) The dynamic stress concentration factor decreases progressively with changes 
in the Heterogeneity parameter. 

These analyses and discussions provide theoretical support for the fabrication 
of cylindrical nanomaterials. 

7. Outlook 

In subsequent research, we will investigate the scattering of elastic waves by arbi-
trarily shaped inclusions and cavities in more general nonhomogeneous media. 
We will conduct extensive parametric studies to develop a theoretical model that 
better aligns with practical applications, thereby contributing to advancements in 
nanomaterial fabrication. 
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