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Abstract

In this paper, a time delay is coupled to a dynamic vibration absorber with an
inerter-based grounded stiffness that contains an amplification mechanism,
and a model of the dynamic vibration absorber with time-delay feedback con-
trol containing an inerter is obtained. For this model, the vibration differential
equation of the system is first established, and the optimal structural parame-
ters of the passive system with an inerter are analyzed under the condition of
no time delay. When the time delay is considered, the characteristic equation
of the system is a transcendental equation with exponential terms. The CTCR
method and the Dixon resultant are used to analyze the stability of the system,
and the stable intervals of the feedback gain coefficient and time delay are ob-
tained. Then, according to the anti-resonance peak optimization criteria, the
structural parameters of the system are further adjusted under the condition
of ensuring the system’s stability, and a set of optimal structural parameters is
successfully obtained, which can not only meet the minimum anti-resonance
peak criterion but also have a wider vibration reduction frequency band and a
good vibration reduction effect. Finally, the optimization results are verified
in both the time domain and the frequency domain. Compared with the tra-
ditional dynamic vibration absorber, the dynamic vibration absorber designed
in this paper has achieved a good vibration reduction effect.

Keywords

Inerter, Time-Delay, Dnamic Vibration Absorber, Anti-Resonance Peak
Optimization

1. Introduction

A dynamic vibration absorber is a mechanical device used to reduce vibrations,
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mainly by interacting with the main system to absorb or counteract part of the
vibration energy. The Danish engineer Frahm [1] invented a non-damped dy-
namic vibration absorber. When the external excitation frequency of the main
system is close to its natural frequency, the vibration absorber has a good vibration
reduction effect, but the vibration-reduction frequency band is narrow. Or-
mondroyd [2] first added damping to the DV A and proposed the fixed-point the-
ory. Den Hartog [3] [4] further optimized and improved the fixed-point theory
and proposed the Voigt-type dynamic vibration absorber with a wider vibration
reduction frequency band and better vibration reduction effect. Based on the dy-
namic vibration absorber studied by Den Hartog, Brock [5] proposed a damping
optimization formula. Nishihara et al [6] and Asami ef al. [7] used the fixed-point
theory to optimize the design of the damped dynamic vibration absorber and ob-
tained the analytical expressions of the optimal structural parameters. Aiming at
the problems of narrow vibration reduction frequency band and poor vibration
reduction effect of linear dynamic vibration absorbers, scholars began to study
non-linear dynamic vibration absorbers. Liu Lilan ef al. [8] designed a bistable
dynamic vibration absorber with non-linear damping, which has a better vibra-
tion reduction effect than the traditional linear bistable vibration absorber. Zhao
Yanying et al [9] [10] studied the dynamic vibration absorber with time delay
non-linearity, reduced the vibration of the main system by adjusting the feedback
gain coefficient and the time delay, and verified the accuracy of the results through
numerical simulation.

With the continuous improvement of the requirements for vibration reduction,
new components and technologies have been gradually introduced into the design
of vibration reduction systems and achieved remarkable results. Components
such as negative stiffness and dampers, such as emerging technologies, can signif-
icantly improve the performance of vibration absorbers. Peng Haibo et al [11]
proposed a new dynamic vibration absorber model containing a negative stiffness
spring element, obtained the analytical solution of the system through the Laplace
transform, and used the fixed point theory to obtain the optimal damping ratio
and frequency ratio of the system. Oyelad et a/. [12] used two mutually repulsive
magnets to generate a negative magnetic spring (NMS). It was found that the dy-
namic equations of the system containing the NMS spring can be derived using
Hamilton’s principle. Yi Ju et al [13] proposed a tuned negative stiffness inerter
mass damper (TNIMD). After obtaining the coupling equations of the system
through the Lagrange equation, the negative stiffness coefficient was optimized
using the fixed-point theory. Gao Hui ef al. [14] combined the vibration reduction
advantages of negative stiffness and tuned viscous dampers, studied the vibration
reduction performance of the tuned negative—stiffness—inerter mass damper
(TNSIMD), and found that TNSIMD can give full play to its tuning function and
negative stiffness advantage, significantly improving the vibration reduction effect
of the system. Wang Jue et al [15] proposed three inerter based vibration reduc-

tion systems with negative stiffness (N-ISD) and derived the analytical solutions
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of the system parameters using the Heo and H2 optimization criteria. Zhang Yin
et al. [16] established a numerical model of a negative stiffness damper under flex-
ible support with reference to a cable stayed bridge, verified the model and iden-
tified the additional damping ratio. The research results show that the established
numerical model of the support negative stiffness damper is in good agreement
with the experimental results and can accurately predict the dynamic behavior of
the system. Tu et al [17] introduced a negative stiffness magnetic spring into the
automotive suspension system and conducted experimental research using spe-
cially arranged cylindrical magnets. The results show that the negative stiffness
magnetic spring has a good vibration reduction effect on non-linear systems. Be-
nacchio et al. [18] used magnets to build a variable stiffness dynamic vibration
absorber (MVA). Under the condition of containing negative stiffness elements,
the parameters of the MV A can be adjusted to design a non-linear vibration ab-
sorber or a bistable absorber with negative linear stiffness. Hu Fangyuan et al [19]
proposed a time domain non-parametric identification method based on the re-
storing force surface aiming at the difficult problem of identifying the restoring
force of the negative stiffness non-linear oscillator. The results show that using the
restoring force surface method to identify the negative stiffness non-linear oscil-
lator can achieve a good vibration-reduction effect.

The amplification mechanism is a device that amplifies the input force or dis-
placement through structural design to improve the performance of the system.
Among them, amplification mechanisms such as levers and inerters have good
effects in the field of vibration control and are widely used. Zhang et al [20] in-
troduced a lever to reduce the overall mass of the device and proposed a new non-
linear energy sink. When the lever fulcrum is in the optimal position, the lever-
type non-linear energy sink is superior to the traditional non-linear dynamic vi-
bration absorber in vibration reduction performance. Yang Weiqing et al. [21]
carried out the vibration-reduction design and experimental research based on
the lever-type tuned mass damper for the wind-induced vibration problem of long
double-cable slings, and designed the lever-type tuned mass damper according to
the optimal parameters. Xu Ximing et al [22] proposed a structural scheme of the
lever—type vibration—reduction device for the bogie of a heavy load truck aiming
at the problems of complex structure and unstable vibration reduction perfor-
mance of the shock absorber of a certain type of truck bogie and elaborated the
structural principle of the vibration reduction device in detail. Li Chunxiang et al.
[23] studied the dynamic characteristics of the lever—type tuned mass damper
and found that this mechanism has a better tuning frequency ratio and a smaller
optimal damping ratio than the traditional TMD. Wang et al [24] proposed a
dynamic vibration absorber with inerter negative stiffness coupling (INDV As).
Compared with the traditional DV A, INDVAs have a wider vibration reduction
frequency band and better vibration reduction performance. Chen Jie et al [24]
designed two new negative stiffness dynamic vibration absorber structures con-

taining inerters and obtained the analytical expressions of their optimal parame-
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ters. It was found that the dynamic vibration absorber based on inerter negative
stiffness is more effective than the traditional dynamic vibration absorber in the
vibration control problem of beams.

The amplification mechanism has excellent performance in the field of vibra-
tion control. In this paper, a new dynamic vibration absorber with an amplifica-
tion mechanism proposed in reference [25] is taken as the research object. This
model combines the dual advantages of the inerter and the amplification mecha-
nism, not only showing excellent vibration-reduction effects but also having cer-
tain flexibility and economy in structural design and material use. Aiming at the
problems of a narrow vibration reduction frequency band and the sensitivity of
the amplitude of the main system to the change of the excitation frequency near
the anti-resonance frequency in the passive-controlled two-degree-of-freedom
system, time-delay feedback active control is introduced, and a new optimization
design method is proposed. Through the optimization program, the optimal pa-
rameter configuration that satisfies the minimum anti-resonance peak criterion
and has a good vibration-reduction effect is successfully obtained, and its feasibil-
ity and superiority in practical applications are proved through numerical simu-

lation and comparative analysis.

2. Mechanical Model and Vibration Differential Equation

2.1.Modeling and Dynamic Equations of the Vibration System with
Time-Delay

For the two degrees of freedom system with an amplification mechanism, the ef-
fect of vibration control using passive vibration reduction methods is extremely
limited. To further widen its vibration reduction frequency band, time delay feed-
back control is considered based on reference [25]. The mechanical model of time
delay feedback control is shown in Figure 1. There is a lever with fixed support
between the main system and the dynamic vibration absorber. The main system
and the vibration absorber are connected via sliders at both ends of the lever,
forming a complete system. Here, 1, and r, respectively represent the dis-
tances from the lever support point O to the fixed points M and N of the
sliders. m;, c;,and k respectively represent the mass, damping, and stiffness
of the main system; m,, C,, and k, respectively represent the mass, damping,
and stiffness of the vibration absorber; k represents the grounded stiffness; X
and x, respectively represent the displacements of the main system and the vi-
bration absorber; 7,g, respectively represent the time delay and the feedback
gain coefficient; b represents the inerter; F,,@ respectively represent the am-
plitude and frequency of the external excitation. Assume that L=r/r, is the
amplification ratio of the system. According to the similarity theorem of triangles,
the force acting on the main system is L times that on the vibration absorber,
and the displacement is 1/L of the vibration absorber.

Give the vibration differential equations of the system according to Newton’s

second law:
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Figure 1. Mechanical model of the time delay dynamic vibration absorber with an ampli-
fication mechanism.
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For the convenience of writing, the above parameters are expressed as: X, =X,
X, =%,,t =t,7 =7, where ()' = d(-)/dt ,(-)” =d? (-)/dt2 . Substitute the above di-
mensionless quantities, and transform Equation (1) into the following dimension-

less form:
X:{'+(1+,UL2 pz)x1 +2(§1 + Lzﬂpgz)xl’ - L,Upzxz —2Lupé,x,
+ Bul (L%, — %, ) — Lp? ugx, (t—7) = cos(Qt) 3)
X +(1+a) p*X, + 2p&,x; — Lp?x, — 2Lpé&,x; — B(LK — X, )+ gp*%, (t—7) =0

Assume that the solution of (3) is as follows:

ik
X2 XZ

In the formula, | isthe imaginary unit. Substitute Equation (4) into Equation

(3), and the expression of its analytical solution is obtained as follows:

[71} 1 {—QZ+2p§2jQ+(1+a)p2+ p?ge " — pQY?

clF== 5)
X 2LpE, jQ+ Lp? — BLO?

A(Q)
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A(Q) =(-Q +1+ P p’ i+ 28 jQ+ 27 upé, jQ - pul’Q?)
x(—Q° +2p& jQ+(1+a) p* + pPge " - pQ7)
—(2Lup& jQ+ Lp*u+ Lupge " - pul Q)
x(2Lpg, jQ+Lp* - ALO?)

(6)

Separate the expressions of X, and X, into real and imaginary parts and find

their moduli. Define the expressions of the variables A and A, as follows:
A :"Xi "(i:1,2) @)

where, X, and X, represent the amplitude amplification factors of the main

system and the vibration absorber respectively.

2.2. Analysis of Passive Vibration Reduction System’s Structural
Parameters

For the above time-delay vibration reduction system, if it is assumed that the damp-
ing of the main system ¢& =0, and the time-delay feedback gain coefficient g =0,
then the above system will degenerate into a passive dynamic vibration absorber.
Substitute the above system parameters into Equation (3), and the motion differ-

ential equation of the passive vibration reduction device is obtained as follows:
X+ (14 1L p? ) X, + 217 P&y, — Lup®x, = 2Lupé,x + Bul (L%, - X, ) = cos (Qt )
X +(1+a) PP, +2p&,X; — Lp*x —2Lp&,x — B(L¥ —%,) =0

(8)

Similarly, assume that the form of the solution of the equation is as shown in
Equation (4). After substitution, the form of the solution of the passive vibration

reduction device is obtained as follows:

X, 1 |-Q%+2p&jQ+(1+a)p’ - pQ?

{Yj_m{ 2LpéE, jQ+ Lp? - SLO? ®)
A(Q)=(-Q +1+ "’ u+ 2L up&, jQ - ful’Q’)

x(-Q +2p&, jQ+ (1+a)p’ - BQ°) (10)

~(2Lups, j+ Lp*u— pulQ’ ) (2Lpg, jQ+ Lp? - SLOY)

Separate the real and imaginary parts of the above expression and calculate its
modulus. The expression for the amplitude amplification factor A of the passive

vibration reduction system is obtained as follows:
C*+D?
= =, |— 11
In the formula:

A=2pQ¢, [1+ L parp? — Q7 (1+ Lz,uﬂ
B=(1-0)[(1+8)Q" - (1+a) p* |- LpuQ’ - Lup’ [ ap’ —(1+aB)Q’ ] (12)

C=-0+(1+a)p*- pQ’
D =2p&,0
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For the PDVA system with the main system having no damping, through the
fixed point theory, it is easy to prove that the normalized amplitude-frequency
response curves will all pass through two points that are independent of the damp-
ing ratio. Figure 2 shows the normalized curves when the damping ratios ¢, are
0.3, 0.5, and 0.7 respectively. It can be seen from the figure that the three curves

all intersect at point P and point Q.

25 T T T T T

05F

1 2 T T T T T
1+ L=25 1
B =08
opt
a,,=8.932
pie P =07302 ]

0.4

0.2

O 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3

Q

Figure 3. Amplitude-frequency response curve under optimal parameters.
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For the grounded stiffness system with an inerter, the reference [25] has calcu-
lated the optimal parameters of the system through the fixed-point theory, ena-
bling the two fixed points P and Q to be adjusted to approximately the same height.
However, as can be observed from Figure 3, for the passive dynamic vibration
absorber with the main system having no damping, after optimizing its system
parameters using the fixed-point theory, issues such as a narrow vibration reduc-
tion frequency band and the amplitude of the main system being highly sensitive
to the changes in the excitation frequency near the anti-resonant frequency exist.
There is still considerable room for optimizing the amplitude of the main system.
Subsequently, time-delay feedback control will be introduced to further reduce
the amplitude of the main system and widen the vibration reduction frequency
band.

3. Optimization of Anti-Resonance Peak in Time-Delay
Feedback Control

3.1. Dynamic Vibration Absorber System with Time-Delay

Under the condition of ensuring the system’s stable operation without sacrificing
data accuracy, it is necessary to reasonably set the value ranges of the feedback
gain coefficient and the time delay. Considering the actual situation of the exper-

imental equipment, the value ranges of g and 7 are limited as follows:
Co={(9.7)[0<g<2,0<r<2] 13)

i
opt

is the optimal system structural parameter at the

At the same time, define the form of the optimal parameter D,, of the system

as follows. The parameter D,

i th step, and its value range is i=1,2,3,4. Similar notations that appear subse-

quently will not be repeated for explanation.
Dgpt = {,U, é:liopt’ §Zopt’ popt ’ a;pt ’ ﬂti)pt’ Lopt} (14)

Assume that the mass ratio #=m,/m, =0.1, and the damping ratio c,/c, =10.
According to the relationship in the dimensionless expression (2), the calculation
expression for the initial value of the system parameter &.. is 0.2505. By com-
bining with the optimal values of the passive system provided in the reference [25],

the specific values of the optimal parameters in the first step are as follows:

1 _ 1 1 1
Dopt - {/J, glopt ' 520ptl popt ' aopt ! ﬂopt’ Lopt}

(15)
= {0.1, 0.2505,1.0279,0.7302,8.923,0.8, 2.5}

3.2. Stability Analysis

In the dynamic model of the coupled system established in the previous section,
the introduction of the time-delay feedback control system will affect the stability
of the system. When solving for the range of the optimal parameters, it is neces-
sary to conduct a stability analysis of the feedback gain coefficient g and the

time delay 7, so as to obtain the value ranges of g and r . First, perform a
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Laplace transform on Equation (3), and represent it in the following matrix form

in the Laplace domain:
E(s)X(s)=F(s) (16)

where:

X(s)=[%(5).%(s)]

£(5)= s+l ul’pP+25(& + L ups, )+ Bul’s®  ulp(p+2&,s+ pge ™ )+ Buls’
Lp(p+2&,5)+ fBLs? sP+ p’+ap’+2pEs+ s+ pige ™

F(s)=[f,0]"

Let the characteristic equation of the system be |E (s)| =0, and then the char-

acteristic equation can be obtained as follows:
CE(9,7,D}y )= p* + pPar+ ' p ap+s* (1+ B+ L u)
+5° (28 +2& +2p&, + 20 pus,)
+5(2p*E +2p%ag +2p&, + 217 plaus, ) (17)
+5° (14 p* + pa+ B+ p’u+ U p’afu+4pEE, )
+e™ (gp’ +gp’s” +2gp’ss,)

Since the established system model contains a time delay term, the expression
of the obtained characteristic equation is a transcendental equation with an ex-
ponential term. The solutions of the equation are infinite-dimensional, and
there will be an infinite number of characteristic roots. To address this issue, the
CTCR [26] method is introduced for analysis. The specific calculation steps are
as follows:

1) Define Kernel Hyper curves: When the structural parameters of the system
are fixed at a certain specific value, the two-dimensional plane of (g,7) will
give rise to an eigenvalue s= jQ_,Q. eR",0<Q.7<21,0< g <2, with its real
part being equal to zero. All the curves composed of points that exist within the
two-dimensional plane (g,7) and satisfy the given conditions are referred to
as KH.

2) Define Offspring Hyper curves: The representation of OH can be obtained

from Definition 1) through the following non-linear transformation:
2m . .
r+—1i,9),i=0,123,---. 18
< ) 9> (18)

3) Define the variation trend of the characteristic root Root Tendency as:

RT =sgn {Re(é

: H 1)

T

4) Replace the exponential term using Euler’s formula:

e*chT =C05(hc)_ jsin(hc),hc :QCT (20)
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Among them, the trigonometric functions €0S and Sin can be replaced by

the half-angle formulas when the tangent function tan:

1-77 _ 2 (h
cos(hc)_l+zz,S|n(hc)_—l+22,zl_tan[zj (21)

1 1

Continue to use the CTCR method to determine the stability of the system.
Substitute the results obtained from Equations (19) and (20) into Equation (17),
and the characteristic equation of the system can be rewritten in the form of a

polynomial function of Q:
q(Qc'g’Zl)zzck(g’zl)(ch)k=O (22)

Among them, ¢, is the coefficient expression of Q. and is a function of

g,z . By separating the real and imaginary parts of Equation (22), we can obtain:

Re[q(Qc,g,zl)]:iQk(g,zl)(QC)k =0
k:O (23)
2 Pk(g,zl)(Qc)k =0

0

Im[q(Qc’g’Zl):Iz

Among them, both P, and Q, are coefficient expressions of Q_, and they

are also functions of g, z,. The specific results are as follows:

Q, =(1+ L Bu+B+12 + Bz +  uz})
Q,=0
Q,=-1-p’—gp’ - p’a— - p’u-2} - U p’afu-p’z
+0p°z - pPazf - fz} - L’ p’uzf -’ pPapuzl —4p&s, —4priés,
Q =49p°z¢

Q, = p*+gp’ + pPa+L2plau+ p’z’ - gpzl + p*az’ + P plauz? (24)
P,=0

Py =-25 -2p¢ _221266:1 _Zﬁzfégl -2pé, -2’ PHE, —2pi§2 -2 p,ulefz

P, =2gp’z

P, :2p2§1(1+g+a+zf—ng +azf)+2p§2 (l+ Lplau+1z} + szzayzf)

P, =-20p’z

By combining Equation (23), €, can be obtained. Its necessary and sufficient
condition needs to be derived through the discriminant and the Dixon resultant.

According to the Dixon resultant, assume that:
0 () =Re[(%.9.2)]
g, (Q)= Im[q(Qc,g,zl)}
1 () 6 ()
(2:4) |a(d)  a(4)

Among them, q,(¢) and q,(#) are obtained by replacing & with the im-

(25)

(2. ¢)

aginary variable Q. The expressions of ¢,(¢) and q,(¢) are as follows:
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o =(1+ 2 Bu+ B+12] + pr} + 1 puzl )l +(-1- p°
~gp’* - pPa~f-L*p’u—z ~*p*afu— pz +gp°z - paz/
- Bz} — U’z — P plapuzl —4pas, —ApziEs, ) O + U plauz!
+49p°2,EQ, + pP +gp’ + pPa+ L plau+ p’zt —gp’ + pPazl  (26)
q, =(—2§1 ~2f& ~22{& ~27}& ~2pg, — 2L pug, - 2pz¢,
218 p,uzfg?z)Qi +2gp°z, Q2 +[2 p%é (1+ g+a+1z} -9z’ +azf)

+2pé&, (1+ Uplau+1z; +1° pzayzfﬂ Q. -29p°y,

Through observation, it can be found that Equation (25) is a polynomial of
deg—1 thatis symmetric about ¢ and Q_, and it can also be understood as a
Dixon polynomial about @, (Q,) and ¢, (€,). Due to its symmetric property,
changing the positions of the elements within the expression will not change its
result, that is, 5(Q,,¢)=05(4,9Q,). The above-mentioned deg—1 represents
the highest order of Q_ in ¢, (Q,) and 0,(€,). Among them,
deg = max(deg (a,(€,)).deg(a, (QC))) deg(q,(€,)) and deg(q,(2,)) also
represent the highest order terms about Q. Any common zero point of ¢, (€2,)
and q, (QC) is also a zero point of & (Qc,¢) corresponding to ¢ . Therefore,
under the condition of the common zero point, the coefficient of the coefficient

5(Q., ¢) in ¢' is zero, which can be expressed in matrix form as follows:

1 0
Q, 0

D(9.2)=| .° |=]. (27)
Q! 0

Among them, i=0,1,2,3,---,deg —1. The coefficient matrix D(g,z)e RY is
called the Dixon matrix, and d =degxdeg .

D, D, D, D,

D(0,2,)= D, D, D, D, o8)
o D9 DlO Dll D12
D13 D14 DlS D16

When the matrix D(g,z,) isa singular matrix, a non-trivial solution of Equa-
tion (26) can be obtained, that is: deg = [D(g, 21)] =0. When g is within a
specific value range, Equation (28) will transform into a 16™-degree polynomial

about z;:
R,=>.R(g)z =0 (29)

Amongthem, 1=0,12,---,16 . The specific expression of the coefficient R, (g)
is quite complex and will not be presented in detail. To obtain the stable interval
ranges of the feedback gain coefficient and the time delay amount, the above al-
gebraic expressions will be numerically solved according to the following steps:

1) Given the initial value of the parameter g, find the roots of the equation
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deg = [D(g, zl)] =0, and substitute the real roots into Equation (21) to obtain
the value of h,.

2) Substitute h, into Equation (20) to obtain the value of e %" Then substi-
tute this value into the characteristic Equation (17), and all the characteristic roots
can be obtained.

3) Among the obtained characteristic roots, filter out the pure imaginary roots
and mark them as Q. Substitute the obtained €}, and h, into the character-
istic Equation (17) to obtain the time delay amount 7;,i=1,2,3,4,---

4) Change the value of the feedback gain coefficient g to make it linearly in-
crease within a certain range until the value of g reaches the set value, and re-
peat the above steps to obtain C, = {(g,r)l Re(CE(D, g,r) < 0)} NC,. The pa-

rameter ranges are as follows:

D={u&, & pa, B,L}={0.1,01~09,0~20.7302,-2 ~ 9,0.4923 ~ 2.5846, 2.5} ;

3.3. Optimization Criterion for Anti-Resonance Points

When optimizing system parameters, the selection of optimization algorithm is
particularly important. In order to achieve accurate vibration suppression of key
frequencies and broaden the frequency band of vibration reduction, the anti-for-
mant optimization criterion can solve the vibration problem of specific frequen-
cies more directly than its optimization method, and achieve the purpose of wide-
band vibration reduction through reasonable parameter design.

Next, regarding the system’s system of differential equations of motion (3), the
amplitude optimization problem of the anti-resonance points is studied by adopt-
ing time-delay feedback active control. The time delay is used to control the am-
plitude of the anti-resonance points and the position of the anti-resonance fre-
quencies, and a criterion for minimizing the amplitude of the anti-resonance
points is designed. To achieve this goal, it is first necessary to obtain the frequen-
cies and amplitudes of the anti-resonance points, and then use the minimum value
of the function to derive the conditions for the minimum amplitude of the main
system as follows:

% g
dQ

2

3QA21 >0

Among them, dA /dQ and d?A /dQ? are obtained according to the ampli-
tude magnification factor expression (7). For a two-degree-of-freedom linear sys-

(30)

tem, the conditions for finding the anti-resonance points are the same as the con-
ditions for the minimum value of the amplitude of the main system. According to
the above conditions for the minimum value of the system amplitude, the fre-
quencies of the anti-resonance points can be obtained. Substituting these frequen-
cies into the expression (7) of the amplitude magnification factor can yield the
amplitudes of the anti-resonance points. For the given system structure parameter
D={u,&.,&, p,a, B, L}, subsequently, by changing the feedback gain coefficient
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and the time-delay amount, the amplitudes of the anti-resonance points can be
adjusted to make them within a sufficiently small range, which is defined as:
min"Al(D,Qc, g,r)" <10™'. According to the above, the optimization criterion
for satisfying the minimum of the anti-resonance points can be obtained as:
daA
dQo_q_
d’A
[0

>0 (31)

Q=Qanii

min|A (D,Q,,9,7)| <10

Among them, Q_. represents the anti-resonance frequency, and

anti
A(D,Q, g,7) is the amplitude of the anti-resonance peak of the system. It is
assumed that C, is not only the interval of g and 7 that enables the system
to operate stably, but also the stable operating interval of g and 7 under the
condition of satisfying the minimum criterion of the anti-resonance points of the

system. Its specific form is:
C,= {(g, 7)|min|[A (D,Q,,9.7)| <10*1} nc, (32)

In order to study the vibration reduction effect of the time-delay feedback active

control on the vibration system at the anti-resonance points, taking the optimal

1
opt

example, the anti-resonance frequency Q, €(0,2) isrestricted, and by changing

structural parameter D, obtained in the passive system in reference [25] as an

the time-delay amount and the feedback gain coefficient, the amplitude A ofthe
main system at the anti-resonance frequency can be obtained. The amplitude-fre-

quency response curve of the time-delay feedback control is shown in Figure 4.
L

10.9

o]

1
—e Dopt'A1

10.8

10.7

0.6

0.5

0.4

0.3

0.2

0.1

Figure 4. The amplitude-frequency response curve of the time-delay active control.
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Within the optimization criterion that the anti-resonance amplitude is less than
0.01, there is an adjustable interval of the feedback gain coefficient g and the
time-delay amount 7 within the range of Q, €(0,2) . However, it can be found
from the figure that the time-delay feedback active control is mainly concentrated
in the high-frequency region, and when the anti-resonance frequency is small, the
time-delay feedback control will fail. Therefore, it is necessary to optimize the de-
sign of the system structural parameters D in combination with the time-delay
feedback control, so that it can achieve the best optimization effect while having a
wide vibration reduction frequency band and frequency band symmetry.

According to the above optimization requirements, the initial values for the op-

timization of the vibration system are given as follows:

Dy ={1.&.&, p.a’, B, L} ={0.1,0.2505,1.0279,0.7302,0,0.8,2.5}  (33)

Then, within the range of structural parameter optimization, the difference be-
tween the initial parameter D, and the final parameter D is divided into N
equal parts, and incremental searches are carried out step by step to obtain the
optimal parameters. In order to ensure the accuracy of the data and at the same
time shorten the search time, N =100 is taken, and the calculation step size is
Ap=(D,-D) / N . The structural parameter of the (h +1)th step is set as
D,., =D, +A,,where D, is the structural parameter of the h" step and

h=0,12,--,N.

Initialize the structural

parameter D,

|
Dy, =*Dh + A,

Obtain the stable interval C|

|

Substitute into the optimization

conduction Equation (7)

Y

h=h+1

End

Figure 5. Flowchart for the calculation of anti-resonance points.

DOI: 10.4236/0japps.2025.153042

651 Open Journal of Applied Sciences


https://doi.org/10.4236/ojapps.2025.153042

H. Wu et al.

Finally, by substituting the structural parameter D,,, into Expressions (31)
and (32), the feedback gain coefficient g and the time delay 7 corresponding
to the condition that satisfies the minimum amplitude criterion of the anti-reso-

nance points can be obtained. The specific process is shown in Figure 5.

3.4. Optimization of the Grounding Negative Stiffness o«

The ground negative stiffness absorber uses a special structure to generate nega-
tive stiffness force, which presents a nonlinear relationship between force and dis-
placement, and can more effectively offset or reduce the exciting force under spe-
cific vibration conditions, and rapidly suppress vibration to achieve better vibra-

tion reduction effect. Its implementation principle is shown in Figure 6.

Y
Rail

¥ .
Connecting rod & X Sliding blocks
b

Figure 6. Schematic diagram of the negative stiffness device.

The two springs in the horizontal plane are preloaded springs, one end of the
spring is fixed on the support, and the other end is connected with the linear bear-
ing slider. The cylindrical guide rail plays a role in fixing and limiting the slider
and the spring, and the slider can slide freely along the cylindrical guide rail.
Among them, the stiffness of the two horizontal springs is k, , the stiffness of the
vertical spring is k, , the angle between the horizontal spring and the connecting
rod is @, the original length of the horizontal spring is L, the spring compres-
sion of the horizontal spring in the equilibrium position is h, and the length of
the two connecting rods is a. When the connecting rod is in the horizontal po-
sition, the vertical spring does not deform.

When the displacement in the vertical direction is X, the following expression
is obtained:

F:ka—Z%(h—a+\/a2—X2)ka (34)
a —x

After derivation of displacement by formula (34), and then dimensionless

quantization simplification, the relationship between dimensionless stiffness and

dimensionless displacement can be obtained as follows:
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_ 22, 2(q _
K. =1-2d d, —d, ++/d; X+ (d,—d,) (35)

2 2
d, —x

In formula (35), the force-displacement relationship of the horizontal negative
stiffness device is completely derived. According to Taylor expansion, it can be
seen that under the condition of small displacement, the higher-order nonlinear

term can be ignored, and the device has good robustness.

16
14

12}
| —<4—a=-0.0808
1T —Aa=0485
- a=-1.09

06 -
04t -

02r 4

02 04 06 08 1 12 14 16 18
g
(b)

Figure 7. The stable intervals of the time-delay amount and the feedback gain coefficient

under different values of « . (a) Three-dimensional diagram of the stable interval of ¢
and 7 (b) Two-dimensional cross-sectional diagram of the stable intervalof g and 7.
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According to the above calculation process of the anti-resonance points, the

optimization design of the system parameter « is carried out first. The values of

1
opt *

stiffness coefficient a so that the optimal value of the stiffness coefficient « in
1
opt

D={u&, &, pa, B,L}={0.1,0.25051.0279,0.7302,—-2 ~ 9,0.8,2.5}  (36)

other system parameters are all those in D, . A value interval is given for the

D!, lies within this interval. The specific structural parameter D. is as follows:

opt

After determining the values of the above structural parameters, the stability
region diagram of the stiffness coefficient, the feedback gain coefficient and the
time delay is drawn as follows:

From Figure 7, it can be found that when « is within the range of (-2,0),
there exists an adjustable interval for the feedback gain coefficient g and the
time delay 7. Moreover, as the stiffness coefficient @ continuously increases,
the adjustable interval for the feedback gain coefficient and the time-delay amount
also keeps expanding. When « €(0,9), sincea stable g,z interval has not been
found, the stability diagram of this region is not presented in the figure.

Figure 8(a) and Figure 8(b) represent the relationship diagrams between the
anti-resonance frequency range of g and 7 ,theamplitude A of the anti-res-
onance point under different stiffness coefficients « . It can be seen from Figure
8(b) that when r € [-1.616,—0.8081], as the stiffness coefficient o continuously
increases, the adjustable width of the anti-resonance frequency gradually increases;
when, as the stiffness coefficient & continuously increases, the adjustable width
of the anti-resonance frequency gradually decreases. From the perspective of con-
trolling the symmetry of the anti-resonance frequency band, there exists an opti-
mal stiffness coefficient o in Figure 8(c). While ensuring thatboth g and ¢
are within the stable range, the frequency band width of its anti-resonance point

also maintains a certain symmetry with the main resonance point.
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Figure 8. The anti-resonance frequency adjustment range and the minimum anti-reso-
nance frequency amplitude of the g and 7 at different o values. (a) Three-dimen-
sional diagram of the relationship between the anti-resonance frequency range and the am-
plitude (b) Cross-section of the three-dimensional diagram (c) Two-dimensional diagram
of the optimal « .

2

Record the stiffness coefficient o, =

—1.4444 marked by the purple triangle
in Figure 8(c) as the optimal value. The specific range of the adjustable anti-res-
onance frequency band corresponding to this point is

(9, Q. ) =(0.5606,1.4434) . Take the value of the above optimal stiffness coef-
ficient « as the initial value for the second-step optimization. At this time, the

optimal structural parameters of the system are as follows:
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opt —

Di ={1.8.&, p.a’, B, L} ={0.1,0.2505,1.0279,0.7302,~1.4444,0.8,2.5} (37)

Under these structural parameters, the requirement for the symmetry of the
adjustable anti-resonance point frequency band still has a large gap compared

with the expected value, and it is necessary to further optimize other parameters.

3.5. Optimization of the Main System Damping &

Next, carry out the optimization design of the system parameter & . Similarly,

161

121 _4_§1=0.116

~ 1F —-A—--§1=0.302
egl T »-£,=0.383
06
04r
02 1
0 . . \
0 0.5 1 1.5 2

9
(b)
Figure 9. The stable intervals of the time-delay amount and the feedback gain coefficient
under different values of £ . (a) Three-dimensional diagram of the stable interval of g

and 7 (b) Two-dimensional cross-sectional diagram of the stable intervalof g and 7.
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follow the above calculation process of the anti-resonance points. The values of

2

other system parameters are all those in D, . Give a value interval for the stiff-

ness coefficient & so that the optimal value of the damping coefficient & in
DZ 2

opt opt

D={u,&,& pa,B,L}={0.10.1~0.91.0279,0.7302,-1.4444,0.8,2.5} (38)

is within this range. The specific structural parameter D, is as follows:

After determining the values of the above structural parameters, the stability
region diagram of the main system damping, the feedback gain coefficient and the
time delay is drawn as shown in Figure 9.

It can be found from Figure 9 that when ¢ is within the range of (0.1,0.9),
there exists an adjustable interval for the feedback gain coefficient g and the
time delay amount 7 . Moreover, as the main system damping ¢ continuously
increases, the adjustable interval for the feedback gain coefficient and the time
delay amount also keeps expanding.

Figure 10(a) represents the relationship diagram between the anti-resonance
frequency range of the time-delay quantity g and the feedback gain coefficient
7 and the amplitude A of the anti-resonance point under the main system
damping ¢& . It can be seen from Figure 10(b) that there exists an optimal main
system damping ¢ . While ensuring that both g and 7 are within the stable
range, the frequency band width of its anti-resonance point also maintains good
symmetry with the main resonance point.

Record the main system damping &, =0.4797 marked by the blue five-
pointed star in Figure 10(b) as the optimal value. The specific range of the adjust-
able anti-resonance frequency band corresponding to this point is
(9, Q4 ) =(0.4445,1.6196) . Take the value of the above optimal main system
damping & as the initial value for the third-step optimization. At this time, the

optimal structural parameters of the system are as follows:

10.9
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§ 0.7
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105
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Figure 10. The anti-resonance frequency adjustment range and the minimum anti-reso-
nance frequency amplitude of the g and ¢ at different & values. (a) Three-dimen-

sional diagram of the relationship between the anti-resonance frequency range and the am-
plitude (b) Two-dimensional diagram of the optimal &, .

Dy ={u.&%.&, p.a’, B,L} ={0.1,0.4797,1.0279,0.7302,-1.4444,0.8, 2.5} (39)

opt —

3.6. Optimization of the Main System Damping S

Finally, optimize the inerter ratio. Within the optimal working range of the inerter,
select the inerter ratio £ that simultaneously meets the best adjustable intervals
of g and 7 for optimization design. The values of other system parameters
are all those in D . Give a value interval for the inerter ratio S so that the

optimal value of the inerter ratio f in D

oot 18 within this range. The specific

structural parameter D is shown in Equation (40).

D= {,u,fl,iz, p,a,p, L} = {0.1,0.4797,1.0279, 0.7302,-1.4444,0.4 ~ 2.5, 2.5} (40)

After determining the values of the above structural parameters according to
the cyclic process, the stability region diagram of the main system damping, the
feedback gain coefficient and the time delay is drawn as follows:

It can be found from Figure 11 that when £ is within the range of (0, 2.48) s
there exists an adjustable interval for g and 7. Moreover, as the inerter ratio
£ continuously decreases, the adjustable interval for the feedback gain coeffi-
cient g and the time-delay quantity 7 keeps expanding.

Figure 12(a) shows the relationship diagram between the anti-resonance fre-

quency range of g and 7 .and the amplitude A of the anti-resonance point
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under the inerter ratio /. As can be seen from Figure 12(b), there exists an op-
timal inerter ratio # . While ensuring that both g and 7. are within the stable
range, the frequency-band width of its anti-resonance point maintains good sym-

metry with the main resonance point.
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Figure 11. The stable intervals of the time-delay amount and the feedback gain coefficient
under different values of /. (a) Three-dimensional diagram of the stable interval of g
and 7 (b) Two-dimensional cross-sectional diagram of the stable interval of g and 7.
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Figure 12. The anti-resonance frequency adjustment range and the minimum anti-reso-
nance frequency amplitude of the g and ¢ at different S values. (a) Three-dimen-
sional diagram of the relationship between the anti-resonance frequency range and the am-
plitude (b) Two-dimensional diagram of the optimal /.

Record the inerter ratio S =1.0222 marked by the triangle in Figure 12(b) as
the optimal value. The specific range of the adjustable anti-resonance frequency
band corresponding to this point is (€, ,Q,,)=(0.29651.7809) . Take the
value of the above optimal inerter ratio [ as the initial value for the fourth-step
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optimization. At this time, the optimal structural parameters of the system are as
follows:

D3, = {188, p.a?, 7, L} ={0.1,0.7390,1.0279,0.7302,~1.444,1.0222, 2.5} (41)

4. Verification and Analysis

In the third subsection, the optimal structural parameters of the time-delay feed-
back control system were obtained by using the anti-resonance point optimization
criterion, as shown in Table 1. D, represents the optimal parameters when there
is no active control of the main system damping and time-delay feedback.
D, ~ D, represents the results of gradual optimization after the introduction of
active control of the main system damping and time-delay feedback. Among them,

D, represents the optimal parameters after the optimization is completed.

Table 1. Optimal structural parameters.

Structural parameters D, D, D, D,
M 0.100 0.100 0.100 0.100
& 0.2505 0.2505 0.4797 0.4797
& 1.0279 1.0279 1.0279 1.0279
p 0.7302 0.7302 0.7302 0.7302
B 0.800 0.800 0.800 1.0222
a 8.923 —1.4444 —1.4444 —1.4444
L 2.5 2.5 2.5 2.5

g,A1><50

15 o5

Figure 13. The anti-resonance frequency range of g and 7, and the minimum ampli-
tude at the corresponding frequencies.
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In this chapter, by applying the cyclic flowchart shown in Figure 5, the anti-res-
onance frequency range and the minimum amplitude diagram at the correspond-
ing frequencies for the optimization results of the structural parameters at each
stepin D, ~ D, are obtained. The comparison results are shown in Figure 13.

In order to verify the effectiveness of the anti-resonance point optimization
method, this subsection will verify the above optimization results. The optimal
structural parameters D, will be selected and substituted into the characteristic
equation of the system, and stability verification, frequency domain verification

and time domain verification will be carried out respectively.

4.1. Stability Verification

Now that the optimal structural parameters D, of the system have been obtained,
the CTCR method [26] is continuously used to conduct stability verification on
the parameters D,. Replace the structural parameters D in equation C, in
Subsection 3.2 with the optimal system parameters D, to obtain C, under the
optimal parameter range, that is: ADSDA; Similarly, replace the structural param-
eters D in equationC, in Subsection 3.3 with the optimal system parameters
D,, and replace C, with C, to obtain the stable interval C, of the feedback
gain coefficient and the time delay quantity that satisfy the criterion of the mini-
mum amplitude of the anti-resonance point and are stable,
C, ={(g,7)Imin|[A (D;, Q. 9,7)| <107} NCy;5

The range of its stable interval is shown in Figure 14. Below the solid blue
square line in the figure represents the stable range of C,, and below the red dot-
ted line represents the stable range of C,. Select five points of T,,T,,T,,T,, T, at
the same interval on C,. Only T, T, and T, are marked in Figure 14(a), and
their coordinates are (1.541,0.873), (1.749,0.703) and (1.749,0.703) re-
spectively.
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Figure 14. The stable intervalof g and 7 under the system parameters D,.(a) CTCR
method (b) Numerical method.

In order to verify that the gain coefficient and time delay corresponding to the
points on the C, curve can make the system stable, first, substitute the complex
number S=a+ib into the characteristic Equation (17) and expand all polyno-
mials; then use Euler’s formula ™ =™ [Cos(br) —isin (br)] to deal with the
exponential terms; finally, organize the characteristic equation into the real part
Re(CE) and the imaginary part Im(CE). Substitute the values of g and 7
corresponding to the above five measurement points into the expressions of the
real part and the imaginary part, and the structural parameter values are still the
optimized structural parameters D, in the fourth step. By solving the simulta-
neous equations of Re(CE)=0 and Im(CE)=0 numerically, the values of
a and b can be obtained.

According to the above steps, the characteristic root with the maximum real
part of the characteristic Equation (17) is obtained, and the results are shown in
Figure 14(b). As can be seen from Figure 14(b), the real parts of the characteristic
roots of the five measuring points are all less than 0. This indicates that g and
7 on the C, curve can make the system stable. Subsequently, the anti-reso-
nance amplitude verification will be carried out by taking the three measuring

points marked in Figure 14(a) as examples.

4.2. Frequency Domain and Time Domain Verification

According to Figure 14(a), the values of the corresponding gain coefficient and
time delay can be determined. By substituting the coordinates of these three meas-
uring points into Figure 13, the anti-resonance point frequencies Q, correspond-
ing to these three points can be determined as: €, =0.5135, Q_,=0.9069,
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Figure 15. The amplitude-frequency response curves corresponding to the three points of
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Figure 16. The time history curves corresponding to the three points of

Substitute g and 7 corresponding to the three points of T,,T,,T;, as well

664

as the optimal structural parameters D, into the amplitude Equation (11), and
draw the amplitude-frequency response curves corresponding to these three

t
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points as shown in Figure 15. It can be seen from the figure that the anti-reso-
nance amplitudes corresponding to the three measuring points all meet the re-
quirements of the anti-resonance optimization criterion (thatis A <107), and
their corresponding anti-resonance frequencies are the same as the values in Fig-
ure 13.

Finally, a time-domain verification is carried out for the three points of

T,,T,,T; . The anti-resonance frequencies €2, corresponding to these three

a
measuring points are selected as the external excitation frequencies. After substi-
tuting the known parameters into the dimensionless Equation (3-3), the dde23
function in Matlab is used to solve Equation (3). The time t = 5008 is selected, and
the time history curves of the three measuring points are drawn as shown in Fig-
ure 16. It can be found from the figure that the amplitudes of the three measuring
points gradually decrease and converge over time, indicating that the system tends
to be stable. From the locally enlarged view, it can be found that the amplitudes of
the three measuring points are all within 0.1, which meets the conditions set by

the optimization criterion.

4.3. Comparison of Vibration Reduction Effects of Different
Vibration Absorber Models

In order to further analyze the excellent vibration reduction performance of the
dynamic vibration absorber with time-delay feedback control, the optimized re-
sults are quantitatively compared with the vibration reduction effects of the other
two types of dynamic vibration absorbers. Taking the measuring point T, asan
example for the optimization results in this paper, the structural parameters used
are represented by D,, and the optimal parameters of Xing and Yang are repre-
sented by P, and R, respectively. The parameters are shown in Table 2, and
the amplitude-frequency response curves of the three different dynamic vibration

absorbers are drawn as shown in Figure 17.

Table 2. Comparison of optimal structural parameters.

Structural parameters Xing Yang D,
H 0.100 0.100 0.100
& 0 0 0.4797
& 0.5415 1.0279 1.0279
p 0.6931 0.7302 0.7302
B 0 0.800 1.0222
a -0.5592 8.9230 —1.4444
L 2.5 2.5 2.5

It can be seen from Figure 17 that when the external excitation frequency is
within 3, the time-delay negative stiffness dynamic vibration absorber with an in-

erter designed in this chapter has achieved a very good vibration reduction effect.
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Compared with Xing’s vibration absorber model, it has significantly broadened
the vibration reduction frequency band. When compared with Yang’s vibration
absorber model, it has excellent vibration reduction characteristics throughout the
entire frequency range. Moreover, at the anti-resonance point, the dynamic vibra-
tion absorber designed in this paper can almost completely absorb the vibration.
This can effectively prevent the main system from generating large-amplitude vi-
brations at specific frequencies, ensuring its operational stability and safety, and
preventing problems such as structural damage and performance degradation

caused by resonance.

25 I I 1 I L
—@— Present Study
Xing
ot ===Yang J

0 0.5 1 1.5 2 2.5 3

Figure 17. Comparison of the amplitude-frequency response curves of different vibration
absorber models.

5. Conclusions

The model proposed in this paper combines the dual advantages of negative stift-
ness and amplifying mechanism, which not only has excellent performance in vi-
bration reduction effect, but also needs to be applied to practice in engineering
implementation in combination with precision mechanical design and active con-
trol technology. In the future, it is expected to reduce the vibration of dynamic
vibration absorbers combined with negative stiffness and amplifying mechanisms
in ships, machinery, construction, transportation and other fields. According to
the above research, the following conclusions can be drawn:

1) When the time-delay feedback control is not considered, the optimal param-
eter expression of the system under passive control is obtained by using the H_
optimization criterion, and the optimal working range of the inerter is calculated.
Within this range, the DV A has a good vibration reduction effect.
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2) When the time-delay feedback control exists, the characteristic equation of
the system is a transcendental equation containing exponential terms. The stabil-
ity analysis of the system is carried out through the CTCR method and the Dxion
resultant, and the corresponding optimization criterion for the anti-resonance
peak is designed.

3) As the negative stiffness coefficient « continuously increases, the stable in-
tervals of the feedback gain coefficient g and the time-delay quantity 7 also
keep expanding. Under the condition of meeting the optimization criterion for
the anti-resonance point, there exists an optimal negative stiffness value that can
make the anti-resonance frequency band width the widest while maintaining good
symmetry.

4) As the damping & of the main system continuously increases, the stable
intervalsof g and 7 keep expanding, and the width of the adjustable anti-res-
onance frequency first decreases and then increases. Under this condition, there
exists an optimal damping & of the main system, which can make the adjustable
anti-resonance point frequency band have good symmetry with respect to the
main resonance point, and at the same time, ensure that the adjustable anti-reso-
nance point frequency band has a certain width.

5) Within the optimal working interval of the inerter ratio [, as the inerter
ratio continuously increases, the stable intervals of g and 7 gradually de-
crease, while the width of the adjustable anti-resonance frequency first decreases
and then increases. Under this condition, there exists an optimal inerter ratio [
that enables the adjustable anti-resonance point frequency band to have good
symmetry with respect to the main resonance point and at the same time ensures
the bandwidth of the anti-resonance point frequency band.

6) Within the stable interval of the system, there exists a set of optimal values
for the feedback gain coefficient and the time-delay quantity. At the anti-reso-
nance point, compared with the vibration absorber models of Xing and Yang, the
dynamic vibration absorber designed in this paper can greatly absorb and dissi-
pate the vibration energy of the main system.

7) Through the innovative combination of negative stiffness elements and am-
plifying mechanism, the dynamic vibration absorber model significantly broadens
the damping frequency band in theory, and provides theoretical support and de-
sign basis for the dynamic vibration absorber combined with negative stiffness

and amplifying mechanism.
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