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Generalized Hyers-Ulam-Rassisa Type Stabi-

lity of a Cauchy Additive (&,&)-Functional ~ In this paper, we study to solve two additive (&,4)-functional inequalities
Inequalities with 34-Variables in Complex  with 34-variables and their Hyers-Ulam stability: First are investigated in
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complex Banach spaces with a fixed point method and last are investigated in
complex Banach spaces with a direct method: These are the main results of
this paper.
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1. Introduction

Let X and Y be normed spaces on the same field K, and f:X—>Y. We
use the notation |||| for all the norms on both X and Y. In this paper, we
investisgate additive (&,4,)-functional inequalities when X be a real or com-
plex normed space and Y a complex Banach spaces. We solve and prove the
Hyers-Ulam-Rassisa type stability of following Cauchy additive (¢;,4)-functional

inequalities.
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and when we change the role of the function inequality (1), we continue to prove
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So (1) and (2) are equivalent propositions, which ¢&,&, are fixed nonzero

Y

complex numbers with G(&,&,)-functional inequality. Note that in the pre-
liminaries, we just recap some of the essential properties for the above problem
and for the specific problem, please see the document. The Hyers-Ulam stability
was first investigated for the functional equation of Ulam in [1] concerning the
stability of group homomorphisms.

The functional equation
f(x+y)=f(x)+f(y)

is called the Cauchy equation. In particular, every solution of the Cauchy equa-
tion is said to be an additive mapping.

The Hyers [2] gave the first affirmative partial answer to the equation of Ulam
in Banach spaces. After that, Hyers’ Theorem was generalized by Aoki [3] addi-
tive mappings and by Rassias [4] for linear mappings considering an unbounded
Cauchy difference. A generalization of the Rassias theorem was obtained by
Gavruta [5] by replacing the unbounded Cauchy difference with a general con-
trol function in the spirit of Rassias’ approach.

The stability of the quadratic functional equation was proved by Skof [6] for
mappings f:X —> Y, where X isanormed space and Y is a Banach space.
Park [7] [8] defined additive y -functional inequalities and proved the
Hyers-Ulam stability of the additive y -functional inequalities in Banach spaces
and non-archimedean Banach spaces. The stability problems of various func-
tional equations have been extensively investigated by a number of authors on
the world even term [4]-[29]. We recall a fundamental result in fixed point
theory. The authors studied the Hyers-Ulam stability for the following function-

al inequalities
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in complex Banach spaces.

Y

In this paper, we solve and prove the Hyers-Ulam stability for (¢,4)-functional
inequalities (1) and (2), Le., the (&,&)-functional inequalities with n-variables.

Under suitable assumptions on spaces X and Y, we will prove that the map-
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pings satisfy the (,&)-functional inequalities (1) and (2). Thus, the results in
this paper are the generalization of those in [13] [14] [15] [16] [26] [27] [28] [29]
for (&,4,)-functional inequalities with n-variables.

The goal of the paper is to develop functional inequalities with a higher num-
ber of variables to solve problems of general nonlinear functional equations in
order to develop the field of nonlinear analysis.

The paper is organized as follows: In the section preliminaries, we remind
some basic notations in [13] [14] [17], such as complete generalized metric space
and Solutions of the inequalities.

Section 3: In this section, I use the method of the fixed to prove the
Hyers-Ulam stability of the additive (¢,4)-functional inequalities (1) when X
be a real or complete normed space and Y complex Banach space.

Section 4: In this section, I use the method of directly determining the solu-
tion for (1) when X be a real or complete normed space and Y complex Ba-
nach space.

Section 5: In this section, I use the method of the fixed to prove the
Hyers-Ulam stability of the additive (§,4)-functional inequalities (2) when X
be a real or complete normed space and Y complex Banach space.

Section 6: In this section, I use the method of directly determining the solu-
tion for (2) when X be a real or complete normed space and Y complex Ba-

nach space.

2. Preliminaries

2.1. Complete Generalized Metric Space and Solutions of the
Inequalities

Theorem 1. Let (X,d) be a complete generalized metric space and let
J:X > X be a strictly contractive mapping with Lipschitz constant L <1.

Then for each given element X € X, either
d(Jn’Jm—l):oo

for all nonegative integers 1 or there exists a positive integer n, such that
1. d(3"3") <, Vnxng;
2). The sequence {J “X} converges to a fixed point Yy of J
3). Y is the unique fixed point of Jin the set Y = {y eX|d (J”,J ”*1) < oo} ;

o 1
4). d(y,y')<—d(y.Jy) VyeY.
) d(vy) s d(ndy) e

2.2. Solutions of the Inequalities
The functional equation
f(x+y)=f(x)+f(y)

is called the Cauchy equation. In particular, every solution of the Cauchy equa-

tion is said to be an additive mapping.
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3. Establish the Solution of the Additive (§1,£2)-Function
Inequalities Using a Fixed Point Method

Now, we first study the solutions of (1). Note that for these inequalities, when
X be areal or complete normed space and Y complex Banach space.

Lemma 2. Suppose mapping I': X - Y satisfies F(O) =0 and

2r(z X; +Y, %Zk: J {i%}-r(gz]}y
K)o o) o(r)

Mg (g ()
j=1 j=1 j=1 j=1

forall X;,y;,z;€X,Vj=1—>k,then I':X—Y is Cauchy additive

Proof Assume that T': X > Y satisfies (12)

We replacing (X", X, Yy Vi 20 4 ) by (X,-++,0,%,++-,0,0,-++,0) in
(12) we have

Y

Thus
X 1
F(Ej_i f(x) (13)

forall xe X.
It follows from (12) and (13) that

XJ+yJ

s

g yj+1iz,j_r[ BN
j=1 273 o 2 g y
(14)
k i k Kk K K
<l (r(SA52 e S Jor( £ S |- 5252
j=1 2 j=1 j=1 2k j=1 =t 2 y
bl o)
=1 i1 j=1 = Y
and so
KX +Y & KX+ Y k
(1-1%0) F[Z 12 JJFZZJJ_F(Z 12 JJ—F[ZZJ}
N " - o (15)
(22 {358 3552
2 a2 = 2 ),

x+yj

zk for all j=1-Kk,

111’

we let u=3) S ILe S 203 D
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we get

v (16)

forall u,ve X
and so

X S (=l& (s +F(U—V)—2F(”)||Y (17)
|9€1|"F (usv)—F( "

forall u,ve X.Itfollows from (15) and (17) that

1 Kk +V. k K X. +VY. K
Lol (S22 e S o550 ) o S
j=t j=1 =1y (18)
kX + k k X+ k
<lef (S50 S | r S50 r( 2
o 2 i 2 = Y
Since V28| +|&,]<1
and so
K X. 4+V. K
r i +Z r >y - 5 r ZZ
j=1 2 j=1 j=1
for all X ¥ € X,Vj=1—-Kk.Thus T is Cauchy additive. ]
Theorem 3. Suppose ¢ : X* —[0,0) be a function such that there exists an
L <1 with

X X z z L
¢( L - ﬁ yk L, _kj<_(p(xlv"'lxk!yl!”'yyk!zla"'vzk) (19)

"2
for all x;,y;,z; e X,Vj=1—>k.If T:X—>Y be a mapping satisfy F(O)ZO

and

KX +Y, & KX +Y, K KX +Y
< r L 1Nz |+T L1 Nz |-2f LA
é[ [le 7 & Jj (; 7 & ’J [; 2 J]Y (20)
k . k k k
b))
j=1 j=1 j=1 j=1 v
+¢(X11 X Yo Yo 4 ’Zk)
for all Xj,yj,zjeX,Vj=1—>k.
Then there exists a unique mapping ¥ : X =Y such that
1
||F(X)—l//(x)||Y£H¢(x,---,0,x,~-,0,0,---,0) (21)

forall xe X.
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Proof. Replacing (Xl,Xz,---,Xk,yl,yz,---,yk,Zl,Zz,n-,Zk) by
(X,+++,0,%,---,0,0,-+,0) in (20), we get

X
'l = |-T
forall xeX.

Consider the set

<p(x,0,---,0,%,-:-,0,0,---,0) (22)

Y

Si={h:X—Y,h(0)=0}
and introduce the generalized metricon S:

d(g,h)=inf {2 eR:]g(x)-h(x)|< 1p(%0,-+,0,%,-,0,0,---,0),¥x e X},

where, as usual, inf¢ =-+oo. It easy to show that (S,d) is complete [17] Now
we cosider the linear mapping J :S — S such that

Jg(x)= Zg(gj

forall xe X.Let g,heS be given such that d(g,h)ze.Then
o (x)=h(x)] < eo(x.0,-,0,%,--,0,0,--,0)

forall xe X.

Hence
st ol o

S25¢[§,0,---,O%,O,---,O,O,---,o)

s2g%¢(x,o,~-,o,x,-.-,o,o,---,o)

Sngo(X,O,---,O,X,--‘,0,0,--‘,O)

forall xe X.So d(g,h):g implies that d(Jg,Jh)S L-¢ . This means that
d(Jg,Jh)<Ld(g,h).

forall g,heS It folows from (22) that

d(r,Jry<u.

By Theorem 2.1, there exists a mapping ¥ : X =Y satisfying the fllowing:
1) v isafixed point of / ie,

X
w(x)=2y (Ej (23)
for all X e X.The mapping y isa unique fixed point /in the set
M={geS:d(T,g)<o}

This implies that y is a unique mapping satisfying (23) such that there ex-
istsa A€(0,00) satisfying
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[T (x)=w (x)]| < A9(x,0,-+,0,%,--+,0,0,-+-,0)

forall xeX
2) d (J' f ,1//) —0 as | — . This implies equality

2 1[5 )= (9

forall xeX
3) d(Iy)< ﬁd (T',JT) . which implies

(0w (0]« 1230, 05-00,-,0)

forall xe X . It follows (19) and (20) that

o2 uin B

K X. 4+V. Kk
=t for| R E S, r SR r 23
n—oo 2n+ p=t 2n+ 2n = y
. K X +Y. KX +y, 1 & K X+ Y,
Sllm2n|§1|r Z J'”lj ZZ +I Jn+1j__nzzj -2r < Jn+1J
n—oo j=1 2 =1 2 2 j=1 j=1 2 v
o on KXty 14 kK X+ Y, 1 &
+rl1!>?o2 |§2| F[ J2n+l : +2_n_ ij_r[_ 12n+11J_r(2_”,zsz
j=1 j=1 j=1 j=1 v
+||n;12n¢ X_?]’__.,X_:’Li’.”’y_:,z_:]"”'z_:
n-> 2 2" 2 2" 2
X+y k kX +Y & KX +Y.
]:1 j=1 j=1 j=1
Y29

for all X-,yj,Z-eX,j=1—>k.So
ZW(ZXJWW ZZJ [Z—ijyj]—
k k K X ok K X +V.
bl o o)
= = c .

b))

-1 -1

+¢)(X1"”’Xk’yl"“'yk’zl’“"zk)

for all Xj,yj,ZjeX,jzl—)k.ByLemma3.l, the mapping ¥ :X—>Y isad-

ditive. Ei
KX +Y, & kK X+, k
(55 e (e -
j i= j i=
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o
Theorem 4. Let ¢:X* —[0,0) bea function such that there existsan L <1
with

X X Wi Yo 4 Zy
e X Y Y 2y <2lep| 2L, 2 A " S 25
(D(Xl X Y1 Yer 2y Zk) (0[ 2 2" ) 2) (25)

forall X,y,zeX.Let I':X—>Y beamapping satisfy F(O)zO and
X; +yJ

(JZK: K +% Z"j_r[,z; lzyjj r(gzij
Hofsn g ]
|

{38 {528
j=1 j=1 j=1
)

+¢(X1""’Xk7yl!""ykvzlv""zk

™M~

1]
N

j

y  (26)

for all X ¥ 2 eX, j=1-k.
Then there exists a unique mapping ¥ : X =Y such that

||r(x)_w(x)||ys1_LL¢(X,-.-,0,x,---,o,o,---,o) (27)

forall xe X.

The rest of the proof is similar to the proof of Theorem 3.

From proving the theorems we have consequences:

Corollary 1. Let r>1 and 6 be nonnegative real numbers andlet I': X —>Y
be a mapping satisfy T(O) =0 and

P R i )

Y

K X. + k kK X. kK X, +
S AR DAL RN D e REIND SR WPV D ke Rt 4
j=1 2 j=1 j=1 j=1 j=1 2 v
(28)
k Xl+yJ K K )(J_|_yJ Kk
+&| TS +>7, |-T| Y -T| >z
m 2 A 1 2 =t y
k r
+0
-1
forall x;,y;,z; e X Vj=1-k.
Then there exists a unique mapping ¥ : X =Y such that
22 6’
[ (0-y ()], < 29)

forall xeX.
Corollary 2. Let r<1 and 6 be nonnegative real numbers andlet I': X —>Y
be a mapping satisfy I'(0)=0 and
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r

k
+0(Z"XJ’
j=1

forall x;,y;,z; € X,Vj—>Kk.

, ok , ok
w2l + 2z,
j-1 j-1

Then there exists a unique mapping ¥ : X =Y such that

22"9,
Ir(-v ()], < 222, 6D

forall xe X.

4. Establish the Solution of the Additive (£1,§2)-Function
Inequalities Using a Direect Method

Next, we study the solutions of (1). Note that for these inequalities, when X be
a real or complete normed space and Y complex Banach space.

Theorem 5. Suppose ¢:X* —[0,%) be a function such that
B0k %0 Yo Yer2areeer 2,

zzq,(ﬁ_iy___jw G2
=t 2l Y 21 "9 2l
for all Xx;,y;,Z; eX,j=1->k and let T:X—>Y be a mapping satisfies
F(O)zO and
KX +Y: 1& K X +Y K
zr(z , J+_zz,]_r(z ' JJ—F[ZZJJ
= 4 25 i1 2 =y ¥
kK X +Y KX Y, kX + Y
<le|r| ST sy | YA Sy [ op S
(B e (i e 2]
k X; +Y; k kX +y k
+§2(F(Z ‘2 J+szj—r{z ’2 ‘J—F[ZZJD
j=1 j=1 j=1 j=1 v
+(p(xl""’xk!yl"“'yk'zl""’zk)
for all Xj,yj,zjeX,j:l—>k.
Then there exists a unique mapping ¥ : X =Y such that
It (x)=w (x)], <4(x-+,0,%,+,0,0,---,0) (34)
forall xe X
Proof. Replacing (X, X,y X, Y1, Yoo s Vi 243 2001 ) by
(%,+++,0,%,---,0,0,-+,0) in (33), we get
HZFG)_F(X) <p(%0,++,0,%,+-,0,0,:+,0) (35)
Y
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forall xe X.

Hence

priz)-=r(],
5 m( Joeps)

j=l
-1 X
< 2] ( ) 1 ”101-_ 01”'10101"'10J
2]+1

m
1
| 2"

(36)

for all nonnegative integers m and /with m>1 and all x € X. It follows from

(36) that the sequence {2“1"[21”}} is a Cauchy sequence for all x e X. Since

X
Y is complete, the sequence {Z"F(—nj} coverges. So one can define the
2

mapping ¥ :X—=>Y by
w(x):=lim2" F(Z—x) (37)

n—oo

for all xeX. Moreover, letting 1 =0 and passing the limit m— o in (37),
we get (34) It follows from (32) and (33) that

X+ 1 k X+ V. k
2 i i i il _
(Bgie 5 (3

K X.+V. K kK X.+V. Kk
stz for[ 350 LS o S50 o 23
j=1 j=1 j=1 j=1 v
kK X +Y. 1 K kK X +Y. 1 & k X, +Y:
<lim2"|&|(C L 1, - Nz +F£ L1~ Nz —ZF[ i)
© | 1| (il 2n+l on = JJ 1221 2n+l on é i JZZl 2n+1 y
A n k X +Y: 1 kX +Y. 1 K
+!ETO]02 |§2| (Z J2n+l J ZZ J F[z J2n+1 : J_F[Z_nZZJJ
j=1 j=1 j=1 v
+|im2n¢(ﬁ,...,x_k,ﬁ, JYen
n—w 2" 2" 'ont o ton 2"
Xi+Y. kK X +Y, K k X +Y
( [Z J J Z J+ (Z 12 J_Z JJ_ZV/(Z 12 JJ]
j=1 j=1 j=1 j=1

Y (38)

+¢(X1""'Xk*yl"”’yklzl’”"zk)
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for all Xx;,y;,z; €X, j=1—n.By Lemma 3.1, the mapping ¥ :X—=>Y isad-
ditive. Ei

g (g

j=1 j=1 i=1

Now, let ':X — Y be another additive mapping satisfying (34). Then we

have
' X | X
RNERE
Y
X X | X X
< zqyl(z—qj—zqf(z—qj + 2ql// (Z—qj—zqf(z—qu
S2q¢(1,0,"',0,i,0,"',0,0,"',0)
2¢ 2¢

which tends to zero as g —>o for all XeX. So we can conclude that
w(X)=y'(x) forall xeX.This proves the uniqueness of v .
Theorem 6. Suppose ¢: X* — [0,00) be a function such that

V/(Xl""'xklyl"“’yk’zl’“"zk)

_ o o : (39)
i.go(zjxl,---,ZJxk,2’y1,-~-,ZJyk,2’zl,-~,2‘zk)<oo

F(O) =0 and

k . i k k . Kk k . .
< gl[r[zx’”' +ZZJJ+F[ZX’+y’ _zzjj_zr[z“yl D
1 2 i i1 2 i o2 L (40)
k . . k k . . k
bl gl )
R =t [ =t v
+§0(X1""'Xk’yl""'yk'zl""'zk)
for all Xj,yj,zjeX,j=1—>k.
Then there exists a unique mapping ¥ : X =Y such that
['(X)—w(x

<$(%,0,-+,0,%,--,0,0,---,0)

forall xeX

The rest of the proof is similar to the proof of theorem 5.

From proving the theorems we have consequences:

Corollary 3. Let r>1 and 6 be nonnegative real numbers andlet I': X Y
be a mapping satisfy I'(0)=0 and
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2
k k k . Kk k
<|le r[ Xj+y'+ZZJJ+F[ZXJ+yJ—ZZ]J—ZF[ZXJ+yJ]
2 A 2 = 2
Y (42)
k k Kk . k
+ fz[F[z 5 +sz]—l{z %; +y’J—F(ZzJD
1 2 j=1 R =t v
Kk k r
+6’( i ]
=t j=1
forall x; eX.
Then there exists a unique mapping ¥ : X =Y such that
220
"f (X)_V/(X)"Y < or _2”X"x (43)

forall xe X
Corollary 4. Let r<1 and 6 be non-negative real numbers and let
[''X—>Y bea mapping satisfy f(0)=0 and

gt (55

k r
+6’(Z| i
j=1

for all Xj,yj,Z—jeX.
Then there exists a unique mapping ¥ : X =Y such that

Ir (0w ()], <222

ﬁ"""; (45)

forall xe X
5. Establish the Solution of the Cauchy Additive
(é1,&2)-Function Inequalities Using a Fixed Point Method

Now, we first study the solutions of (2). Note that for these inequalities, when
X be areal or complete normed space and Y complex Banach space.
Lemma 7. Suppose mapping I': X —> Y satisfies F(O) =0 and

k k Kk
I:1 j=1 j=1 v
K . Kk Kk . . k K .
51[ [zTy szyzj S
j=1 j=1 j=1 j=1 j=1

ey
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forall x;,y;,z;€X,Vj=1—k ifandonlyif I':X—>Y is Cauchy additive
Proof Assume that T': X > Y satisfies (46)
(X X Yo Yo Zoeen 2 ) by (X,-++,0,%,++,0,%,+++,0) in (46) we have

T (2x)- 21"(x)||Y <|B|r(2x)- 21"(x)||Y

and so F(ZX)zZF(X) forall xe X.
Thus

r(szér(x) (47)

forall xeX
It follows from (46) and (47) that

k ) ) k k k k
<[ r[le+y'+ zj]+l“[zx’+y’—Zz])—ZF(ZX’+y’]
i 2 j=1 im 2k j=1 R N
EXtY 1S SX Y, :
AN +=>z7, |-T| Y -1z (48)
j=1 4 2j:l j=1 2 j=1 v
k ) ) k k k k
RO e I
a1 2 =1 i 2k =1 1 2 Y
k k k
T R i)
1 2 j=1 [ =1 %
and so
KX Y. & KX+ Y k
aelafr( S5 o Be (2552 (S
i 2 A 2 iy
(49)
k ) . k k . . k k . .
S N PDIERINS PR D LU RE TN SR WP D St
a2 = n 2 = it 2 ),

i tY; k ko Xty k .
we let u=ZHJT+Z]:12]-,v=zj:1%—zizlzj, for all j=1-k,

(e

(1_|§2|)

(50)
<lel r(u)+r(v)_zr[%j
Y
forall u,ve X
and so
1
E(l—|§2|)||l"(u +v)+T (u-v)-2r(u)|, -
<|&|r(u+v)-T(u)-f(v)|,
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forall u,ve X Itfollows from (49) and (51) that

1 2
5(1_|‘§2|)

<l&f

Since ~2|&|+|&,] <1

and so
S e

for all X ¥, Z; € X,Vj=1— K. Thus fis Cauchy additive. O
The rest of the proof is similar to the proof of Lemma 2.

Theorem 8. Suppose ¢: X*" — [O,oo) be a function such that there exists an

L <1 with
Xi Xn yl yn Zl Zn <L
AT oy T oy T oy T [ =T l“! no 1Ty nlzl“'yzn 53
(9(2 5" 5D 2} 2¢(X1 Vi Yne 2y ) (53)

for all X;,y;,z;€X,j=1-k.If f:X—>Y be a mapping satisfy ['(0)=0

and
)

lgeda (B fe (52
)

k X: +V; 1 &
+§2[2F[Z ’4 ’+Esz

=1

v (59

+¢(Xl’ " n’yll : 1yn!zj_l"'1zn)

for all X ¥ 2 eX, j=1-k.
Then there exists a unique mapping ¥ : X =Y such that

It 0)-v (), <57

forall xe X
Proof. Replacing (Xl,Xz, X Y Yo yn,Zl,Zz,-'nZn) by
(X,O,---,O,X,---,0,0,---,O) in (54), we get

(1-l&])|r(2x)-2r(x)|, <@(%.0,-+,0,%,+,0,x,-+-,0) (56)

forall xe X.

Consider the set
S={h:X—>Y,h(0)=0}

and introduce the generalized metricon S:
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d(g,h):=inf {/1eR:"g(x)—h(x)”s/I(p(x,o,---,o,x,---,O,x,.--,O),VxeX},

where, as usual, inf¢ =-+co. It easy to show that (S,d) is complete [17] Now
we cosider the linear mapping J :S — S such that

Jg(x)= 29(%)

forall xeX.Let g,heS be given such that d(g,h)=£ then
||g(X)_h(X)||SE¢(X’0’.'.’O’X1"'101Xl...io)

forall xe X.

Hence
b)) =Jes( 3 -ane 3]

SZg%go(x,o,---,o,x,---,O,x,---,O)S Lep(%,0,--,0,%,---,0,%,---,0)

X
<2gp| —,0,--+,0,
(ﬂ(z

forall xe X. So d(g,h):g implies that d(Jg,Jh)S L-¢ . This means that
d(Jg,Jh)S Ld(g,h)

forall g,he X It follows from (56) that

X 1 X X X
r(x)-2r 2 ll<——ol20-- 02 ... 0.2 ...
(x) (2) <1—|51|§”[2’0’ 07 0% ’Oj
L
<———p x,0,---,0,%,---,0,%,---,0
2-Ta) " )
for all xe X. So d(l“,.]l“)ﬁ; for all xe X By Theorem 2.3, there
2(1_|§1|)

exists a mapping ¥ :X =Y satisfying the following:
1) v isafixed point of / ‘e,

v (x)=2y G} (57)

forall xe X . The mapping y is a unique fixed point /in the set
Mz{g eS:d(f,g)<oo}

This implies that  is a unique mapping satisfying (57) such that there ex-
istsa A€(0,0) satisfying
|0 (x)=w (x)| < A9(%,0,-+,0,%,+,0,x,-+-,0)

forall xe X
2) d(J'F,l//)—>O as | — 0. This implies equality
Coae X)L
im2'r( 5=y (3
forall xe X
1

3) d(Iy)< ﬁd ([,JT) . which implies
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L
SW(l_wlb(P(X,O,---,O,)(,...'()’X’...’O)

for all xe X. mi
The rest of the proof is similar to the proof of Theorem 3.
Theorem 9. Let ¢ X3 [0, oo) be a function such that there existsan L <1
with

Z_) (58)

forall X,y,z€X.Let T:X —>Y beamappingsatisfy I'(0)=0 and

(Z““iz) {Eaanty

]

X
§D(X1| Xy Yihee 'yn'zl’”"zn)s2L(p[?l""v n ..

Y

k k Kk K . .
Rl HZ Fgaal
i=1 i=1 —1 j=1 v (59
kK X +Yy X; k
gt Rt (g
= 4 = =iy ¥
+(P(X1y" X Yo Yne 2y 2 n
for all Xj,yj,zjeX,j=1—>k.
Then there exists a unique mapping ¥ : X =Y such that
L
r(x)-y(x) €<—————&(x,0,,0,%+,0,%,--,0 (60)
IF 00— 0, < st )

forall xe X

The rest of the proof is similar to the proof of Theorem 8.

From proving the theorems we have consequences:

Corollary 5. Let r>1 and 6 be nonnegative real numbers andlet I': X —>Y
be a mapping satisfy I'(0)=0 and

I |

( [i =8 gz J*F(é : éz}—zr(gxi;yin

*(61)
K X+, k K X+ k
g s j BN
o 4 273 a2 = .
XI+9( ]
for all Xj,yj,ZjeX,j=1—>k.
Then there exists a unique mapping ¥ : X =Y such that
(62)

[ ()-w (x|, S()Tm)" I

DOI: 10.4236/0alib.1109480 17 Open Access Library Journal


https://doi.org/10.4236/oalib.1109480

L. V. An

forall xe X
Corollary 6. Let r <1 and 6 be nonnegative real numbers andlet I': X > Y
be a mapping satisfy I'(0)=0 and

0
(B g (g ol

K X. 4+V. k
< 5{1‘(2 ! 2yj +sz}+l“
j=1 j=1

K X. . k
+ éZ(ZF[Z J:yj +%sz

Y
bhon ) afpnon
m 2 R

Y

Y (63)

i=1 i

Ne— 7 N

+9[Z|

for all X, Y2 eX, j=1-k.

Then there exists a unique mapping ¥ : X =Y such that

F(x)-v ERCTAYZEPY
I109-v ), * g
forall xe X.
6. Establish the Solution of the Additive (§1,$2)-Function
Inequalities Using a Direect Method

Next, we study the solutions of (2). Note that for these inequalities, when X be
a real or complete normed space and Y complex Banach space.

Theorem 10. Suppose ¢:X* —[0,%0) be a function such that
¢(X1""’Xk'y11""yk’zlv'”'zk)

_32 (2 XY Yen o Zk)@o (65)

= IR I TR TR

for all x;,y;,z;e€X,j=1—k and let [':X—>Y be a mapping satisfies
F(0)=0 and

j= J=l j=1 2 j=1 ! v

< XY S XY & XY,

<|&| T2 +sz +T ——Zzi -2r >
2 = m 2 = 2

1 . (66)
SXtY 1 SX Y, :
+& | 2r) Y] +=3z7, |-T| Y -T >z
in 4 23 i 2 j=1 v
+(p(xl""’xk!yl!"'lykizlv""zk)
for all Xj,yj,zjeX,j=1—>k.
Then there exists a unique mapping ¥ : X =Y such that
||1"(x)—y/(x)||Ys¢(x,--~,0,x,~--,0,x,---,0) (67)

forall xe X
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Proof. Replacing (Xl,Xz,---,Xk,yl,yz,---,yk,Zl,Zz,n-,Zk) by
(X,+++,0,%,---,0,%,0,---,0) in (66), we get

(1-]&])r (2x)-2r(x)], < @(%,0,-,0,x,-+,0,%,0,-+,0) (68)
forall xe X.
So
1
F(X)— F(ZX) ¢(X,O,"‘,O,X,“'.O,X."'IO) (69)
H Y (1_|§1|)
forall xe X.
Hence

1 1.
H?F(ZIX)_Z_’"F(Z x)Y

]

=l
-1 j+l
S 2 _L’O,...,O,L’O,...,O,L’...’O
|) 2]+l 2]+l 2j+1

(70)

for all nonnegative integers m and /with m>1 and all x e X. It follows from

(70) that the sequence {2“1"[%)} is a Cauchy sequence for all x e X. Since

Y is complete, the sequence {Z"F(ij} converges. So one can define the
2n
mapping ¥ :X—>Y by

v (x):=lim2" F(Z—x) (71)

n—o0

for all x e X. Moreover, letting | =0 and passing the limit m — o in (37),
we get (67) It follows from (65) and (66) that

(g5t o 5 o)

Y

. Yi 1 KX +y 1
_||m2n ] ] - -T J b | il
n—oo []_1 2n+l 2n =i J] [Jz_l 2n+1 ] (anz_l J)Y
kK X+, k kK X +Y; k kK X, +Y.
<I|m2”|§1| ! 1yJ — z; |+T ! 1yJ L 7, |-2r| Y- 1yJ
J7 2n+ Zn j:l j:l 2n+ 2n j:l j:l 2n+
Y
kX + k K X+ Y, k
+ Ilm 2"|§2| Zr[ n+2yJ + r:1L+l ZZJ _F[Z J n+1|.yJ _F[inzzj
j=1 2 2 j=1 2 2 j=1 v
lim 2" (X » X_LY_Z_Z_j
N—o0 2n 2n 2n 2n 2n 2n
k X +Y kKX +Y; K k X +Y
j=1 j=1 j=1 j=1 j=1 v (72)
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for all X-,yj,Z- eX,j=1->k.So

ko X: + k X: + k k X: +
<lg|w| > y'+2z, | X |y 3B
j=1 2 =1 =1 2 = =1 2 v
k X +Y k kK X, +Y k
B8
j=1 j=1 j=1 j=1 v

for all Xj,yj,ZjeX,j=1—>n.ByLemmaS.1, the mapping ¥ :X—>Y isad-

ditive. Ei
K KX, +V. k
(Z 0 +szj:w[2—x' ;y’ jw[zzjj
i=t j=1 j=1

Now, let ': X —>Y be another additive mapping satisfying (67). Then we

X X
ol

2 2 )|,
<oy | X = 2vr| X+ 20y | 2 |- 2o X

zq 2 2 2

S2%(1,0,---,0,1,0,---,O,LO,---,OJ
2¢ 2¢ 2¢

have

v () -y ()] =

Y

which tends to zero as g —>o for all xeX. So we can conclude that
l//(X) = l//'(X) for all x e X. This proves the uniqueness of v . o
Theorem 11. Suppose ¢:X* —[0,%0) be a function such that

V/(Xl’”"xk'yl””'yk’zl"”'zk)

o 1 ) . : : : . (73)
::Z?(p(ijl,-n,ZJxk,2’y1,---,2’yk,2’zl,---,2‘zk)<oo
i=0

for all x;,y;,z;eX,j=1—>k and let I':X—>Y be a mapping satisfies
F(0)=0 and

TR A

j=1

Y

+(p(xl""’xk’yl"“’yk’zl’“"zk)

for all X, Y2 eX, j=1-k.
Then there exists a unique mapping ¥ : X =Y such that

It (x)=w ()], <#(x.0,+,0,%,-,0,%,0,---,0) (75)

forall xeX
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Proof. Replacing (Xl,Xz,---,Xk,yl,yz,---,yk,Zl,Zz,n-,Zk) by
(X,+++,0,%,--+,0,%,-+,0) in (74), we get

(1-]&])r (2x)-2r(x)], <@(x,0,++,0,%,-+,0,%,--+,0) (76)
forall xe X.

So ReplaCing (Xi’-”’xk’y17“"yklzl’”"zk) bY (X’Oi"'!oaxlol"'xoxXaoi"'ao)
in (74), we get

‘ZFG)‘F(X) <p(%0,+,0,%0,-++,0,%,0,+,0) (77)
Y
forall xe X. So
F(x)—%F(Zx) S%(D(ZX,O,-~,O,2X,O,~-,0,2X,O,---,O) (78)
Y

for all X e X. Hence

1 1
H?r(z' )= (2]

US| j 1 ;
_— ] = j+1
<2l r(2'x) 2,»+1r(2 X) (79)
j=l Y
S go(zi*lx 0,---,0,2"*'x,0,---,0,27**x,0,-- o)
—_ L 2J+1 1 L l 1 L l 1 L 1 1 L
j=l

for all nonnegative integers m and /with m>1 and all x e X. It follows from

(79) that the sequence {ZinF(Z” X)} is a Cauchy sequence for all x € X. Since

Y is complete, the sequence {zir(zn x)} converges. So one can define the

n

mapping ¥ :X—=>Y by

1
X):=lim—T(2"x 80
v (x)=lim =T (27x) (80)
for all x e X. Moreover, letting | =0 and passing the limit m— o in (79),
we get (75).

The rest of the proof is similar to the proof of theorem 10. o

From proving the theorems we have consequences:

Corollary 7. Let r>1 and 6 be nonnegative real numbers andlet I': X —>Y
be a mapping satisfy I'(0)=0 and

kK X+ Y, k X +Y. k

(5 (55 o)

j=1 = =1

= ¥

KX +Y, KX +Y, & KX+,
gir Yy +—= y‘+ z, |+T| > - y’—sz -2r| Y- Yi
= 2 73 1 2 A i 2

)

<

k
+9(Z"Xj
j=1

Pk
+Z||y,»
=1

Pk
+Z||Z,—
=1
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forall x; eX.
Then there exists a unique mapping ¥ : X =Y such that

[ () -v (x)], S()W

I (82)

forall xe X
Corollary 8. Let r <1 and 6 be nonnegative real numbers andlet I': X > Y
be a mapping satisfy I'(0)=0 and

e Rt R

N

j=1 j=1

Y

Pl el

j=1 j=1 j=

T~
_><
N |+
=<
N—
N

[N

Y (83)
K X +Y. k K X +Y. k
NP DSRRINED i Iy D R I 3
4 25 i 2 i .
k r r
+0 Z| ;
j=1
for all Xj,yj,Z—jeX.
Then there exists a unique mapping ¥ : X =Y such that
Il (84)

[r(x)=w (x)], < #

&)
forall xe X

7. Conclusion

In this paper, I have given two functional inequalities with 3k variables and fully
solved complex Banach space by fixed point methods and direct methods. This

result is based on special results such as [25] [26].
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