4

X/
*

Scientific
0“‘ Research
94% Publishing

()

%

Open Journal of Applied Sciences, 2024, 14, 3695-3705
https://www.scirp.org/journal/ojapps

ISSN Online: 2165-3925

ISSN Print: 2165-3917

Applying the General Riccati Equation to
Construct New Solitary Wave Solutions with
Complex Structure of Burgers-Fisher Equation

Bicheng Wu?, Hongyan Pan?*

'Faculty of Science, University of Adelaide, Adelaide, Australia

Institute of Plasma Physics, Hefei Institutes of Physical Science, Chinese Academy of Sciences, Hefei, China

Email: *hongyan.pan@ipp.ac.cn

How to cite this paper: Wu, B.C. and Pan,
H.Y. (2024) Applying the General Riccati
Equation to Construct New Solitary Wave
Solutions with Complex Structure of Burg-
ers-Fisher Equation. Open Journal of Ap-
plied Sciences, 14, 3695-3705.

https://doi.org/10.4236/0japps.2024.1412241

Received: November 26, 2024
Accepted: December 28, 2024
Published: December 31, 2024

Copyright © 2024 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract

In the realm of nonlinear physics, it is crucial to establish precise traveling
wave solutions and solitary wave solutions for a variety of nonlinear models,
as this aids our exploration of these fields. In this paper, we propose a new
method to construct precise solitary wave solutions if nonlinear equation with
complex structure. As an application, we employ this method to solve the
Burgers-Fisher equation, yielding a multitude of new solitary wave solutions.
This approach demonstrates a broader applicability in addressing nonlinear
evolution equations (NLEEs).
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1. Introduction

Most physical processes could be expressed as nonlinear evolution equations
(NLEEs). The exploration of NLEEs has penetrated into various fields of natural
science, such as hydrodynamics, optics, plasma, condensed matter physics, ele-
mentary particle physics, material physics, ocean engineering, astrophysics and
biology, etc. [1]-[6] The exact solutions of NLEEs could be helpful to the under-
standing of the mechanism of many nonlinear phenomena and the processes in
these different fields of natural science. It is very important to search for the ana-
lytical and numerical solutions of NLEEs, which has important physical and prac-
tical significance to study their characteristics, wave parameter information and

their applications.
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In recent years, a lot of fruitful work has been carried out in solving NLEEs. In
various literatures, many powerful and effective methods have been proposed, for
example, F-expansion method [7] [8], tanh-sech method and the extended tanh-
coth method [9] [10], Jacobi elliptic function method [11] [12], auxiliary equation
method [13]-[15], and so on. Most methods give various types of traveling wave
solutions and solitary wave solutions for some special nonlinear equations. Among
these methods, the auxiliary equation method is based on these original methods
by introducing auxiliary equations to construct exact solutions of NLEEs. A suit-
able auxiliary equation could greatly simplify the solution process and give various
complex forms of exact traveling wave and solitary wave interaction solutions,
which has the great potential for most models.

In this research work, we solve the general Riccati equation through several dif-
ferent function transformation and obtain many new types of hyperbolic function
solutions, which greatly extend the earlier Riccati equation method [16]. We use
this general Riccati equation as an auxiliary equation to solve NLEEs and obtain
many new types of solitary wave interaction solutions. As application, the solu-
tions of Burgers-Fisher equation are discussed by this method. The result shows
this modified method presents a wider applicability for handling NLEEs with a
simplified process.

The manuscript is organized in the following way: in Section 2, the auxiliary
equation with Riccati equation has been constructed, which gives abundant hy-
perbolic function solutions. This part is the theoretic basis of this paper. In Section
3, the main steps of the scheme are described in detail. This method is used to
solve Burgers-Fisher equation to prove the wider applicability for handling NLEEs

with a simplified process. Finally, the summary is given in Section 4.

2. Construction of Auxiliary Equation and its Abundant
Hyperbolic Function Solutions

In Ref. [16], by using the following Riccati equation
(&)= 15(5)+u (1)
The following hyperbolic function solutions are obtained

(&)= tanh(y=4-&),(u<0) 2)
(&)=~ -coth(y=s &), (u<0) (3)

This method is simple and effective, and can be used to solve constant coeffi-
cient, variable coefficient, high-order and high-dimensional NLEEs. In this paper,
we first consider the Riccati equation in the following general form [17]:

f'(&)=p,- F2(&)+q (4)

where p, and ¢ are constants to be determined later. From Equations (2) and

(3), we can know Equation (4) has the following simple form hyperbolic function
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solutions:

f(5):tanh(§),(p1:—1,q1:1) (5)
f(5):00th(§)1(p1:_1!q1:1) (6)

Next, we construct a new form of auxiliary function g(&) to solve Equation

(4), which satisfies the following relationship:
[9'(&)] =p,-0%(¢)+a, (7)

where p, and @, are constants to be determined later. It is easy to know that

Equation (7) has the following hyperbolic function solutions:
g(&)=sinh(&),(p, =14, =1) 8)
g(f):COSh(§)1(pz:llqzz_l) 9

Equation (7) can be generalized to the following solutions:
9,(&)=[sinh(&) £ cosh(&) " (p,=n*.0,=0,n20) (10)

9,(£)=C, -sinh(&)+C, -cosh(£),(p, =1, =C; —C/,C; +C #0)  (11)

93(§)=\/C0.sinh(§)+g.c1.cosh(§)im’
1 1
(pz 3% :igm,Cth #0,5? :1)

Equation (10) is a set of solutions containing a large number of integral, frac-

(12)

tional, surd and exponential hyperbolic functions. It is obvious that Equation (11)
contains the solutions represented by Equations (8) and (9). Equation (11) is a
generalization of Equation (10) in the solution of quadratic root hyperbolic func-
tion, which has also not been found in previous studies. When C;=C,, Equation
(12) degenerates to a set of solutions in Equation (10). In order to simplify the

formula as much as possible, in the following, we make:

A=C,-sinh(&)£C,-cosh(&)
B=C,-cosh(&)+C,-sinh(&) (13)
c

C =[sinh(&)+cosh(&)]'

Then suppose Equation (4) has the following formal solution:

g'(¢)
£(&)= (14)
( ) g (5) +r
where I is a constant to be determined later. Substituting Equation (14) into
Equation (4) and using Equation (7), We can obtain the hyperbolic function so-
lutions in the following form

B

1 1
f = | p=->,4,=-,C>C; 15
O e U KR Ca) s
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B
f,(§)= :
’ 2-(A+e-,/cf—c2 i\/zg-,/cf—cg \/A+g-,/cf—c§j

(16)
1 1
(pl = _qul :glclz > Cozlg2 :1]
Again suppose Equation (4) has the following formal solution
f(é):g(§)~g(§) (17)

g?(&)+r

where I is a constant to be determined later. Substituting Equation (17) into
Equation (4) and using Equation (7), We can obtain the following hyperbolic
function solution:

A-B
fs (5) = cZ_c2
A? 201

2

It is obvious that h(&)=1/f (&) is also the solution of Equation (4) in the

condition of p/=-0,, 0, =—p,. Equations (5) and (6) are a pair of solutions

(p=-20=2C=C7) (18)

satisfying this condition. Therefore, the following three equations are also the so-

lutions of Equation (4)

f4(§)=—Ai VG =G ( =1 1,cf>c§J (19)

B 7%

2-(A+,/cf—<:2 i\/Zg-JCf—COZ ~\/A+g-«/Cf—C02)
B B

f 1
5(¢) 0
1 1
(pl =—§,q1 :E,Clz >CZ &’ zl)
A +7C02 ~C/
f6(§):—21(p1:_21q1:2,C02¢C12) (21)
A-B
Then we introduce a more general Riccati equation in the following
2(&)=py-2°(£)+05-2(£)+1, (22)

where p;, 0, and r; are constants to be determined later. We first use Equa-
tion (7) and the following form solution to solve Equation (22)

Then, we use the following form

f()
)= TG 1@ =

where k and r are constants to be determined later. Solving this case, we can
obtain
Family VI: p,=-q, - pk® g,=2pk,r,=—p,,r =0,k eR (24)
Family VII: p, =-4q, - Pk’ q,=2pk,r,=—p,r= —%, keR (25)

1
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So the solutions write as

_ A+,/CZ-C? -
a(8) sk (Arye ) =

where p, :_E+?’q3 =-k,n, :%,Cf >CZkeR.

2-(A+g-,/cf _C? i\/zgw/cf —C? \/A+g-,/cf -c? )

Zz(‘f): (27)
B+2k-(A+g-1/C12—C2 i\/2£~1/C12—C02 -\/A+g-1/C12—C§j
1 k? 1
where p3:—§+?,q3:—k,r3:E,Cf>C§,gz:1,keR.
A2 4 C2 C2
2
7,(¢)= o (28)
A-B+k~(A2+°1j
2
where p,=-2+2k?q,=—4k,r,=2,C. 2C> keR.
B
(&)= (29)
() A+k-B=,/c?-C?
1 k2 2 2
where p3=—§+ 0 = kr—z,Cl >Cy,keR.
(&)= (30)
(A+g«/C2 “CZ 425 JCZ CZy[A+s-CI-C2 )+k B
1 k? k 1
where p3=—E+?,q3=—Z,r3:§,C12>C02,.92:l,keR.
A-B
ze(§)= o (31)
A’+k-A-B+=2 1 2

where p,=-2+2k% q,=-4k,r,=2,C. #C’ keR.

B-(AiJQZ —cg)

2,(¢)= (32)

2
B? +k.B.(Ai,/cf —c )+(AJ_rJCf —Cg)
2

where p, =—2+k7,q3 =k, :%,Clz >ClkeR.

ZB~(A+5-1/C2—CZ )2 \[CF—CL \[A+e-JCT-CE cz—cz)
B? + 2k B(A+51/CZ CZ + 26 JC7—CZ -\[A+z-Jci-C? 2) (A+51/cz C +\26-\Jci—¢7 - [a+afci-c? Zj

(33)

%,(¢)=
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h —1k2 —k—lzzz—lkR
where p3——§+7,q3—— ,r3—E,C1>CO,£ =1keR.

A~B-[A2 +C§—ij
2
29(5): (34)

2 2 2 ~2)?
A282+k-A~B(AZ+C02C1j+(A2+C°2C1]

where p,=-8+2k? q, =—4k,r, =2,C2 #C? ke R.
In this case, when r =0, the solutions corresponding to ]/ f (&) arethe same

as that corresponding to  f (£), so we don’t give the solutions for f, (&), f;(&)
and f(&).

3. Main Steps of the Scheme and Application

We consider the following NLEE

N (u,u,u,,u

t Fx Il'u

Ug,)=0 (35)

xt? XX'.‘

Then suppose Equation (35) has the following traveling wave solution
u(x,t)=u(&), &=pux+ct (36)

where u and c are pending wave parameters. Substitute Equation (36) into
Equation (46), and Equation (35) becomes an ordinary differential equation with

the following form:

N (u,u’u",---)=0 (37)

where U’ represents du/d&. We assume that Equation (37) has the following

formal solution:
u(é)=2r,az (¢) (38)

where @ are constants to be determined later and 7'(&) satisfies Equation
(35). The positive integer n can be obtained by the homogeneous balance be-
tween the dominant nonlinear term and the highest order derivative of u(&) in
Equation (37). In our method, the complex formal solution can be put in the solv-
ing process of the general Riccati Equation (22), because its solving process is rel-
atively simple. The advantage of this is that on the one hand, it can greatly simplify
the solution process of NLEEs, on the other hand, many complex solutions are
actually the same group of solutions after simplification, but the simplification

process is extremely complex, and we can exclude the same solutions by doing so.

Burgers-Fisher Equation
The following Burgers-Fisher equation [18] is considered
U +u-u +u, +u-(1-u)=0 (39)

The traveling wave Equation (36) is substituted into Equation (39) and inte-

grated once, and then the integration constant is set to zero to obtain
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I+

cu’+ puu’+ p’u" +u(l-u)=0 (40)

Considering the homogeneous balance, the formal solutions of Equation (39)

can be expressed as

u(¢)=a,+a,f () (41)

Then substituting Equation (28) into Equation (40) and using Equation (22)
yields a set of algebraic equations for a,, &, x and c.Allterms with the same
power of z(§ ) together are collected and equate each coefficient to zero. At the
end, solving the algebraic equations, &,, @, x4 and ¢ can be obtained as fol-

lows:

(42)

Q§ —4p,r,

Thus, by selecting different solutions of Equation (22), the new solitary wave

solutions of Equation (40) can be written as
A+e-\Cl-C¢

K-}-[_l_{_k_zj.

27 2 2 B+k-(A+g-1/Cf—C02)

where &= -l _idce 2 g2 =
—,uX+Ct,,u—+E,C—J_rZ,C1 >C,e"=LkeR.

. 2-(A+g~JCf—C§ +4e\26-CE—C .\/A+g.,/cf—c§)
__+kﬁ.
( 4 B+2k(A+g-‘/Cf—CO2+/1~\/25~~/Cf—002 -\/A+g~,/Cf—C§j

where (f:,uX+Ct,,u:$l,C:i%,Cf >C02,g2 =1,1*=1keR.

1

u(§)=37 (43)

(44)

Co2 - Clz

2
+C§—ij

A 4

(45)

A~B+k-[A2
2

1

=t
16

1 Kk?
_+_
2 2

where &=pux+ct,u=7% ,C2#C2keR.

B

- (46)
A+k-B+g-4/CT—C?

U, (5):%$gi(_
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[E

where (§=,uX+Ct,,u=$—,C=i%,Cf >CZ,e”=1keR.

N

2
us(é)%%i[—u'ﬂ B (47)
2~(A+g-1/Cf—C§+/1-\/25-1/C12—C§-\/A+g-1/C12—Cozj+k-B
where é:,ux+ct,/1:$l,C:ig,Cf>C§,82:1,/12:1,keR.
1 _k 1 k? A-B
”6(‘5):51?(‘?7} S (4
2A? +k-A-B+20
_1 5 2 2
where g‘:,uX+Ct,y=+§,C=iE,Co:tCl,keR.
1 k k2 B-(A+S-ﬂC12—C02)
U7(§):E$Zi(—l+7j 2 (49)

B? +k-B(A+g~,/Cf —c )+(A+g-,/cf —cg)

where g‘:,ux+ct,,u:$%,C:ig,Cf >CZ,e”=LkeR.

ZB~(A+5-JC12—C§ A \f2eJci-ci -\/A+g-./Cf—C§)
Bz+2k~B~(A+g-\/Cf—C§ 226 JcE-c ~\/A+g-1/Cf—C02)+(A+g-«/Cf—C§ +3\f26-JCT—CE y[A+e-JCE-C jz

(50)

where &=pux+ct,u=7 ,C=i§,Cl2 >CZ,e*=1,4"=1keR.

A-B-[Az +COZ_C’12J
2

22 2 ~2\?
AZBZ+koA-B~[A2+C°2C1J+(A2+C°2C1j

N

2
ug(§)=1¢5+(—1+"7]- (51)

2 4

where é:,ux+ct,,u:$i,C:i S

—,Cg ¢C12,keR.
16 32

4. Examples of Solitary Wave Solutions in Fluids

In this section, we discuss the dynamic characteristics of some solutions by choos-
ing some special values for the parameters in these solutions. Figure 1 and Figure
2 present two-dimensional and three-dimensional images of two sets of solutions
to Burger Fisher equation, representing the propagation of kink solitary wave and
traveling wave in fluids. These solitary wave and traveling wave maintain constant
amplitude, velocity, wave number, and width during propagation, ensuring the

stability of the waveform.
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0.65|

0.35" '
—20 -10 0 10 20
X

Figure 1. Three-dimensional plot (a) and two-dimensional evolution (b) in (X, #) phase space of a kink-solitary wave represented of
Burgers-Fisher equation under the conditions of + symbol is taken as —, ¥ symbol is taken as +, ¢ =1, 1=1, C =2 and
C,=1.

20
— =5
— =0
100 =5
15+ 1B ]
80
o 60+ -
40- S
20+
5
0
10 10
0- —
y 5 210 -5 0 5 10
-10 -10 t x

Figure 2. Three-dimensional plot (a) and two-dimensional evolution (b) in (x, # phase space of a traveling wave represented by of
Burgers-Fisher equation under the conditions of + symbolistakenas—, F symbolistakenas+, ¢=1, C,=2 and C,=1.

5. S ummary

Applying the general Riccati equation, the abundant hyperbolic function solutions
are successfully constructed for the complex structure. Using this method, the
well-known nonlinear wave equation, Burgers-Fisher equation, is handled easily.
As aresult, abundant new types of solitary wave solutions are obtained by treating
the general Riccati equation differently, many of which have not been found in
other documents. The performance of this method is reliable and effective. More
solutions are given by this method, which may be related to the mechanism of
some nonlinear phenomena and processes in the different nature science, such as
hydrodynamics, optics, plasma, etc. This part will be discussed in the further work
for the specified physics process. The application of this method to the Burgers-
Fisher equation proves that this method has the potential to establish more
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entirely new solutions for other kinds of nonlinear wave equations, which will be

done next step.
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