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Li, F.H. (2023) An Inverse Eigenproblems . . .
for Pseudo-Symmetric Matrices. Open 1D this paper, we explore the inverse spectral problem for a kind of pseu-
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when all e=1. The problem of reconstructing pseudo-symmetric matrices
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1. Introduction

The inverse eigenvalue problem for pseudo-symmetric matrices (PIEP) is the
issue of reconstructing a matrix with a prespecified structure from given eigen-
data. For example, Xu [1] reconstructed the pseudo-Jacobi matrix using its spec-
trum and the spectra of the two complementary principal matrices. Following
this, Xu [2] [3] reconstructed both the modified pseudo-Jacobi matrix and the
doubly periodic pseudo-Jacobi matrix. Su [4] [5] reconstructed the pseudo-Jacobi
matrix and a special acyclic matrix using the spectral data obtained from its ma-
trix. In addition to the previously discussed inverse spectral problem for pseu-
do-symmetric matrices, we know that one means of describing the structuring of
a matrix is to denote it by its corresponding graph, and several authors have in-
vestigated the problem of describing the inverse of a constructed matrix in terms

of a graph. As in references [6] [7] [8] [9] has investigated inverse eigenvalue
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problems for certain matrices with special graphics. Moreover, the literature [10]
[11] [12] [13] has examined inverse eigenvalue problems for matrices utilized in
different fields, including mechanical vibration, control theory, pole distribution
and graph theory.

Given an Nxn symmetric matrices A= ( a; )nxn, the graph of A, denoted as
G(A), is a graph that comprises vertex set V (G)={1,2,---,n-1,n} and edge set
E(G)= {ij gy #0,i# j} . For a graph G with n vertices, S(G) denotes the set
ofall nxn symmetric matrices which have Gas their graph. An acyclic matrix is a
matrix whose graph forms a double starlike tree [13]. Simple examples of acyclic
matrices include those with graph representations as paths, stars, and banana trees.

The focal point of this paper is to investigate the inverse eigenvalue problem
for pseudo-symmetric matrices with the graph as an (C,s)-banana tree when all
¢=1 and referred to as PIEPB (€C,S). An (C,S)-banana tree, is a graph
created by attaching one leaf of each of ¢ copies of a s-star graph with a single
root vertex that is distinct from all the stars, where ¢>1,s>3 and n=cS+1,
marked as follows: the root vertex is labeled by 1, the vertices of distance 1 from
the root vertex as the intermediate vertices is labeled by (i—1)s+2, the center
of every (S,) is labeled by (i—1)s+3 and leaves of the center is labeled by
j= (i —1)S+4,---,is +1i=12,---,c (Figure 1), defined in [14], research on ba-
nana trees in literature [15] [16]. For example matrix A e A(Z, 4) of an

(2,4) -banana tree is of the following form:

fa b, by

bl,Z &, bz,s
bs & by, by
b3,4 8
A= b3,5 a5 >
b1,6 E b6,7
by & b by

b 2
by 3

Based on the inverse spectral problem for matrices whose graph is a banana
tree, we improve their matrices and continue to study the inverse spectral prob-

lem for the pseudo-symmetric matrices. For example pseudo-symmetric matrix
A e A(e, 2, 4) is of the following form

a by, b6
61,2bl,2 &, bz,a
62,3bz,3 a; b3,4 b3,5

€5.4054 &y
A= €35D35 a5 >
€606 2 bs 7
€6,705.7 a; b g b g
€405 E
€7.007.9 8
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Figure 1. An (2, 4)-banana tree.

where main diagonal a=(a,, az,---,ag) € R and the two first lower and upper
off-diagonals b_ (blz, - 79) and b = (61,2b1,2"“’67,9b7,9) , with all b>0
and all ee {1, l} . If all e=1, the pseudo-symmetric matrix .A(E,C,S)
changed to the symmetric matrix A(c,s).

PIEPB (6, c, S). Given different numbers

e A e A e A0 2O € R,

]

construct an Nxn matrix A € A(E,C,S) such that 11(1) and /1](” are the
eigenvalues of A;, j=12,---,n, the leading principal submatrix of A, respec-
tively.

The structure of this work is organized as follows. In Sect.2, some properties
of pseudo-symmetric matrix .A(¢,C,S) were given. In Sect.3, the necessary and
sufficient conditions for the solvability of an inverse eigenvalue problems of
pseudo-symmetric matrix A(e,C,S). In Sect.4, the evolutionary plots of the
distribution of eigenvalues of low-order leading principal submatrix were drawn
through algorithm and numerical simulation, indicating the accuracy of the re-

sult. Finally, in Sect.5, the conclusions are presented.

2. Preliminaries

Lemma 2.1. Let A €A(e.C,S) and let A; be the jxj leading principal
submatrix of A, with characteristic polynomial
; (2)= det(llj - A ), j=1---,n. Then the sequence {gyj (/1)}2:1 satisfies the

recurrence formulae
o(d)=4-a,
o;(4)=(2- a)(pj_l(/z)—qufjdet(sf),j:(i—1)s+2,i:1,2,--.,c
03 (2)=(2=2,) 0,1 (1) =€) 0 01012 (2), T = (=1) 543 1.2,

j-1

¢J'(ﬂ')z(/l_aj)(pi—l(ﬂb) |1s+31b2 s+31¢|1s+2( ) H (}L ak)

=(i-1)s+4
j=(i-1)s+4,--is+1i=12,.c

where Bf is the submatrix row and columns 2,3,---,n—1 of the matrix

j-1

A, =A, 9(4)=1 and [] (4-a)=1 when j=(i—-1)s+4.

k=(i-1)s+4
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Lemma 2.2. Let A €.A(ec,s), then ¢;(4) and ¢, (1) have no com-
mon root.

Proof. Supposing that 4, is a common root of ¢;(4) and ¢ ,(4), by
Lemma 2.1, we get that 4, is also a root of ¢, (A), and so we have
¢, (A)=0#1, Which is a contradiction. Hence ¢;(4) and ¢, (1) have no
common root.

Lemma 2.3. ([8]) Let P(4) be a monic polynomial of degree n, with all real
zeroes. If and A, are, respectively, the smallest and largest zero of P(4),
then

()If u<A,wehavethat (1) @(u)>0,

(2)If > A,,wehavethat ¢(u)>0.

Lemma 2.4. ([15]) Let all e=1 for A, eA(e,C,S), ﬂ.}l) and A}j), respec-
tively, be the smallest and largest eigenvalues of its jx j leading principal

submatrix Aj , j=1,---,n. Then we have
AW < a2 < 2W < 2P < A < 20 < )
and
( () = =
ij) <a <A i=2,j;j=2,,n.
Lemma 2.5. The sufficient and necessary conditions for the existence of
symmetric matrix A, €.4(c,s) whose graph is an (C,S)-banana tree, such

that /”Lj(l) and /1}” are the smallest and largest eigenvalue of A, the leading
principal submatrix of A, respectively, is

AW <A <o A < A < AW < 2P < 200 < 20, (1)

Proof. Sufficiency: suppose that {/11(1),/1}])}r_1 satisfies (1) for j=1,---,n.To

prove the existence of a symmetric matrix A €.A(c,S) with the required

properties is equivalent to going to prove that the system

P (’1}1)):0 .
0 Jj=10, (2)
AN
P (Aj )_o
For j=1,itisimmediate that a = /11(1).
According to Lemma 2.1, € =1 for j :(i—l)s+2,i =12,---,C, system (2)

can be written as

o (4)= (4" -2 oy (A7) -1, de{Bf?) j =0

) !j:(i—l)s-l—z,i:l’z"._,c’
?; (ﬁj(j)):(ﬂ}i) _aj)goj—l(ﬂj(j))—bfj det(Bfgl) o

by condition (1) and Lemma 2.3, we get (—1)1"1 i (,1](1)) >0,

4 . . ®
det(Bf‘ j >0, ¢j—l(l(1)) >0,and (-1)"° det(BfJ )> 0, then

|
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aj ) (i) m
¢11(/11(1))d6t(8;1" )_501' l(/l(l )det(BfJ j
o A en(a)
e 1(/11(1)dEt(Bfgn)—(m_l(ﬂf”)det( jﬂ”j

According to Lemma 2.1, -

(2) can be written as

o (A7) =27 =2 )0 (A7) b7 012 (A7) =0

A=~y ) -0
1

by condition (1) and Lemma 2.3, we have (—1)1-7 P4 (11(1)) >0 and
?; l(ﬁ )>0 then

L pdee)
S i 1(ﬂfl)>¢7172 (ﬂ«fj))_wkl (ﬂfj)>¢j72 (ﬂfl ) g

According to Lemma 2.1, €iseaj = 1 for
j—( )S+4 ,is+1i=12,---,c, system (2) can be written as

j-1

?; (11(1)) = (’1(1) )¢J 1( ) bz—l 543, Pli-1)s+2 ( ) |1_1[)s+4( ) =0
o1 (57) = (4" =2 )0 (4)~Bsasiaea(4), .liﬂ(l '-a)=0

by condition (1), Lemma 2.3 and Lemma 2.4, we get (—1)171 ? (/1](1)) >0,

¢)H(/1 )>O, (- )Il)HZ(D(. 1)s+z(/1 )>0 Pi 1)s+2(’7“fj))>0’
1

)7 [T (A7-a)>0, ] (4"-2)>0,then
k=(i-1)s+4 k=(i-1)s+4
ool 4')_JT (A=)l o) [T (452
a = k:(l—ﬂs-ﬂl j::(l—l)s+4
(0171(’11(1 )‘/’(. 1>S+2(ﬂl(]))k:(|];_i|):s+4(/’lfj) —ak)—qu</If’ )(p('*)“?(ﬂfl))k:(gsﬂ ﬁ,(l) _ak)
o 4o
(i-1)s+3, ] T iy >0.
¢J—1(’1fl )¢(|—1)5+2<lf])) (’11]) "’lk)_‘/’j—l(ﬂﬂ(J )("u 1)s+2 (ﬁl ) H ( ¥ )
k=(i-1)s+4 =(i-1)s+4

Necessity: Assuming that there exists a unique matrix A, € A(c,s) such

that /I}l) and ﬂ}j) are the smallest and maximal eigenvalues of their corres-
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ponding principal submatrices, respectively, and by Cauchy's alternating theo-
rem and Lemma 2.4, (1) holds.

3. Results
3.1. The Solution of PIEPB (¢,c,s)

Theorem 3.1. Let different numbers {/1(1) , 20 -~-,ﬂ,l(1) , /lgz) e ﬂé")} eR,if

n n-11

o (7)o" -0, 4 e 817 )0, o
Pin </1‘(1) )(/7,72 (/lfj))_(”rl (’11(1) )(/’1‘72 (’11(1) ) #0, (4)
Pja (’1}1))(/7(i,1)5+2 (/11(1-)) ﬁ (/1]1) _ ak)
k=(|—1)5j14 “
211(8" )22 (‘51))k_<.1j>s+4(l'1) ~8,)#0,

where j=2,3,--,n, then there exists a matrix A, € A(E,C,S) , such that /11(1)
and /Il(j) are, respectively, the eigenvalues of A, j=1--,n.

Proof. Sufficiency: suppose the conditions (3) (4) and (5) hold. To prove the
existence of a pseudo-symmetric matrix A, € A(€,C,S) is equivalent to prov-
ing that

(
’(_ i=L-.n, (6)
]

When j=1,itisimmediate that a, :ﬂl(l).
According to Lemma 2.1 for j:(i—l)s+2,i =12,---,C, system (6) can be
written as
(1)
OWY_(7@ @ 2 AT
o (4= (25 =, Yoo (47) -t e B |0
" Jj=(i-1)s+2,i=12,---,c,
(AT E10)] (i) 2 AT
0 (47) = (47 2,0, () b, g )0

by Lemma 2.3, we have

) . ‘ 0
/1}1>¢j_1(,1(1>)det(sjl j—l](])(pj_l(/lj(”)det[BjJ ]

aj:

(7)

61,jb12,j =

(i) ; (1)
(pjl(/l(l))det[sfl' j—gojl(/lg” det(Bfl )
2

according to Lemma 2.2, (/Ij(j) - J(l))(pj_l(/lj(l))%_l(lj(j))7& 0, added to condi-

tion (3), we get a #0,and
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by, =4Je| >0, f“:ﬁ' (8)

According to Lemma 2.1 for j =(i—l)S+3,i =12,---,Cc, system (6) can be

written as
¢KAP)=(%”_aJ¢FJﬂ?) %1)Q-ﬂ1%2(ﬂp):0
o (A7) = (47 =2 )ora (A7) =, 0. 01012 (A7) =0

by Lemma 2.3, we get

j=(-1)s+3i=12.

(9)

according to Lemma 2.2, (/1}]) —l}l))gojfl (/1(1))%4 (AE’ );t 0, added to condi-

j
tion (4), we get S0, and

B
b =VIBI> 05 € 1A (10)

Bl
According to Lemma 2.1 for ] :(i—l)s+4,---,is+1,i =12,---,C, system (6)

can be written as

?; (/11(1)) - (41) —4, )¢’j—l (’11(1) ) BRI TTEY L (NERTE P (1}1) ) k:<i1—_1[>s+4(/l‘(1) o ) =0
0, (A7) = (29 =2, )02 (A7) =€ D P (lfj))k_uljsﬂ(i‘(j) ~a,)=0
by Lemma 2.3, we have

Ao (4 Jocsnala) [T (47 -5)-4e0s (4 )ona () [T (3"-2)

a = LD e , (11)
| 011 (4" 2 e (4 )kalj_l[)sw(l‘( ") =0 (4" s (A7) k(iljw A -a)
: (4" =)o (Ao (A")

(|15+3Jb,15+31— . _ ] _ _ ) = ) =0.

@j—l(’lj( ))¢(i—1)s+2 (’1}])) H (’1}]) — 8 )_(ﬂj—l(’l]@))w(ifnwz (’11( )) H (’1} ) _ak)

k=(i-1)s+4 k=(i-1)s+4

according to Lemma 2.2, (/1](]) —l}l))gojfl (/lj(l))gokl (A i );t 0, added to condi-

tion (5), we get 8 #0, and
0

b )s+3]zﬁ'

6]>0, ¢, (12)

(i-1)s+3,j

Conversely. Suppose that PIEPB (E,C, S) has a unique solution, Ze., the sys-
tem (6) has solutions aj,b and satisfies all b>0. In the same way that we
proved the sufficiency, we get (7)-(12). Thus (3), (4) and (5) hold.
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3.2. Algorithm 1

Algorithm1 (Unique solution of the PIEPB (G,C, S) ).

1: Input: c,s,{l}l},}b}')}ﬁl.where n=cs+1.
i

2: a.l:/ll(l),
3:For j=(i-1)s+2i=12-.c do

(1) i (v
4 if (pj_l(l}l))det(Bflj )—goj_l(/l}”)det(Bfl ):0 then
5: ending the algorithm 1.
6: endif

(i) f ()
7 if ;oj,l(/l}“)det(sjl’ )—q)j,l(z}”)det(sfl J#0 then
8: computing a;, b; and ¢; by (7)and(8).
9:  endif
10: end for

11:For j=(i-1)s+3i=12-,C do

122 if g, (47)0,,(4") - 0,4 (4") 0, (A7) =0 then
13: ending the algorithm 1.
14:  endif

150 if o, (A7)0, (A)) - 0,4 (47)0,(4)#0 then

16: computing a,, b{i—l}d and €;,; by (9)and (10).
17:  endif
18: end for

19:For j=(i-1)s+4,,is+1i=12,C do

o o
20: i 9,3(4) 0 0(4") ,J (4" =)= 015(4") 0202 (A7) _] (47 -2,)=0
k:(l71)5+4 k:(l71)5+4
then
21: ending the algorithm 1.
22:  endif
-1 -1
248 04 )ousna () TT (4 )00 (A")o0asl ') IT (#-a) =0
then
24: computing a,, b(H)MJ and €;,5; by (11)and (12).
25:  endif
26: end for

4. Numerical Examples

4.1. Example 1

Table 1, which satisfy conditions (1). By applying MatlabR2021b, we compute

the following matrix.
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Table 1. Spectral data for Lemma 2.5.

J 1 2 3 4 5 6 7 8 9
/1}1) 1.0000 —2.0000 —3.0000 —4.0000 —5.0000 —6.0000 —7.0000 —8.0000 —9.0000
lﬁj) 1.0000 2.5000 4.0000 4.5000 5.0000 6.0000 7.0000 8.0000 9.0000
[1.0000 1.9364 0 0 0 5.7852 0 0 0 |
1.9364 0 2.8722 0 0 0 0 0 0
0 2.8722 1.0000 3.1378 3.5966 0 0 0 0
0 0 3.1378 0 0 0 0 0 0
0 0 3.5966 0 -1.2364 0 0 0 0
5.7852 0 0 0 0 -1.4279 4.1556 0 0
0 0 0 0 0 41556 2.0115 5.7833 4.9181
0 0 0 0 0 0 5.7833 -2.2485 0
| 0 0 0 0 0 0 49181 0 -2.0778 |
Recompute that: the eigenvalues of its the leading principal submatrices AJ— ,
j=1---,9, are:
A(A)= 1.0000} ,
A(A,)={=1.5000,2.5000} ,
A(A) = {—3.0000,1.0000, 4.0000} ,
A(A)= {—4.0000, —-0.9478,1.9478, 5.0000} ,
A(AS) = {—5.5000, —1.4288,-0.4516, 2.1439,6.0000}
A(A)= {—6.5000, -5.2765,-0.7170,-0.0754,5.4045, 6.5000} ,
A(A)= {—7.5000, -5.3941,-0.8648,-0.2904, 2.0710,5.8255, 7.5000} ,
A(Ay) ={=8.5000,-5.5735,-4.7300,-0.7334,-0.1191, 4.2519,6.0028,8.5000} ,
A(A) = {—9.5000,—5.8133, -5.0707,-2.1488,-0.7265,-0.1021,4.7635, 6.1190,9.5000} .
4.1. Example 2
Given different real number iél) =4, 25(1) =5, /1‘51) =-01, ﬂél) =2,
=01, =1, P=-=18, =3, =06, P=-7, 2V=-29.
construct a matrix A; € A(e,1,5), such that A" and Al) are the eigenvalues
of AJ—, J=12,--,6, respectively. In particular, this matrix corresponds to the
graph is an (1, 5)-banana tree when all e =1 (Figure 2).
5
——L
6
Figure 2. An (1, 5)-banana tree.
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By applying algorithm 1 and matlabR2021b, we compute the following matrix

[1.0000 2.8460 0 0 0 0
~2.8460 -8.9000 9.9680 0 0 0
1o 9.9680 -3.2295 2.7638 2.3389  4.4658

= 0 0 2.7638  0.0157 0 0
0 0 2.3389 0 69523 0
0 0 —4.4658 0 0 -8.8135 |

Recompute that: the eigenvalues of its the leading principal submatrices A,

j=1---,6, are:
A(A) = {1.0000; .
A(A,) = {0.1000,-8.0000} .
A(A,)={3.0000,2.0000,~16.1295} .
A(A,)={4.6961,0.6000,-0.1000, ~16.3100} .
A(A) = {5.0000,0.5656,-0.0974,~7.0000,~16.5343} .

A(A; ) = {4.0000,0.6886,~0.1053,~7.0048, ~9.0000, , ~15.4581}

Figure 3 displays the extreme eigenvalues of A, j=1---,9, as presented in
example 1. These are in line with the recomputed eigenvalues of Aj, j=1--9.
Likewise, Figure 4 presents the eigenvalues of Aj,j=1---,6, as featured in

example 4.2, which are consistent with the recomputed eigenvalues of

ALi=1-6.

16 T T T T T T T T T T
15 — ]
qg - # original spectrum A |-
]12 - ® computed spectrum |-
10 1
9l * * ]
8r * i
7r * i
6r * o ° o o 1
— 5F * ° ]
< ‘3‘: * ° 1
° 2t * o o ° .
E I = ° ]
5 At » P : $ $ $ $ ]
2 3 ° —
%) -3: * ]
451 * . :
5t . o ° H ]
6 F ]
273 i * ]
8t * ]
9+ ]
10 b * 1
-1 b 1
12 - a
13 F 4
14} i
_15 1 1 1 1 1 Il Il 1 1 1

0 1 2 3 4 5 6 7 8 9 10 11
Serial number of leading principal submatrices AJ.,1 <j<9

Figure 3. Distribution of eigenvalues of A; in example 1.
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13 T T T T T T T
12 | 7
16 - # original spectrum A ]
% - ® computed spectrum A | ]
{ |
5t * ]
ar * * i
— % * B j
R * s -
o -;: ]
E 3L ]
2 -4r g
e _5 [ _
2 er - o i
w8 * 5
-9 - * 1
-10 .
11 F i
12k i
A3+ i
_:]lg - i
45 o ]
-16 ® .
a7t * ° 1
-18 r 7
-%8 C 1 1 | 1 1 1 1 i
0 1 2 3 4 5 6 7 8

Serial number of leading principal submatrices AJ.,1 <j<6

Figure 4. Distribution of eigenvalues of A; in example 2.

5. Conclusion

Based on matrices whose graph is a banana tree, we study the inverse spectral
problem for pseudo-symmetric matrices. It is obviously difficult to reconstruct
the pseudo-symmetric matrix given the eigenvalues, and in order to achieve this
deficiency, other constraints are added on top of the eigendata, which in turn
enables the reconstruction of the pseudo-symmetric matrix. We obtained suffi-

cient necessary conditions to solve the problem.
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