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Abstract

In this paper, I use the research fixed point method to establish derivatives on
fuzzy Banach algebras based on functional equations and Cauchy-Jensen
functional inequalities with 34-variables. These are the main results of this

paper.
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1. Introduction

Let X and Y are two fuzzy normed vector spaces on the same field K, and
mapping f:X—>Y be continuously on X. I use the notation N’, Nfor cor-
responding the norms on X and Y. In this paper, I study the setting of deriv-
atives on fuzzy algebras involving functional equations and Cauchy-Jensen addi-
tive functional inequalities with 34-variables when X is a fuzzy Banach algebra
with the norm Nor (X,N). Indeed, when X is a fuzzy normal Banach alge-
bra with N norm, I construct the derivative on a Banach fuzzy algebra that in-
volves functional equations and Cauchy-Jensen additive functional inequalities

with the following 3 &-variables:
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The study construct the derivative on a Banach fuzzy algebra that involves
functional equations and general Cauchy-Jensen additive functional inequalities
originated from a question of S. M. Ulam [1], concerning the stability of group
homomorphisms.

Let (G,*) beagroupandlet (G',o,d) be a metric group with metric d(-).
Given & >0, doesthereexista &>0 suchthatif f:G —> G’ satisfies

d(f(xxy), f(x)ef(y))<s,vxeG

then there is a homomorphism h:G — G’ with
d(f(x),h(x))<g,Vx«eG

Since Hyers” answer to Ulam’s question [2], many ideas have arisen from ma-
thematicians who have built theories about space such as the Theory of fuzzy
space has much progressed as developing the theory of randomness. Some ma-
thematicians have defined fuzzy norms on a vector space from various points of
view. Following Bag and Samanta [3] and Cheng and Mordeson [4] gave an idea
of a fuzzy norm in such a manner that the corresponding fuzzy metric is of
Kramosil and Michalek type [5] and investigated some properties of fuzzy
normed spaces. I use the definition of fuzzy normed spaces given in [3] [6] [7] [8]
to investigate a fuzzy version of the Hyers-Ulam stability for the Jensen func-
tional equation in the fuzzy normed algebra setting.

The functional equation f(x+y)+ f(x—y)=2f(x)+2f(y) is called a qu-
adratic functional equation. The Hyers-Ulam stability of the quadratic func-
tional equation was proved by Skof [9] for mappings f: X —> Y, where X isa
normed space and Y is a Banach space. Cholewa [10] noticed that the theorem
of Skof is still true if the relevant domain X is replaced by an Abelian group.
Czerwik [11] proved the Hyers-Ulam stability of the quadratic functional equa-
tion.

The stability problems for several functional equations have been extensively
investigated by a number of authors and there are many interesting results con-
cerning this problem. Such as in 2008 Choonkil Park [12] have established the
and investigated the Hyers- Ulam- Rassias stability of homomorphisms in quasi-

Banach algebras the following Jensen functional equation
Zf[xLzyj:f(x)ﬁLf(y) (3)

and next in 2009, M. Ehaghi Gordji and M. Bavand Savadkouhi [13] have estab-
lished the and investigated the approximation of generalized stability of homo-

morphisms in quasi-Banach algebras the following Jensen functional equation
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rf(x+yj:f(x)+f(y). 4)

r

Next in 2022, Ly Van An [14] have established the and investigated the ap-
proximation of generalized stability of homomorphisms in quasi-Banach alge-

bras the following Jensen type functional equation

K k
2N | S () () ©

m j=1 j=1

mf

Next in 2023, the author [15] have established the and investigated the Exten-
sion of Homomorphisms-Isomorphisms and Derivatives on Quasi-Banach Al-
gebra Based on the General Additive Cauchy-Jensen Equation

2kf(2’ zk; j Zf( )+§k]f( )+2kgf(zj) (6)

j=1 j=1

Next in 2023, Ly Van An [16] have established the and investigated the ap-
proximation of generalized stability of homomorphisms in on fuzzy Banach al-

gebras the following Jensen type functional equation

k k
ay  xtay ¥ | &
0B S ()

j=1

M-

af(y;) 7)

Recently, the author continues to conduct extensive research on the derivative
for (1) and (2) on the fuzzy Banach algebra for the following functional equation
and inequalities.

Zkf[iqij iqzJzzk:f(qx)+if(qyj)+2kzk;f(qzj) ®

=1 j=1 j=1

and

2k (Z kil Zk:qz J

=

Zk:f(qxj)+zk;f(qyj)+f(ZKIZk_;qzjj < ‘ )

j=1 j=

Le., the functional equation and inequalities with 34-variables. Under suitable
assumptions on spaces X and Y, I will prove that the mappings satisfying the
functional equation and equation inequalities (8) and (9). Thus, the results in
this paper are generalization of those in [12] [13] [14] [15] [16] [29] for func-
tional equation with 24&-variables.

In this paper, I build a general homomorphism based on Jensen equation with
2k-variables on fuzzy Banach algebra. This is an expansion bracket for the re-
search field of exploiting unlimited Math problems on variables to build this
problem based on the ideas of mathematicians around the world. See [1]-[32].
Allow me to express my deep thanks to the mathematicians.

The paper is organized as follows:

In section preliminaries, I remind some basic notations in [3] [6] [7] [8] [18]
[27] [32] such as Fuzzy normed spaces, Extended metric space theorem and so-

lutions of the Jensen function equation.
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Section 3: Using the fixed point method, extend the derivative for the func-
tional Equation (1) on the fuzzy Banach algebra.

Section 4: Using the fixed point method, extend the derivative for the func-
tional inequality (2) on the fuzzy Banach algebra.

2. Preliminaries
2.1. Fuzzy Normed Spaces

Let X be a real vector space. A function N:X xR —>[0,1] is called a fuzzy
normon Xifforall Xx,ye X and s,teRR,

1) (N1) N(xt)=0 for t<0;

2) (N2) x=0 ifandonlyif N(x,t)=1 for t>0;

3) (N3) N(cx,t)zN(x LJ if ¢=0;

I
4) (N4) N(x+y,s+t) min{N (x,s),N (y,t)} ;

5) (N5) N (X, ) is a non-decreasing function of R and lim
6) (N6) for x=0, N (X,~) is continuous on R.

The pair (X,N) is called a fuzzy normed vector space

N (X,t)Zl;

toow

1) Let (X N ) be a fuzzy normed vector space. A sequence {Xn} in Xis said
to be convergent or converge if there existsan Xe X such that
lim,,, N(x,—x,t)=1 with t>0. In this case, x is called the limit of the se-

N>
quence {X,} andIdenoteitby N -—lim X =X.

2) Let (X,N) be a fuzzy normed vector space. A sequence {Xn} in X is
called Cauchy if for each £>0 and each t>0 there exists an n,eN such
that with n=n, andall p>0,Ihave N (me - Xn,t) >l-¢.

It is well-known that every convergent sequence in a fuzzy normed vector
space is Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm is
said to be complete and the fuzzy normed vector space is called a fuzzy Banach
space. I say that a mapping f:X —Y between fuzzy normed vector spaces X
and Yis continuous at a point X, € X if for each sequence {Xn} converging to
X, in X, then the sequence {f (X, )} converges to f(XO). If f:X->Y is
continuous at each xe X ,then f:X —Y issaid to be continuous on X.

Let Xbe algebraand (X,N) afuzzy normed space.

1) The fuzzy normed space (X N ) is called a fuzzy normed algebra if

N(xy,st)>N(x,s)-N(y,t),

forall X,y e X and with all real s, ¢ positive.

2) A complete fuzzy normed algebra is called a fuzzy Banach algebra.

Let (X,Ny) and (Y,N) be fuzzy normed algebras. Then a multiplicative
R -linear mapping H Z(X,Nx ) —(Y, N) is called a fuzzy algebra homomor-
phism.

Let (X,N ) be a fuzzy normed Algebra. Then an R -linear mapping
H :(X,N)—)(X,N) is call derivation if

H(xy)=H(x)y+xH(y)
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withall x,ye X.

EXAMPLE
Let (X ,|| ||) be a normed algebra. Let
L t>0
N (x,t)=1t+]x] , Xe X
0 t<0

Then N (X,t) is a fuzzy norm on X and (X, N (X,t)) is a fuzzy normed al-
gebra.

2.2. Extended Metric Space Theorem

Theorem 1. Let (X , d) be a complete generalized metric space and let
J:X —> X be a strictly contractive mapping with Lipschitz constant L <1.

Then for each given element xe X , either
d(3m3m)=c0
for all nonnegative integers n or there exists a positive integer n, such that
1) d(J",J”+1)<oo, vn>ng;
2) The sequence {J ”X} converges to a fixed point y  of J
3) Y is the unique fixed point of /in the set Y = {y eX|d (J”, J ”*1) < oo};

N 1
4) d(y,y)gﬁd(y,Jy) vyey.

2.3. Solutions of the Equation

The functional equation
f(x+y)=f(x)+f(y)
is called the Cauchy equation. In particular, every solution of the Cauchy equa-

tion is said to be a Cauchy-additive mapping.
The functional equation

Zf(xLzy+zj=f(x)+ f(y)+2f(z)

is called the Cauchy-Jensen equation. In particular, every solution of the Cauchy

equation is said to be a Cauchy-Jensen additive mapping.

Zf(u+zj
2

is called the functional inequality Jensen-Cauchy. In particular, every solution of

The functional inequality

||f(x)+ fy)+f (22)"3

the functional inequality Jensen-Cauchy is said to be a Cauchy-Jensen additive

mapping.

3. Using the Fixed Point Method, Extend the Derivative for
the Functional Equation (1) on the Fuzzy Banach
Algebra

Now I study extended derivation by fixed point method when X is a fuzzy Ba-
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nach algebra with norm M. Under this setting, I need to show that the mapping
must satisfy (1). These results are given in the following.

Theorem 2. Let y :X* —>[0,oo) be a function such that there exists an

L<i
2k
l//(xly...,xk,yll...’yklzll...’zk)
L (10)
SEW(kai,m,2kxk,2kyl,-~,2kyk,2kzl,~~,2kzk)
withall X, X, Y, Vi, 4,0 2, € X
Let f:X— X beamapping satisfying
K gx. +qy. K K K kK
N(Zkf[Z#Jquzjj—qu(xj)—qu(yj)—Zquf(zj),tJ
j=1 j=1 j=1 j=1 j=1 (11)
S t
t+l/l(xl""'xk’y1""’yklzl’”"zk)
K k K k k
N f[ij-yj)—Hf(xj)'Hyj—ij-Hf(yj),t
j=1 j=1 j=1 j=1 j=1 (12)
t
>
t+(//(xl7...’xk,yy...lyk’()’...,())
withall X, %X, V¥., Y. 2.z, €X,all £>0. And all qeR.
Then
. n X
H(x)=N-Ilim(2k) f - (13)
=t [(zm]
exists each X e X and defines a fuzzy derivation H:X— X.
Such that
1-L)t
N(f(x)-H(x),t)2 (i-t) (14)
(1= L)+ Ly (% %.0,0)
forall xeX andall t>0.
Proof. Letting q=1 and I replace (xi,---,xk,yl,---,yk,zl,---,zk) by
(x,0,---,0,0,-++,0,0,-+,0) in (11), I get
X t
N| 2kf | — |- f(x),t |2 15
with all X e X.Now I consider the set
M:={h:X - X}
and introduce the generalized metricon M as follows:
d(g,h)::inf{ﬂeK:N(g(x)—h(x),ﬂt)
(16)
> t ,Vxe X, Vt>0r,
t+(p(X,O,---,0,0,--~,0,0,~--,0)
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where, as usual, inf¢=+o0. That has been proven by mathematicians (M,d)

is complete (see [20]).
Now I consider the linear mapping T:M — M such that

Tg(x):=2kg (%)

withall xeX.Let g,heM begivensuchthat d(g,h)=¢ then

t
N(g(x)=h(x),et)= VX e X, Vt>0.
(g(X) (x) 5) t+gD(X,O,-“,O,O,"',O,O,'":0) Xe g

Hence

N(g(x)-h(x),st)=N (2kg (%}—M(Z—U, Lgtj

RUCIRCIEY

Lt
> 2k (17)
4y L,---,O,O,---,O,O;--,O
2 Pl 2k
Lt
Tt L 2
=+~ p(x,0,---,0,0,---,0,0,---,0
TR )
t Wxe X, vt >0.

:t+go(x,x,~-,x,x,~~,x)

Therefore d(g,h)=¢ impliesthat d(Tg,Th)<L-&. This means that
d(Tg,Th)<Ld(g,h)
for all g,heM. It follows from (15) that with all xeX. So d(f,Tf)Sl. By
Theorem 1, there exists a mapping H : X — Y satisfying the following:

1) His a fixed point of 7, ie.,

H(Xj L Hx) (18)

2k) 2k
With all x e X. The mapping His a unique fixed point 7'in the set
Q:{g eM:d(f,g)<oo}
This implies that A'is a unique mapping satisfying (18) such that there exists a

pe (O, o) satisfying

N(f(x)—H(x),ﬂt)zt+w()(’o’m,O’tO,'”10107”‘,0),VXEX.

2) d (T' f.H ) —0 as | —o. This implies equality

N —lim(2k) f[WJ:H(x)

(B

with everyone xeX.
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1

3) d(f,H)ﬁﬁd(f,Tf),which implies the inequality.
4)
1
d(f,H)s—.
This implies that the inequality (15) holds
By (12)
+ KOX;+qy; & d X;
N[ (2k)" f . L= (2k)" Y qf | —
{( [ e e )
(260" S| I | (2k) 2k gt | 2| (19)
= (2k)p = (2k)p ’
t
>
A B S /S TR S
(26)" (26)" (k)" (k)" (26)" ()"

forall X, -, X, ¥, Y 2,z €X,all t>0 andall geR. Then

pi [ O HAY; & 0z 2 %
N{(Zk) f(; (Zk)pﬂ +;(2k)p]_(2k) ;qf{(Zk)pJ

P Y; P oL Z;
—(2k) JZ_‘{qf[(?_k)pj—(Zk) 2k§qf[(2k)p}t} (20)
t
(26)°
t L°

!//(Xl""’xk’yl"“’yk’zl"“’zk)

+
(2k)" (2K)°
forall X, X, ¥, Y 2oz, €X,all t>0 andall geR.

Since

t
(2)°

lim
n—o0 t Lp

(20) " (2

Forall X, %.Y, Y 2,z €X,al t>0 and qeR.Thus

N[Z"H(Zq il im] Z (Xj)_qu(yj)—ZngH(Zj),tj=1

=1

l//(xl""'xk'yl""'yklzll""zk)

j=1
(21)
forall X, -, X, ¥, Y 2,z €X,all t>0 and gqeR. Thus
kKOx;+ay; & k
o[ S2 S | S Sam ) 28 (2)0
j=1 j=1 j=1 j=1

Thus the mapping
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H:X—>X
is additive and R -linear by (12), I have

- K Xj’yj P k xj k
N((Zk) f{H(ZK)ZPJ—(Zk) Hf{(%)p}-lj‘!yj
K LS Yi
_ng.@k) lj—!f{(zk)pj,t} (23)
t

>

+l//[ % X , Yi Y ,0,---,0}
(k)" (2k)" (2k)"(2K)"

withall X, %,y Y, €X,all t>0.Then

N[(zk)“f[ﬁxi'yjJ_(zk)Pﬁf( % J

j:l(2|()2p j=1 (Zk)p

e

Yj

- k xj-(zk)”ﬁf[ Ji Jt} (24)

i j=1 (Zk)p

()

z— 5
W*w‘/’(xwuxk,ylmyk,o,---,o)
withall x,---, %,y Y, €X,forall t>0. Since
t

(2)°"

lim » -
poe LP
W+WV/(X1."',XK,yl,u.,yk,ol.,,'o)

forall X, -, X, V¥, Y, €X,al t>0.
Thus

K K K K K
N(f(ij~yj]—Hf(Xj)-Hyj—ij-H (yj)’t\le (26)
j=1 j=1 =1 =1 =1
forall X, -, XY, Y, €X,all t>0.Thus
K

f[lﬁxj'yi]‘lﬁf(xj)ﬂyj IL[Xj'lL[f(yj)=0 (27)

= =1 =1

So the mapping H : X — X is a fuzzy derivation, as desired.

O
Theorem 3. Let y:X* —[0,0) be a function such that there exists an
L<1
X X Y Ye 4 Zy
v Xy Yy Ve Zyytr sy Z <2k e, S e 2 L 28
v XY Yo 2 ) W[Zk 2k 2k 2K 2K 2kj (28)

forall X, -, X, Vi Vs Zgho oo Z € X
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Let f:X— X beamapping satisfying

|20 [ S5 S S ) St (1) S 1) .

t
>
t+l//(xl""'xk’y1"“’yklzl"“’zk)

N(f[f}y-yz] fjf( X; ) HyJ flﬁ.tlf(h)ij

=1 =1 =

(30)
t
>
t+l//(xly...,xk'yly...,yklo,...,O)
forall X, XV, Y, €X,all t>0.Then
1 n
B(X)=N-lim——f{(2k) x (31)
exists each X e X and defines a fuzzy derivation H : X — X. Such that
1-L)t
N(f(x)-H(x),t)2 i-t) (32)

(1-L)+ Ly (%, %,0,---,0)

forall xeX,all t>0.
Proof. Let (M,d) be the generalized metric space defined in the proof of
Theorem 2. Consider the linear mapping T:M — M such that

Tg(x)::z—)l((g(ka)

forall xe X.Ihave

1 t
N| f(x)—=—"f(2kx),=—t|>
( () 2k (2kx), 2k j t+¢(2kx,0,---,0,0,---,0,0,---,0)
(33)
S t
~ t+2ke(x,0,---,0,0,---,0,0,---,0)
with everyone xe X.Andall t>0.So
d(f,Tf)<
The rest of the proof is similar to the proof of Theorem 2.
L]
Theorem 4. Let l,//:X3k —>[0,oo) be a function such that there exists an

L <2k

X, Y Y.
X Ve <okp| X K NN B 4
v XY Yo d ) W(Zk 22k 2k 2k 2kj (34)

for all X, %X, V¥, Y. 2,2, €X,all t>0.Let f:X—> X bea mapping
satisfying

g g s

t
>
t+l//(xl’...,xk’y17...7yk’217...,zk)

DOI: 10.4236/0alib.1110271 10 Open Access Library Journal
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N(f[ﬁxj 'yj]_ﬁf(xj)-ﬁyj —f[xj .ﬁf(yj),tJ

j-1 =1 =1 A (36)
t
>
t+l//(x1,...lxk,y1,...,yklol...’O)
withall X, X, ¥, Y, €X,all t>0 andall geR. Then
. 1 n
X)=N —lim——f {(2k) x (37)
ﬂ( ) n%oo(zk)n (( ) )
exists each X e X and defines a fuzzy derivation H:X— X.
So that
2k —2kL )t
N(f(x)=H(x),t)2 ( ) (38)
(2k —2KL)t+w(%,+,%,0,++,0)
forall xeX,all t>0.
Proof. Letting q=1 and I replace (xi,---,xk,yl,---,yk,zl,---,zk) by
(2kx,0,--+,0,0,---,0,0,---,0) in (35), I get
t
N (2kf (x)— f (2kx),t)> 39
( (x)—f(2k9) ) t+(p(2kX,0,---,0,0,---,0,0,-",0) (39)
forall xeX,all t>0.
Now I consider the set
M:={h:X— Y}
so introduce the generalized metricon M as follows:
d(g,h):zinf{ﬂeﬂ&:N(g(x)—h(x),ﬂt)
(40)

t
>
t+¢(2kx,0,--+,0,0,--,0,0,---,0)

,VXeX,Vt>O},

where, as usual, inf¢=-+o0. That has been proven by mathematicians (M,d)
is complete (see [20]).
Now I consider the linear mapping T:M — M such that

Tg(x)::z—lkg(2kx)

with everyone xeX.
It follows from (41) that

1 t t
N(f (=5 f (ka)’ﬁjzt+go(zkx,o,---,o,o,---,o,o,---,o) @

The rest of the proof is similar to the proof of Theorem 2.

O

Theorem 5. Let l//:X3k —)[0,00) be a function such that there exists an
L<i
2k
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W(Xl"“’xk’yl"“'yk’zl’”"zk)

L (42)
SEW(kai,m,2kxk,2kyl,-~,2kyk,2kzl,~~,2kzk)

forall X, -, X, Y Y Zyoeoon Z € X
Let f:X— X bea mapping satisfying
K gx. +qy: kK K K Kk
N[Zkf(z#Jqusz—z (xj)—Zf(yj)—quZf(zj),tJ
=1 j=1 j=1 j=1 =
(43)
S t
t+l//(xl""'xk’yl’“"yk!zll'“’zk)

NHH yJ 11011 .ﬁf(yj),t]

=1 =t

(44)
t
>
t+l//(xl""!xk'yl!"'!yklo!""o)
forall X, X,V Y, €X,al t>0andall qeR. Then
. n X
H(x)=N-Ilim(2k) f . (45)
S [<2k>]
exists each X e X and defines a fuzzy derivation H:X— X.
Such that
(2-2)t
N(f -H t) = 46
(F(X)=H(X.9> 55 (46)

+ LV/(kaioy"'yoiOi'"1010,"',0)

forall xeX andall t>0.
Proof. Let (M,d) be the generalized metric space defined in the proof of
Theorem 2. Consider the linear mapping T:M — M such that

Tg(x):=2kg (%}

with everyone x e X.Ihave

t
N( f(2kx)—2kf (x),t)= 47
( (2kx) (x) ) t+¢(2kx,0,-+,0,0,---,0,0,-+-,0) (47)
with everyone xe X,andall t>0. So
L
d(f,Tf)<—
( ) 2k
the rest of the proof is similar to the proof of Theorem 2.
L]

4. Using the Fixed Point Method, Extend the Derivative for
the Functional Inequalities (2) on the Fuzzy Banach
Algebra

Now I study extended homomorphism by fixed point method.
With X is a fuzzy Banach algebras with quasi-norm N and that (Y, N) be
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a fuzzy normed vector space. Under this setting, I need to show that the map-
ping must satisfy (2). These results are given in the following.
Lemma 1. Let (X,N’) and (Y,N) be a fuzzy normed vector space and
f:X—Y beamapping such that
kX

N[J}k; f (xj)+j§k_;f(yj)+ f(ZngjJ,tjz N(Zkf (Z e +j§:zjj,tJ (48)

=1

forall X,..,X., ¥, Y € X, all t>0,then fis Cauchy additive.

Then £is Cauchy additive.

Proof. 1 replace (xl,---,xk,yl,---,yk,zl,m,zk) by (O,---,0,0,---,0,0,---,0) in
(48), I have

N ((2K+1) £ (0).t) =N (f (0), 2kt+1j2 N (24F (0).t)= N (f (o),;—kj ~1 (49)

with everyone t>0. By N; and Ng, N(f(O),zt—kal. It follows N, that
f(0)=0.

Next I replace (Xl""’xk’yl""'yk’zll'“'zk) by (_y,...,_y,y,...,ylol...,O)
in (48). I have

N (KF (—y)+kE (y)+ f(0).t)= N(f (<y)+f (y),%}z N(f(o),zt_kj (50)

It follows N, that f(-y)+f(y)=0.
So

f(-y)==f(y)

Next I replace (xl,---,xk,yl,---,yk,zl,---,zk) by

(X,O,--~,O,y,0,---,0,_X2;y,O,m,Oj in (48), I have

N(f(x)+f(y)+f(—x—y),t)zN(f(O),;—kal (51)
forall x,yeX,all t>0.Itfollows N, that
f(x)+f(y)+f(-x-y)=0

with everyone X,ye X.
Thus

f(x)+f(y)=f(x+y)

with everyone X,y € X, as desired.

O
Theorem 6. Let y:X* —[0,0) be a function such that there exists an
L<i
2k
W (X X Yoo Yo 2o 2 )
(52)

givl(zkxll"';2kxk1Zkylv'“!2kyk'2kzl"“’2kzk)
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forall X, -+, X, V¥, Y, €X.
Let f:X— X bean odd mapping satisfying

(qu( )+ qu(yj)+f[2kq221],]

j=1
. KOx; +ay; & 2kt t
>min{ N | 2kf ‘ z | — |,
{ { (; éq JJ 3 J t+!//(x1""'xk'yl'“"yklzll'“!zk)}
(53)
K K K K
N f(ij-ij—Hf(xj) Hx]~Hf(yj),t
1:1 1:1 J: J: 1:1 (54)
S t
t+l//(xl,...7xk,yl,...7yk’07...,0)
forall X+, X.V;,-,Y,€X,al t>0 andall geR.Then
. n X
H(x)=N-Ilim(2k) f - (55)
HImN e [(sz
exists each X e X and defines a fuzzy derivation H:X— X.
So that
(2k —2kL)t
N(f(x)=H(x),t)> 56
( ()-H{x) ) (2k —2KL) + Ly (X,-++, X, X,*++, X, =X,0,+++,0) (56)
forall xeX,andall t>0.
Proof. Letting q=1 and I replace (xi,---,xk,yl,---,yk,zl,---,zk) by
(X, %, X, -, %,=%,0,-++,0) in (53), I get
t
N (2kf (x)— f (2kx),t)> 57
(2KF (%)=  (2kx).t) 1+ (X, X X, %, —X,0,--,0) 57)
xeX.
Now I consider the set
M:={h:X - X}
so introduce the generalized metricon M as follows:
d(g,h)::inf{,geK:N(g(x)—h(x),ﬂt)
(58)

t
>
—t+Q(X,"',X,X,”',X,—X,O,"-,O)

,Vx e X, Vvt >0},

where, as usual, inf¢=-+o0. That has been proven by mathematicians (M,d)
is complete (see [16]).
Now I consider the linear mapping T:M — M such that

Tg(x) = 2kg (%)

with everyone xe X.
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It follows from (59) that

N(f(x)—zkf(ﬁj,tjz t
1+¢[ X X X X X g

L
for all xeX and all t>0. So d(f,Tf)SE. By Theorem 1, there exists a

mapping H:X —Y satisfying the following:
1) His a fixed point of 7, ie.,

X 1
H(EJ:EH(X) (60)
with everyone x e X.The mapping His a unique fixed point 7'in the set
Q:{g eM:d(f,g)<oo}
This implies that Ais a unique mapping satisfying (60) such that there exists a
pe (O, ®) satisfying
t

N“(@—FNX)ﬂOZt+¢“fwxmfwxrxﬁr%0yVXeX

2) d (T' f,H ) —0 as | —o. This implies equality

N —lim(2k) f [(2 ]: H (x)

(B

with everyone xeX.
1
3) d(f,H)< ﬁd (f,Tf), which implies the inequality

4)

d(f,H)s—-
2k —2kL

this implies that the inequality (59) holds
By (54)

P X; b Yj Koz p
N[(Zk) éqf[(zk)"]'”k) = [W]'f[@(zm“]’m) tJ

p+1
>min N[(Zk)p+1 f[zk:qxj i +Zk: ngp}(ZK) J (61)

T (2k)" T (2K)° ) (2K)°

t

t+y/[ LB X N Yi _n Z, ]
(26)°" "(2)""(26)P (26)° (k)" T (2K)°

withall X, X, Y5, Ve, 2,2, € X,all t>0,all geR and peN. So
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b X; px Yi S
e

k : ; Kk -
> min N[(Zk)p+lf[qu’+qy‘+z qz])p %k] (62)

i (2k)p+l i1 (2k

(2K)°

t L
(2k)"  (2K)°

l//(xll...,xk,yll...,ykyzl,...,zk)

withall X, X, ¥, Ve, 2.z, €X,all t>0,all geR and peN.
Since
t
(2K)"

lim =1

= LP
(2k)° (2k)

forall X, -, X,V Y, 2z, €X,al t>0 and peN.So

{gmeir gt

=1

X. k
o ( "5 e )2
J-l 3

withall X, %X, ¥, Y. 4,z €X,al t>0 andall geR.

Let g=1 in (63). By Lemma 1, the mapping H :X — X is Cauchy additive.
Next I replace (X, X, Yy Yo 2124 ) by (X%, X+, X,—X,0,---,0) in
(63), I get

5 l//( ""'Xk'yl""'yk'zl'”"zk)

(63)

2kqH (x)—H (2kax)=0

withall X, %X, ¥., V. 4,z €X,all t>andall geR.
So the mapping H:X— X is R-linear.
The rest of the proof is similar to the proof of Theorem 2.

]

Theorem 7. Let l,//:X3k —)[0,00) be a function such that there exists an
L<i
2k

l//(xil...lxk,yl'...,yklzll...,zk)

64
P LN T (N L S (64
2k "2k 2k 2k 2k’ "2k

withall X, X, Vi, Vi 2 Z, € X
Let f:X— X bean odd mapping satisfying
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. kOx; +ay; & 2kt t
>mind N| 2kf| Y ———1 4 qZ-J,—,
{ { (; 2k IZ:; )3 j t'*"//(xll"'vxkvylv""yklzll""zk)}

(65)
k k k k k
N T [T E T T )
j=1 j=1 j=1 j=1 j=1 (66)
> t
t+l//(xl,...lxk,y1,...,yklol...'O)
withall X, %,¥, Y, €X,alf>0andall qeR. Then
. 1 n
H(x)=N-lim——1f((2k) x (67)
(=N —fim o o (267
exists each X e X and defines a fuzzy derivation H:X— X.
So that
2k —2kL)t
N(f (x)=H (x),1) ( ) (69)

(2k —2KL) + (X, X, X, -+, X,=X,0,-++,0)

forall xe X ,all £>0.
The rest of the proof is similar to the proof of Theorem 2 and Theorem 6.

5. Conclusion

In this paper, I build the existence of the extended derivative on fuzzy Banach
algebra for the Cauchy-Jensen equation with 34-variables above by applying the

fixed point method to check that existence.
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