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Abstract 
We consider the problem of graphs characterization by its matching polyno-
mial. In the paper, we show that ( )1,3,mP T n  are determined by its match-
ing polynomial iff m  is even or 3 and 3,6,11n ≠ . 
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1. Introduction 

All graphs in the paper are finite and have no loops or multiple edges. Let G  be 
a graph with n  vertices. An r-matching in a graph G  is a set of r  edges, no 
two of which have a vertex in common. The number of r-matching in G  will be 
denoted by ( ),p G r . We set ( ),0 1p G =  and define the matching polynomial 
of G  by 

 ( ) ( ) ( ) 2

0
, 1 ,r n r

r
G x p G r xµ −

≥

= −∑  (1) 

The matching polynomial has very important applications in mathematics, sta-
tistical physics, and chemistry. In statistical physics, it serves as a mathematical 
model for describing a certain physical system. Physicists Heilmann and Lieb first 
introduced the matching polynomial of a graph in reference [1] to study this phys-
ical system. In theoretical chemistry, the sum of the absolute values of the roots of 
the matching polynomial is called the matching energy level of the graph, which 
is related to the activity of the aromatic hydrocarbon represented by this graph 
(see [2]). The sum of the absolute values of all its coefficients (that is, the total 
number of all matchings) is the Hosoya index of the hydrocarbon represented by 
this graph (see [3]). 

For any graph G , the roots of ( ),G xµ  are all real numbers. Assume that 
( ) ( ) ( )1 2 nG G Gγ γ γ≥ ≥ ≥

, the largest root ( )1 Gγ  is referred to as the largest 
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matching root of G .  
Throughout the paper, we denote by nP  and nC  the path and the cycle on 

n  vertices, respectively. ( )( ), ,T a b c a b c≤ ≤  denotes the tree with a vertex v  
of degree 3 such that ( ), , a b cT a b c v P P P− =  

, and ( ), ,H a b c  denotes the 
tree obtained from the path with versices 1,2, , 1a b c+ + −  (in order) by attch-
ing a pendant edge at each of the verices a  and a b+ . ( )1 2,Q s s  is obtained by 
appending a cycle 

1 1sC +  to a pendant vertex of a path 
2sP . Two graphs are match-

ing equivalency if they share the same matching polynomial. A graph G  is said 
to be determined by its matching polynomial if for any graph H ,  
( ) ( ), ,G x H xµ µ=  implies that H  is isomorphic to G . For the notations and 

terms not explained in this article, please refer to [4]. Since Farrell E. J. studied the 
problem of graphs characterization by its matching polynomial, many matching 
characterization graphs have been found (see [5]-[8]). However, as most of the 
methods used are to compare the coefficients of the matching polynomials of two 
graphs, this work is quite difficult and progresses slowly. There are still a large 
number of problems that have not been solved. the paper makes full use of the 
information about the roots of the matching polynomial ( ),G xµ , we prove 

( )1,3,mP T n  are determined by its matching polynomial iff m  is even or 3 
and 3,6,11n ≠ . 

2. Basic Results 

Lemma 2.1 [4]. The matching polynomial ( ),G xµ  satisfies the following 
identities: 

a) ( ) ( ) ( ), , ,G H x G x H xµ µ µ= . 

b) ( ) ( ) ( ), \ , \ , ,G x G e x G u v xµ µ µ= −  if { },e u v=  is an edge of G . 

Lemma 2.2 [4]. Let G  be a connected graph, and let H  be a proper sub-
graph G . Then ( ) ( )1 1G Hγ γ> . 

Lemma 2.3 [4]. Let u  be a vertex in the graph G . Then the roots of  
( )\ ,G u xµ  interlace those of ( ),G xµ . If G  is connected then the largest root 

of ( ),G xµ  is simple ,and is strictly greater than the largest root of ( )\ ,G u xµ . 
Lemma 2.4 [5] [6]. Let G  be a connected graph, then 
a) ( )1 2Gγ <  iff ( ) ( ) ( ) ( ) ( ){ }, 1,1, , 1, 2, 2 , 1, 2,3 , 1, 2, 4 , , 2,1n mG P T n T T T C Q∈ . 

b) ( )1 2Gγ =  iff ( ) ( ) ( ) ( ) ( ){ }1,4 , 2, 2, 2 , 1,3,3 , 1, 2,5 , , 2, 2 , 3,1mG K T T T I Q Q∈ . 

Lemma 2.5 [5] [6]. The connected graphs G  with the largest matching root 

in the interval ( )2, 2 5+  iff it is precisely the graphs of the following types: 

a) ( )( )1,2, 6T c c ≥ , ( )( )1, , 2T b c c b> > , ( )( )2,2, 2T c c > , ( )2,3,3T . 
b) ( )( )2, 3Q n n ≥ , ( )( ),1 4Q m m ≥ , ( )3, 2Q . 
c) ( ), ,H a b c , for ( ) ( ) ( ) ( ) ( ) ( ){ }, , , 2,1,3 , 3, 4,3 , 3,5,4 , 4,7,4 , 4,8,5a b c ∈  or  

1a >  
( )* , , 1b b a c c≥ >  where ( ) ( ), 2, 2a c ≠  and 
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 ( )*

, 3,

, 2 , 3,

1 , 2,

a c a

b a c c a

c a

+ >


= + =
− + =

 (2) 

Lemma 2.6 [5]. Let G  be a tree and let ,u vG  be obtained from G  by subdi-
viding the edge uv  of G , then 

a) ( ) ( )1 , 1u vG Gγ γ>  if uv  not lies on an internal path of G . 

b) ( ) ( )1 , 1u vG Gγ γ<  if uv  lies on an internal path of G , and if G  is not 

isomorphic to ( )2, , 2H m . 

Lemma 2.7 [7] [8]. ( )( ) ( )( )1 11, 2, 1,3,5T n Tγ γ< ,  

( )( ) ( )( )1 11,3, 1, 4,6T n Tγ γ< . 

Lemma 2.8. ( )( ) ( )( )( )1 11, , , , 2, 1T m n H a b c a c mγ γ< ≥ ≥ + . 

Proof. If 1b n≥ − , clearly ( )1, ,T m n  is a proper subgraph of ( )2, , 1H b m + , 
By Lemma 2.2, ( )( ) ( )( )1 11, , 2, , 1T m n H b mγ γ< + . If 1b n< − , ( )1, ,T m n  is a 
proper subgraph of ( )2, 1, 1H n m− + , then ( )( ) ( )( )1 11, , 2, 1, 1T m n H n mγ γ< − + . 

By Lemma 2.6, ( )( ) ( )( )1 12, 1, 1 2, , 1H n m H b mγ γ− + < + . So 
( )( ) ( )( )1 11, , 2, , 1T m n H b mγ γ< +  and ( )2, , 1H b m +  is a proper subgraph of  

( ), ,H a b c ( )2, 1a c m≥ ≥ + , by Lemma 2.2, thus the lemma holds. 
Lemma 2.9. If ( )( ) ( )( ) ( )( )1 1 11,3, 2, ,3 3, ,3T n H m H bγ γ γ= = , then  

2 2b m= +  and n  may only be 5, 6, 7, 11. 
Proof. By Lemma 2.1,  

( )( ) ( )( ) ( )( )3,2 2,3 , 2, ,3 , 1, 2, ,x H m x H m x T m xµ µ µ+ = ⋅ . 

So, we have ( )( ) ( )( )1 12, ,3 3,2 2,3H m H mγ γ= + . Direct calculate the largest 
matching root of ( )( )1,3, 4,5,6,7,11T n n =  and ( )( )2, ,3 2,3,4,5,8H b b =  (us-
ing Matlab 8.0), we immediately have the following: 

 ( )( ) ( )( ) ( )( )1 1 11,3,5 2,8,3 3,18,3T H Hγ γ γ= =  (3) 

 ( )( ) ( )( ) ( )( )1 1 11,3,6 2,5,3 3,12,3T H Hγ γ γ= =  (4) 

 ( )( ) ( )( ) ( )( )1 1 11,3,7 2,4,3 3,10,3T H Hγ γ γ= =  (5) 

 ( )( ) ( )( ) ( )( )1 1 11,3,11 2,3,3 3,8,3T H Hγ γ γ= =  (6) 

By Lemma 2.8, If 4n = , ( )( ) ( )( ) ( )( )1 1 11,3, 4 1,2,9 2, ,3T T H bγ γ γ= < . If  

12n ≥ ,  

( )( ) ( )( ) ( )( ) ( )( ) ( )( )1 1 1 1 12,3,3 1,3,11 1,3, 1,4,6 2,2,3 2.0421H T T n T Hγ γ γ γ γ= < < < =  

This completes the proof. 

3. Main Results 

Theorem 3.1. Let ( )1,3,mG P T n=  . Then G  is uniquely determined by its 
matching polynomial iff m  is even or 3 and 3,6,11n ≠ . 

Proof. The necessary condition follows immediately from Lemma 2.1. 
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We have 

 
( )( )( ) ( ) ( ) ( )( )

( )( )
2 1 1

1

1,3, , 2 , , 1,3, ,

1,3, ,
k k k

k k

P T n x k P x C x T n x

P C T n x

µ µ µ µ

µ
+ +

+

≥ =

=



 

 (7) 

 
( )( ) ( ) ( ) ( )( )

( )( )
3

3

1,3,3 , , , 3,1 ,

3,1 ,
m m

m

P T x P x P x Q x

P P Q x

µ µ µ µ

µ

=

=



 

 (8) 

 
( )( ) ( ) ( ) ( )( )

( )( )
5

5

1,3,6 , , , 2,3 ,

2,3 ,
m m

m

P T x P x P x Q x

P P Q x

µ µ µ µ

µ

=

=



 

 (9) 

 
( )( ) ( ) ( ) ( )( )

( )( )
5

5

1,3,11 , , , 1, 4,5 ,

1, 4,5 ,
m m

m

P T x P x C x T x

P C T x

µ µ µ µ

µ

=

=



 

 (10) 

Now suppose that m  is even or 3 and 3,6,11n ≠ , H  is a graph being match-
ing equivalency with G , hance ( ) ( ) ( )( )1 1 1 1,3,H G T nγ γ γ= = . We proceed to 
prove that H  must be isomorphic to G . By Lemma 2.5, 2.7, 

( ) ( )( )( ) ( )1 12, 1, 4,6 2, 2 5H Tγ γ∈ ⊂ + . Set 

( )( ) ( ) ( )( ) ( ){ }1 1, 2, 6 , 2, 2, , 1, , 3 , 2,3,3T c c T c T b c b Tϖ = ≥ ≥ , 

( ) ( ) ( ) ( ){ }2 2, 4,3 , 2,8,3 , 3,10,3 , 3,18,3H H H Hϖ = , 

( ) ( ) ( ) ( ){ }3 1,1, , 1, 2, 2 , 1, 2,3 , 1,2,4T c T T Tϖ = , then by Lemma 2.8, 2.9, we get 

( )1 1 2 2 3 3 4 1 5
0 0

2,1
i i

s l

n p
i i

H t t t t K t Q P Cϖ ϖ ϖ
= =

   
= ∗ ∗ ∗ ⋅ ⋅    

   
     

 

 (where  

i it ϖ∗ ( )1,2,3i =  denotes it  re-elements form iϖ , 2in ≥ ). By Lemma 2.3,  

1 2 1t t+ = . We distinguish the following cases: 

Case 1. If 1 1t = . We further consider several cases: 
Subcase 1.  

( )( ) ( )3 3 4 1 5
0 0

1, 2, 6 2,1
i i

s l

n p
i i

H T c c t t K t Q P Cϖ
= =

   
= ≥ ∗ ⋅ ⋅    

   
    

 

 

Then ( ) ( )( ) ( ) ( )( )( )1 1 1 11,3, 1, 2, 6G T n H T c cγ γ γ γ= = = ≥ . By Lemma 2.7,  
4n = . 

Direct computation shows ( )( ) ( )( )41, 2,9 , 1,3, 4 ,T x T C xµ µ=  , hence we 

have mP  matching equivalency with  

( )4 3 3 4 1 5
0 0

2,1
i i

s l

n p
i i

C t t K t Q P Cϖ
= =

   
∗ ⋅ ⋅    

   
    

 

. 

Which is a contradiction. 
Subcase 2.  

( )( ) ( )3 3 4 1 5
0 0

2, 2, 3 2,1
i i

s l

n p
i i

H T c c t t K t Q P Cϖ
= =

   
= ≥ ∗ ⋅ ⋅    

   
    

 

 

Then ( ) ( )( ) ( ) ( )( )( )1 1 1 11,3, 2,2, 3G T n H T c cγ γ γ γ= = = ≥ . By Lemma 2.1, we 

get ( )( ) ( )( ) ( )( )32, 2, , 2, , 1,1 ,T c x Q c P x c xµ µ µ= = + , which is a contradic-

tion. 
Subcase 3.  
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( ) ( )3 3 4 1 5
0 0

2,3,3 2,1
i i

s l

n p
i i

H T t t K t Q P Cϖ
= =

   
= ∗ ⋅ ⋅    

   
    

 

. The same argu-

ment as subcase 2 can be used to get a contradiction. 
Subcase 4.  

( )( ) ( )3 3 4 1 5
0 0

1, , 3 2,1
i i

s l

n p
i i

H T b c b t t K t Q P Cϖ
= =

   
= ≥ ∗ ⋅ ⋅    

   
    

 

. 

Then ( ) ( )( ) ( ) ( )( )( )1 1 1 11,3, 1, , 3G T n H T b c bγ γ γ γ= = = ≥ . By Lemma  

2.7, and 11n ≠ , we have 3 4 5 03, , 0, 0,ib c n t t t p s n m= = = = = = = = , thus H  
be isomorphic to G . 

Case 2. If 2 1t = . By lemma 2.9, we get 5n =  or 7. First suppose that 5n = . 

Note that ( )( ) ( ) ( ) ( )( )1 3, 1̀8,3 , 1,3,5 2,1 1, 2,8 ,K H x T Q T xµ µ=    and  

( )( ) ( ) ( )( )2,8,3 , 1,3,5 2,1 ,H x T Q xµ µ=  . Thus we have ( )1 ,mK P xµ =   

( ) ( ) ( )3 3 4 1 5 5
0 0

1,2,8 2,1 , 1
i i

s l

n p
i i

T t t K t Q P C x tµ ϖ
= =

    
∗ ⋅ ⋅ ≥    

    
    

 

  

or ( ) ( ) ( )3 3 4 1 5 5
0 0

, 2,1 , 1
i i

s l

m n p
i i

P x t t K t Q P C x tµ µ ϖ
= =

    
= ∗ ⋅ ⋅ ≥    

    
   

 

.  

Which contradicts to Lemma 2.9. Secondly assume 7n = . By Lemma 2.1, direct 
Direct computation shows ( )( ) ( ) ( )( )3 3, 1̀0,3 , 1,3,7 1,2,4 ,P H x T T xµ µ=    

and ( )( ) ( )( )3 12, 4,3 , 1,3,7 ,P H x K T xµ µ=  , hence we get 

( ) ( ) ( )3 3 3 4 1 5
0 0

, 1, 2, 4 2,1 ,
i i

s l

m n p
i i

P P x T t t K t Q P C xµ µ ϖ
= =

    
= ∗ ⋅ ⋅    

    
     

 

 

or 

( ) ( ) ( )3 3 3 4 1 5 4
0 0

, 2,1 , 1
i i

s l

m n p
i i

P P x t t K t Q P C x tµ µ ϖ
= =

    
= ∗ ⋅ ⋅ ≥    

    
    

 

. 

which is a contradiction. 
Combing cases1, 2, H  is isomorphic to G . The proof is complete. 
For a graph, its matching polynomial determine the matching polynomial of its 

complement (see [9]), so the complement of ( )1,3,mG P T n= 
 is determined 

by its matching polynomial iff m  is even or 3 and 3,6,11n ≠ . 

Conflicts of Interest 

The author declares no conflicts of interest regarding the publication of this paper. 

References 
[1] Heilmann, O.J. and Lieb, E.H. (1972) Theory of Monomer-Dimer Systems. Commu-

nications in Mathematical Physics, 25, 190-232. https://doi.org/10.1007/bf01877590 

[2] Gutman, I. and Wagner, S. (2012) The Matching Energy of a Graph. Discrete Applied 
Mathematics, 160, 2177-2187. https://doi.org/10.1016/j.dam.2012.06.001 

[3] Hosoya, H. (1971) Topological Index. a Newly Proposed Quantity Characterizing the 
Topological Nature of Structural Isomers of Saturated Hydrocarbons. Bulletin of the 
Chemical Society of Japan, 44, 2332-2339. https://doi.org/10.1246/bcsj.44.2332 

[4] Godsil, C.D. (1993) Algebraic Combinatorics. Chapman and Hall. 

https://doi.org/10.4236/ojapps.2025.154068
https://doi.org/10.1007/bf01877590
https://doi.org/10.1016/j.dam.2012.06.001
https://doi.org/10.1246/bcsj.44.2332


S. C. Shen 
 

 

DOI: 10.4236/ojapps.2025.154068 1007 Open Journal of Applied Sciences 
 

[5] Ghareghani, N., Omidi, G.R. and Tayfeh-Rezaie, B. (2007) Spectral Characterization 

of Graphs with Index at Most 2 5+ . Linear Algebra and Its Applications, 420, 
483-489. https://doi.org/10.1016/j.laa.2006.08.009 

[6] Cvetkovic, D.M., Doob, M. and Sachs, H. (1980) Spectra of Graphs. Academic Press. 

[7] Shen, S. (2016) A Note on Matching Uniqueness of ( )1,3,T n  and Its Complement. 

Journal of Qinghai Normal University, No. 2, 4-6. 

[8] Shen, S. (2020) The Matching Uniqueness T-Shape Tree with Nearly Equal Length. 
Pure and Applied Mathematics, 2, 297-301. 

[9] Beezer, R.A. and Farrell, E.J. (1995) The Matching Polynomial of a Regular Graph. 
Discrete Mathematics, 137, 7-18. https://doi.org/10.1016/0012-365x(93)e0125-n  

 
 
 
 
 
 
 

https://doi.org/10.4236/ojapps.2025.154068
https://doi.org/10.1016/j.laa.2006.08.009
https://doi.org/10.1016/0012-365x(93)e0125-n

	On Matching Characterization of 
	Abstract
	Keywords
	1. Introduction
	2. Basic Results
	3. Main Results
	Conflicts of Interest
	References

