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Abstract

Formal Calculation, formerly known as the Shape of Numbers, is suitable for
calculating some nested sums. The formula has been obtained, and the calcu-
lation problem of various combinations of arithmetic sequences has been
solved. This paper analysis the coefficients of the formulas and obtain some
simplified identities. Furthermore, the Formal Calculation is extended from
binomial coefficient to Gaussian coefficient, and the application is extended
from two parameters forms to multiparameter forms.
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1. Introduction

Peng, J. has introduced the Shape of Numbers and three forms of calculation
in [1]: K;,D; e Commutative Ring .

Mseries: Serie, = {K;,K; +D,,K; +2D,,--,K; +(N-1) D/}, ie[LM]

Use PS= [K1 :Dy,-+ Ky 1Dy ] to represent the series.

[K;:L,--+, Ky, :1] is abbreviatedas [K;,--, Ky, ].

[K,:D,---,K,, : D] isabbreviated as [K;,---,Ky ]:D.

Use PT = [Tl,T2 v Ty ] to indicate some items in A series (the Shape).

By default, the following uses:

PS=[K,:D,,K;:D,,--+,Kyy : Dy |.PT =[T,, T, Ty |

PSA=[K,:Dy,--+,Ky : Dy, Kyy,1 i Dyt ] =[PSs Kyus i Dyl
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PTA=[PT, Ty, = T, +2-p]

Recursive definie operator VP, peZ:

VOE(n)= 1 (), Zaavi (n+1)= F(N), 200 F (n+1) = VA (N)
Recursive define SUMN, PS, PT), abbreviated as SUM(N):

SUM (N,[K,: D, ].[T, =1]) = ¥\ (K, +nx D)

SUM (N,PSA,PTA) =" (K,,,; +nx Dy, )xV°SUM (n+1)

For example:

SUM (N,PS,[1,2,+,M])= 3" TT" (K, +nD;)

SUM (N, PS,[1,3,--,2M -1])

:Z:M_lzo (K +ny Dy )---Z:fZO(KZ+n2D2)anZ:0(K1+n1D1)

SUM (N, PS,[1,2,4]) = 31 *(K; +n,D3) 2% (K, +nD; ) (K, +nD,)
SUM (N, PS,[1,3,4])= X" (K, +nD; ) (K, +nD, )" (K, +n,D,)

SUM (N, PS,[14])=>" (K, +nD )2 o2 o(Ky+nD,)

The following use K'to represent set {Kl,Kz,m,KM}, Tto represent set
(T T T b

Use the Form: (T, +K,)(T, +K,)--+(Ty +Ky )= ZH.l > X =T, or K,

X(T)=Countof {X;,--, X, } €T,

X;_, =Countof {X,,---,X.,} €T, X, =Countof {X;,--, X} eK.

Don’t swap the factors, then each [[X; corresponds to one expression in
the SUM().

L) H( )ZZHX withT):qulBl’ q= X(T)’ SUM(N)=
__Fom, N+Ty -M) N+T, -M
Zq UH ( )( N-1— q )_Zqo Hl(q)[TM -M +1+QJ

__Fom, N+T, -M+q N+T, -M+q
O WUND) Ll B SN e
M

M+1+q
N+Ty, —q M N+T, —q
Form3 H M _ H "
Zq =0 ( )[ N_l_q j Zq:o S(q)( TM 1

(T, = Xy1) Dy X =T,
K, +X;,D;; X, =K,
_ P g :{(Ti —Xy1) D X =T,

Ki+(X1=T) D X =K,

Formg Bi _ _Ki +(Ti - XT—l)Di;Xi :Ti

Ki +X;4D: X, =K,
H\(q), H)(q), Hi(g), short for H(g, PS, PT), is also defined above.
Sometimes use H(q) to represent these three coefficients.

N; , .
If f (n) = z A .t m, is not changed with n, then

Formy B _ {

p

v (n)-2A[ ")
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Sometimes VSUM(N) and sometimes SUM(N) are listed below,

The corresponding SUM(N) and VSUM(N) are easily obtained.

In particular, (), $() is unsigned Stirling number:

1.2) SUM(N,[12,--,M],[13,--,2M =1]) =S, (N+M,N).

1.3) SUM(N,[L1,--,1],[13,+-,2M -1]) =S, (N + M, N).

1.4) SUM(N,[L1,-+,1],[12,---, M])=1" +2" ...+ N"

1.5) VSUM (N,PS,[1.2,+,M]) =TT\, (K +(N-1)D,) =], (K +nD,)

1.6) In SUM (N,[---PS---],[---,T +1T +2,---,T+M,---]), K, can exchange
order

1.7) SUM (N,[L, Ly, PS].[L,+, Ly, PT]) =], LiSUM (N,PS,PT)

This indicates that 7] can be greater than 1, T'is defined in N.

N+T
1.8) SUM(N,PT,PT)=TT", '(T++U
M

1.9) z:”_oHl(q)(Béqj:Zf_on(Q)(A;qj:zq0 +(d )[A+|v| qj

This indicates Form; = Form, = Forms. If regardless of the actual meaning,
PT’s domain can be extended to C.

The Shape of Numbers of [1] has nothing to do with triangle numbers, square
numbers, etc. This paper calls them Formal Calculation.

2. Simplified Formula

H(a)=2T[X.XeT or K=X([]XeT)(J[]X eK)

Sometimes simple expressions can be obtained.
Deﬁne

(KK ZH. iy lieK and L 215, Fq{l'z""’N} abbreviated as F,"

ZH. S ek, Eél'z'"”N} abbreviated as EqN
FqN: > [TA=S.(N+q,N)

sk <tp<<dg<N

={K1.Kp,

Ef = Y Jl2= X 1%2%..N™=5,(N+q,N)
1A <Jp<--<Aq<N M+ ++An =

[A:D], =A(A-D)(A-2D)--(A-(q-1)D),[A: D] =1

[A:D]' = A(A+D)(A+2D)-(A+(q-1)D),[A

H(q,T)=([TX eT)of H(q) qK =( [Txek )ofH(q)

H(a.2T)=2H(aT).H (q'ZK)=Z (a.K)

PT =[T,=T+L-T,, =T +M]—H,(q,T)=H,(q,T) = DT, ---T,

PT =[L2-,M],D=1-H, (9, X K)=Ff ES+ RS LET ++ FFEL,
f(n)=a, +an+a,n’+--+a,n" =a, (K, +n)(K,+n)--(K,, +n)
F(N)=X1" f(n)=a,SUM (N,[K;, K, Ky ] .[L.2,,M])

aM —i
a‘M

According to Vieta’s formulas, F* =
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Hy(a) = at R B =at %t g
H,(0)=0
(1)=1'(a1+a +ootay )
H,(2)=2!(a, +3a,+7a, +--)
=21(5,(22)3, +5, (32)a 5, (4.2)a, +--)

21) F(N)=Z:ﬂ_oHl(q)( N ]

g+1
H, (0) 0] S,(0,0) -+ S,(M,0) |[ &
L] Imls.om) s la,

It’s the same as: F(N)= Z:l:oaq z:;;nq = Z:l:oaq SIS, (a, i)(i TJ

21.PT=[T+1,T+2,..,T+M]PS=[P-(M-1)D,
P-(M-2)D, .., P|:D
PS can exchange order =[P,P-D,P-2D,---]: D
H, (g,K)=[P: D]qu,

Hl(q’zK):(M'\{qul(q'K)L[“:J(MP—QJ(M_q)!
2.1.1) (n;Aj(n+,\'\:+B]

SR e e
A ey
o el

[Proof]
1

=———VSUM (N,[1,2,--,A B+1B+2,--,B+M],

AIM |
[L2, A A+L-, A+ M])

-1 vsum (N,[B+1B+2,-,B+M],[A+LA+2,--,A+M])
M!

=L vysum (N,[B+M,-,B+2,B+1],[A+L A+2,---,A+ M])
M!

N+A

1 M 1 M n+A
Form, ~ v () a1 S

i (@)oo oman-f')

R
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Form, — He(eX)-{e-A" %vz:ﬂo[s — A" [A+Y] (M ](N TA qj

q A+q+1

s (oo 2

Form, HalaT A Bl,

e M U W R

S E ol

+
q
M 2M —
A:M,B:O—)(n;:/l ) Formg Z(’;AO j (n+ q], record at [2]:

q-e.d.

(6.32).

n+A\n+M Form A n+A+M—q
B=0—> —e , record at
A M °l g A+M

[2]: (6.21).

A:H[X;yjzz?_o(Mx—qm

if 0<B<M, PS=[0,-1-,—(B-1),A A+L-,A+(M-B-1)]
H,(a)#0—> X, X, X5 €T > H,(g<B,Y> K)=0

Method of 2.1.1) — H, (q> B, Y K)= ('\l\; BJ[A+ )],

212) (n+XJ(n+YJ:ZA (M +g](M +X—Yj[n+Y ],OSYSM
A M =0l g A-g M +g
[Proof]
=———VSUM (N,[X,X =1+, X =A+LY,Y =1---,Y =M +1],[1,2,---])
AIM!
1
T A
!
:mSUM(N,[O,—Lm,—(M =Y)+L X, X = A+1],
[Y+1Y +2,---,M +A])

———VSUM (N,[1.2,-,Y,0,=L -, =(M =Y)+L X+, X = A+1],[1,2,--])

Z-(M

H,(q>M —Y,ZK)M{ Z_q_Y)j[x +(M —Y)]Ziq

Y!
(@)

v A o
“AIM !(M LAY —q][M XY ]y [Y ]

:ﬁ[Aég](M ;i(g—YJ(A_g)!(M'\’l;fgj(M —y+9)!

:(MJQJ(M :\i(g_Yj
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(Y ) T (e
Y1

:mZS_OHl(g)[I\::Yg]

[nj[mmj (M+Aj(n+Mj

M=Y,X=0—> =

A M A M+ A
nafnYyn+M M+ A N-+M N+M)\/N N—-A

N (= e vt el W Bl
=LA M A M+A+1 M A/M+A+1

at [3].

n+A\ n+Y n+X\(n+Y
2.1.1) is for , 2.1.2) is for , 0<Y <M.
A M A M

X Y
There has no formula for [nJrA j[nl\; j, Y>M, X#A.

2.1.3) (;j['\?:gj:zz;(_l)m—a-g (A—l\;l +gj(MB—9j[M”—gj,n >0

[Proof]
PS=[0,-1-+,~(B-1),A-(M -B-1): -1, A:-1]

0,q<B

LHi(a.K)= (—1)‘*['\/I _BJ[A—(M -8-1)]"",q2B

M —q

2.1.4) [P+nD:D], = Z:”:OD‘* [M],[P:D],_, Gj

A-n 1 «wm M M—g (N
2.1.5) ( M ]:mzq_o(—l)qq![qj[A—M +1] “(qj
[Proof]
PS=[A-M +1---,A-L A]:-1,

PT :[1,2,...,M]_)(A'\;nj:%VSUM (N),

H, (0.2 K) :(':' ][A— M +1" " H, (0, T)=(-2)"q!

A=2M — (ZMM_ n] = (1)’ (HJ(ZMM_ qj , record at [2]: (3.50).

q

216 [ MM ]=se [BYATB-A) N dat [2]: (6.44)
1. Al —Zq:O q B_q A+B_q , record at [2]: (6.44).

[Proof]
PS =[0,—1,---,—A+1,0,—1,---,—B+1],PT =[1,2,---,A+ B],

q.e.d.

(X0 Xporon X} €T > Hy (g < A)=0,H, (92 A):qg[quJ[A]Mq
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W N O
e E—

q-e.d.

2.2.P20,PT=[P+1,P+2,.,P+M],PS=[P+2,P+4,..P+2M)]

Hz(q,ZK)=SUM (q+1,[1,3,---,2(|v| —q)—l],[l,3,---,2(M —q)—l})

:(Z(M—q)—l)!!(ZMq_qj
SUM (N):%SUM (N,[L2,+,P,PS],[1,2,-+,P,P+1,--,P+M])
- :__;(n;P](P+2+n)(P+4+n)-~~(P+2M +n)

N+P+qj

=3 (2[m —q]—l)!!(ZMq_q][P +1]“[ prgl

2.2.1)
n+P+q)

P THCRE TR TR R ] LRSI e
222) T]7(2i+n)=2" (2[M —q]_l)!![2Mq—QJq![n;qj

SUM (N,[13,+-,2M —1],[1,2,--,M]) = SUM (N,[3,---,2M —1],[2,---,M])
Change Mto M —1and g/ to (g+ 1)!->
n+1+qj

22.3) 17, (2i+n-1)=3""(2[M —q]—3)!!(2M _qq_zj(q+1)!( 0+l

2.3.PT= [1, 3,..,2M- 1], PS = [P+ D,P+3D,..P+ TMD]:D
H,(q.K)=[P:D]""
H,(q,XT)=D'SUM (M —q+1[13,-,29-1],[L3,--, 29 ~1])

Mo e M+g)(N+M-1+q
231) SUM(N)=3" [P:D] qu(Zq‘l)”[ 2q j{ M +q ]

P=1D=1-PS=[2,4,,2M]

SUM (N) =3 % (2M +my ) 200 (4+0,) 30 (2+1)

2.3.2) oM (M+Q)! N+M-1+q) <m (N-1+q [N+q]M
_Zq:O(q)T M g =Y o I
*) N:1_>2MM!:ZM (M +q)!_z,:|_0[1_+_23]

q=0 (C])!Zq -
This can also be obtained from 2.2.2).

2.4.PT=[1,3,..,2M-1],PS=[P,P +D, .., P+ (M - 1)D]:2D

M+N-1

2.4.1) SUM (N):( M

j[PJr(M +N-2)D:D]
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[Proof]
H, (a0, K,[P,P+D,~+,P+(M -1)D]: D,[1.2,---,M])

=SUM (q+1[P,P+D,--,P+(M -1-q)D]:2D,[13,-+,2(M —q)-1])
=H,(0.YK,[P+(M-1)D,-+,P+D,P]:D,[1,2,---,M])

{M) (A K, )—2>(MJ[P+(M—1)D:D]M
SUM (q+1[P,P+D,+,P+(M-1-q)D]:2D,[13,--,2(M —q)-1])
( J +(M-1)D:D], —=

SUM (q+1[P,P+D,+,P+(M-1)D]:2D,[13,--,2M —1])

:( )[P+ M+q-1)D:D]

&{M +N _1][P+(M +N-2)D:D]
M M

SUM (N,[P+1,P+2,---]:2,[13,+,2M —1])

242) (N+M-1)(N+M+P-1
ALY M

243) SUM(N,[L2-,M]:2[L3,,2M —1]) = M(N+M 1]

M
M=1->1+3++(2N-1)=N?
M =2—SUM (N,[12]:2,[13]) =Y (2+2n)SUM (n+1[1]:2,[1])

2
ISR NS WU b
2.4.2) and 2.1.1)>
H(q.[P+LP+2,-]:2[13,,2M -1])
=M (q,[P+LP+2,-],[M+LM +2,---,2M])

[
nyn) e A B n+B-q ]
2.4.5) (AJ(BJ_ZQ‘O(B—q)[qJ[ AL j,recordat [2]: (6.45).

[Proof]
Ps=[o,—1,.--,—A+1,o,—1,..-,—B+1],PT=[1,2,.-- A+ B], use Form
(X, Xp - X, eT > Hy(q<A)=0,02 A []_, X, eT = Al

STI., X €T =SUM(A+B+1-q,[1.2,--,q=A]: 213, 2(q—A)-1])
A+B—q+q—AT

S
SCERCR (R BN 1 N
) @ e
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q:=A+q 1 ZB Alg! B Z[A] n+B_q
Arp1 a0 4 q Bal A+B

2.5.P20,PT=[1,3,..,2M-1],PS=[P +2,P +4, .., P+ 2M]:3

[1] has obtained: H, (q)= Y H, (x )(q] :°H3(X)[m:3j

q.e.d.

P+N-1+q)(N+M -1-q[M +N —q]"
g M -qg 21

25.1) SUM (N)=sz-o(

[Proof]

For SUM(N,[P+2,P+4,--,P+2M],[P+LP+2,--,P+M])
H,(q,7)=[P+1]*

H (0.2 K)=SUM (q+1[P+2,P+4,]:3[13,2(M -q)-1])

w(@- 2 m0[ ]
e 5 oot [ZMX_XJ[NHX(;(]

SUM (q+L[P+2,P+4,-,P+2(M -q)]:3[13,+,2(M —q)-1])
(2M —x)! [P+1]"

(m=x)12"~ q1(x—q)1[P +1]
(2M —x)! (P+x)!

(m=—x)12" gl(x—q)!(P+q)!

X=0+X ,ZM—q (2M _q—X). (P+X+q)!
0 (M —g-x)12" gIx!(P+q)!

SUM (q+L[P+2,P+4,--,P+2M]:3[13,--,2M -1])

_ v (@M +g-x)! (P+x+q)!
_ZX:O(M =x)12"7 gix!(P+q)!

=2

=2
-y

— conclusion

SUM(N,[2,4,--,2M]:3[1,3,---,2M —1])

(2M +N-1-x)!  (P+x+N-1)!
=2 (M—x)2"* X{N-D(P+N-1)!
2.5.2)

SUM(N,[2,4,---,2M]:3[1,3,--])
g [N 1+qj(N+M—1—qj[M+N—q]M
q=0 M —q oM

2.5.3)
SUM (N,[3,5,+-,2M —1]:3,[3,5,---,2M —1])

ZM i N+q N+M-2-q [M+N—q—1]M_1
M-q-1 M-t

DOI: 10.4236/10.4236/0alib.1109483
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2.6. Summary

SUMN, [1, 2, 3], [1, 2, 3])
SUM(N, (1, 3, 5], [1, 3, 5])
SUM(N, (1, 2, 3], [4, 5, 6])

2.1 SUMN, [1, 3, 5]: 2, [1, 2, 3]) SUMN, (2,4, 6]:2,[1,2,3])

1.8)

2.2.2) SUM(N, (2, 4, 6], [1, 2, 3])
2.2.3) SUM(N, [1, 3, 5], [1,2,3])
2.3.1) SUM(N, (2, 4, 6], [1, 3, 5])
2.4.1) SUM(N, [1, 2, 3]: 2, [L, 3, 5]) SUM(N, [2, 4, 6]: 4, [1, 3, 5])
2.5.2) SUM(N, [2, 4, 6]:3, (1, 3,5])
2.5.3) SUM(N, (3, 5,7]:3, [1, 3, 5])
3. r-Flod Sum
N N k: k. N-1 k: k:
Define Z(r)f(k):Zk,:{” kj:lez:lf(k):Zk,:O”. kz:oZkz:of(k+1)
o (N+r-1
Z(“r)lzsum(N,[1,1,---,1]:0,[1,3,---,2r—1])M{ +rr j
N+T, —-M+r-1
3.1) S VSUM (k+1,PS,PT)=S" H,(q,PS,PT M
) 2 (ke )= 2o )[ Ty —M +1+q J

[Proof]
PS1=[PS,1:0,1:0,-],PTL=[PT, T, +2,T,, +4,--,T,, +2(r-1)]

z(“:)VSUM(k+1,PS,PT)=SUM(N,PSl,PTl)
N+T, -M+r-1

=S""H (g,PS1, PT1 M

2o Hi(0,PSLPTY) Ty —M+r+q

(Ti_XK—l)Di:O;xi:Ti

K, +X;,D =L X, =K,

H,(q>M,PS1,PT1)=0,H,(q<M,PSLPT1)=H,(q,PS,PT)

In H,(q,PSLPTL), i>M, {

q-e.d.

Another way: understand the definition of V* and use three Forms.
32) ¥, VSUM (k +1,PS,PT) =V "SUM (N, PS,PT)
> KZ =20 VSUM (k+1,[1,1],[1,2])
=SUM(N,[111:0,1:0,---],[1,2,4,6,--,2r])

(N+r—1j [N+r—1 (N+r—1j (N +rj (N +r)
=2 +3 + =2 +

r+2 r+1 r r+2 r+1

C2(N+N)(N-1) (N+r)(r+2) (N+r){(2N+r)

- (r+2)y(N -2y +(r+2)!(N—1)!_ (r+2)i(N-1)! — recordat 2].

z(“r) K® =V "sum (N, [1,1],[2.3])

o o]
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(N+rj (N+r (N+rj
=6 +
r+3 r+2 r+1
(6N +r (6N +r— 1 N +r)!
(r+3)YN 1).
ki p+i—-1\(N+r-1 . (N+r-1
3.3 ko i p=1
RSN ”(pj( P )[ r+pJ '( r+1j

[Proof]

N-1 ks o (K _ ON-1 ko [Ki )k +i-1
Ke=0  Zedky=0 Zmdk=0 P T Lk =0 Luk=0 P i—1

PSlz[l,Z,---,i—1,0,—1,—2,---,—p+1,1:0,1:0,---,1:0]

— record at [2].

PTL=[12,,i-Li,i+L i+ p-Li+p+Li+p+3-i+p+2(r-i)-1]
1
= SUM (N, PS1,PT1
pl(i-1)! ( )

PS=[0,-1-2,---,-p+11:0,1:0,---,1: 0]

PT =[0i+Li+2i+p-Li+p+Li+p+3-i+p+2(r-i)-1]

:iSUM (N PS PT) H1 (97 p)=0{X1, X2, Xp}eT p+i-1)(N+r-1
p! s p r+p

q-e.d.
This is the conclusion of [4] and the proof is simpler.

4. Y S VPSUM (n+1,[K,].[T,])VZSUM (n+1,[K, ].[T,])-
41) P<T,V"SUM(N,[K:D],[T]).D=0

D T+1-P
- 2T - P)[n+ = K]

[Proof]

VPSUM (N,[K : D],[T])=V* [K[N +TT _1)+TD{N_:11_1H
(7T el
=ﬁ(n+l)(n+2)---(n+T _p)(T ALEwS K]

D

:m(n +1)(n+2)--(n+T - P)(n+T +TlD_ P Kj

This leads to:
42) P <T,,P,<T,,D,#0,D, #0
K, (T, +1-P K, (T, +1-P
PS = 1,27-~,T1—H,M,Lz,m,n—PZ,M
T.D, T,D,
=[123,T,+T,+2-P-P,]
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> VASUM (n+1[K, : D, ].[T,])VSUM (n+1,[K, : D,].[T,])
_ T1T2D1D2
C(T,+1-R)Y(T, +1-PR,)!
4.3)

> VSUM (n+1,[K,].[T,])VSUM (n+1[K,].[T,])

sl (R ()
T, =T,=1- Y (n+K,)(n+K,)=SUM (N,[K,.K,].[1.2])
géhlsUM (n+L[K, L [T])SUM (n+1[K, [T, ])

_ WL g, Tt g Ke(T D) |
(Tl+1)!(T2 +1)! T1 T2

[L2,T,+T,+2])

SUM (N, PS,PT)

SUM (N,[1,2,+,T, -1 K; 1,2, T, =L K, ],[L.2,+, T, +T,])

The following calculation problems have been solved:

S VASUM (n+1[K, iDL [TV () VP (L) VR (L)
VY (K+n)=VSUM (N,[K].[1]) =K +n

ny €[0,n],count of items=n-+1
VZn Ny = nlsnzzn( K+ n + nZ)

=(K+n2)(“11j+z; . (K+n)(”zlj+[”;1j
- K(nzl}:{”;l}:vzsum (N,[K].[3])

Repeatable selection M —1in [0,n],count of items:[

n+1+M-1-1
M-1

V(K +n+etny,)
(k) "o e e
%(Km){””" 1j+z“” 1.[

T
el

n+N, +-+ny,)

n+M -1
M +1
n+M 1]

M n+NI 1)
1) [n;Mll]+(2][n+:ﬂﬂ_lj
D))

1) (M +1j(n+'|\\/|/l —lj

-~
_ (n+M
(n+M
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Rty Wy
w7

15 Y nM_o,m<nz<...<nM(K+”1+"'+nM):V[g]SUM (N,[K]’KM;ljD

ZN’l (K+nd, +---+n,dy)

My, ey =0,m <np <---<ny

16) [M)suM[ { (4,20, -+ Md )[Mzﬂj_l]’KM;lm

Use 4.1), the following calculation problems have been solved:
zg"lvpl (Z(K +ndy, +-o 40y dy ))VPZ (Z(K +nd,, +---))VP3 (o)

Investigation
N-1
znl_nzﬁ.,_nM =0,m<ny<--<ny (Kl + n1d1,1 +eee Ny dM,l)(KZ + n1d1,2 +eee Ny dM,z)

> o (Ki+ndy, ) (K, +nd;, ) = SUM (N[ K, :dy;, K, o dy, ],[1.2])

N N N
=2d,,d,, 3 +(K1d1,2 +K,dy, + dl,ldl,Z) 2 + KK, 1

Suppose
F (N M ) = Z::.lan =0,m<ny <<y (Kl + n1d1,1 +)< Kz + nldl,z +-- )

= A(M)[N;Il\fz_l}r B(M)(N,Tﬂl\jl_l}rKlKZ[N +I\|:|/| _1]

Let D, =d,;+2d,; +---+Md,, ;D" =d,; +2d,; +---+(M -1)d,, 4
F(N,M+1)=30" F(N,M)

+2:M11 0''™M+1 M+1zzn1 Ny, =0, <ny < ,A.SHM(K1+n1d1,1+'“)

+an =0 M1 M+1121n1 Ny -y =0, <Ny <<y (Kz +n1d2,1+"')

N-1
+ ZnMﬂ:O My +ldM +1ldM+lZan Ng,++ Ny =0,m <Ny <---<nyy 1

oo ()

roluleoal" o5 2(2))
coou[wficof Mﬂ) o[ e
(

+SUM (N,[1:0,1:0,-+,1:0,0:dy, ;;,0:dy 1, [13,+,2M —1,2M])
M N+M M N+M KK N+M
=Al )(M +1)+2 +B( )(M +1)+1 R UV

N+M N+M
+Dy (M +2)dyy 1, (M +1)+2 +{K (M +1)dy,1, + Dy} (M +1)+1
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N+M N+M
+D, (M +2)dy 1, (M +1)+2 +{Ky (M +1), ., + Doy o (M+1)41

N +M N+M
+(M +1)(M +2)dyy,1,04,1, (M +1)+2 +(M +1)dyy 1,0y, (M +1)+1

( )+ M (M +1)d,, ,d,, , +(M +l)(DiMdM12+DiMdMVl)
= A(M -1)+(M +1)(D,d,, , + D,d, , —Md,, ,dy ,)

(M -1)+M(dy,dy , + Ky, , +K,dy )+ DMdy, , +DMdy

(M =1)+M (K,dy, , +K,dy, , —dy, ,dyy , )+ Didy , + D,dy,

47) F(N,M)=A(M)[NI\;|\:|2—1J+B(M)(N +M —1]+K1K2£N +M _1j

M +1 M

A(M):z:”_o{n<n+1)+2<n+1>(2]}=Z(MJ ZJ”M ZJ
B(M)= z:"_o{n(Kl +K, +1)+2[2]} :(M;lj(Kl +K, +1)+2[M3+1j

5. Formal Calculation of Gaussian Coefficients

N N-1 N-M +1
Define: G :{N} :(q —1)(q —1)...(q —1)
© UM _

L [ R
G(;\‘ :1’GU<00rM>N :O’GICI‘ :Gl\’\l‘—M’Gl\’;‘ :qMGr\’}_l‘*Gr\’}j
5.1) GN —Ghtl"l+qN’MGN’1
52) Y a"G M =Gyt
53 Zn anG’\TK _qM KGAI::;(!Z” anGn q GM+1
54) Y Q"GIGR M >0,M 2 K
@ _qz(M K+1GM+1GN+2 +qM KGM KG'\I;llﬂ(’
@ qM 2K 16M+1G'\I;|112K+1+qM K(GM K qu 1GM+1)G31<,
® =(q2(M—K +161M+1 q2|v| K+ZGM K>Gﬂi§+qM KGM KG,&‘i;“.

[1] has obtained the formal formula of z:‘:ol q l_Lzl(Ki +D,q" ) , but it can-

not be generalized to 2:71_0' --Z:S_o- . ‘Znnlz_o- -
M = 2= =

n
Notice K, +D,n=K; +D, (J , this inspired use G;' instead of q".

The difficulty lies in the definition of V: .
Recursive define operator VP

Vof (N)=f(N), X 0"V f(n+1)=f(N), X 5q" f (n+1) =V (N)
SUM, (N,[K, 1D ],[T, =1])= 3" 0" (D.G] +K,)
SUM, (N,[K,:D;, K, : D, [T, =1 T, =T, +2-P])
=> ", a"VPSUM, (n+1,[K, : D,].[1])(D,G; +K,)
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Recursive definie SUM, (N,[K, : D;,K, : D,,---],PT).

5.5) V'SUM, (N,[K,:D;,K,:D,,],[1,2,-M]) =], (DG] +K;)
SUM, (N,[K,:D,,K, :D,,--],[1,3,+-,2M —1])
=y A% (DG +K, ) YT q™ (DG +K, )

The Form: (T, +K,)(T,+K,)-(Ty +Ky ) =2 [T, X

5.7) H‘*(g)=Hq(Ps,PT,g):ZX(T):gHZlBi,SUMq(N)=
oy Y H ()G ™ =2 HE ()G T

Ty —M+1+g

5.6)

Form, M q N+Ty -M+g _ M q N+Ty -M+g
? Zgzo H2 (g)GN—l - ZQ:OHZ g)GTM -M+1+g

(
ﬂ)zzﬂ:o Hg (g)G,L\‘j’]ng‘g _ ZZI:O H;I (g)GN+TM +g

Ty +1

q{Ti —Ti—l}XT—l*'lGlTi -XK-1 Di ; Xi = Ti

Bi &)
{q(n “Tig-1)X74 (Ki +61XH D, ); X, =K,

5 o, q_(Ti_fol)G]:ri_XK—l DX, =T
' K, _q’(Ti’XK—l)G]Ti’XK—l D; X, =K,

o {q“' T (g6l - g6 ) D KT | X, =T,
' g T (K 62D )i X, = K,

[Proof]

SUM, (N,[K,:D,],[1]) —/™>¢'D,G;' +K,G/"

—=m 5 q'D,G," " +(K, -q7'D, )G,

—=m 5 (g'D, - K,9°) Gy + K6

If f(N)=2 AGy Y, Vif(N)=> AG"1';", Form, is simplest.

Assume SUM, (N,PS,PT)=>"" HI(g)GH T 'i?, X =T,, —M +1-P

Ty —M+l+g !

VESUM, (n+1PS,PT)=>"" HI(g)Grl b 8" =" HI(9)Gk;"™
SUM, (N, PSA, PTA)

= Z::_Olqnzgﬂzo H; (g)G;tr);+g (DMJrlGln + KM+1)

_ Zgﬁzo DM +lq—X—g—1GlX+g+lH; (g)GN+X+g+l

X+0+2
M -X-g- g+ +X+
+Zg:o(KM+l_q x-e 1Glx ¢ 1DM+1)H2q(g)G>’2‘+;+1g
_ zgﬂ:o DM +lq—(TM+1—[M —g])GlTM,rl—[M—g]H; (g )GN+TM+1—(M +1)+g+1

Tms—(M+1)+g+2

+ zgﬂ:o( KM+1 _ q’(Trwr[M 79])G;'M+1*[M*g] DM +1) H2q (g )GN+TM+1—(M +1)+g

T —(M+1)+g+1

= " HS (PSA PTA, g) Gy M0 - Form,

I ()= AGH™ Ve f(N)=X Aq " "G

Assume SUM (N,PS,PT)=%" H/(g)Gh Tt X =T, -M +1-P

Ty —M+1+g°

VESUM (n+1) =Y q P H (9)Grm it =20 (™ HS (9)GLY
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SUM (N PSA, PTA)
Z q Zg oqing GQ:E ><(DM+1Gn +KM+1)
_Zg Oq—Pg DM+1q29+lGX+g+1Hq(g)GN+X

X+g+2
-Pg 99 g N+X
+29 oq ( M+lq G + KM+1q ) GX+g+1
_ (2-P) g+1 TM 1-[M-g] N+TM 1-(M+1)
Zg ODM+1q ; H (g) $+1

+Zg Oq 1_ (GgDM+1+KM+1)Hq(g)G’L\‘_*]T_Mgﬂ (M+l)
_ZM+1HQ(F)SA PTA, g) N+TM+1 (M +1) N FOI’ml

If f( ):ZAGG+K'vv§ ( )ZZAW(M*K‘)PGW';"P—>Form3

From the proof process=>
5.8) zgﬂ:o H/ (g)GE/?—g = Zgﬁzo H; (g)GQJrg = ZZI:U H; (g)GE/?j&;wig

When regardless of the actual meaning, Form, = Form, = Form; is still estab-

lished.

PT’s domain can be extended to C.
SUM, (N,[K;.K,],[1.2])

—Fome s 4 2GIG2G)N 2 4t [( K, 076G} )+(K, - qG; )]GZN*l
+(K, -9} )(K, -q7'G})G"

SUM, (N, [K;,K,],[13])

—Fom:_, g 3GIGIG) P + [( K,-q7G}!)q?G? +q7* (K, -q*G} )]GsN+2
+(K,-q7G})(K, -G} )G,

SUM, (N,[K}, K, K,],[1,2,3])

s g7 GIGIGG,) " + 4 *GIG! | (K, - 476} ) + (K, —a G
+(K, ~q7G? )] Gl +q GG [( K, -q7G})(K,-q7G})
+(Ky—07GY)(K; — %G ) +(K, —°G2 ) (K, —q-ZGf)]
+(K,—q7G})(K, 976} )(K; —q7'G})G"

Form,~>

5.9) SUM, (N [amGE g PG, ], PT) =11 a "Gl

10 SUM, (N.[47G}" ++,q 77 G,” S | [Ly, e+ Ly, PT])

=TT ,a“GSUM, (N,PS,PT) - extends domain of T, from1to N

5.11) SUMq (N , PS,[T +1T+2,---,T+M ]) , K, can exchange order

M (™
512) ¢ =% ngoq{q["]—lJ f(a-a)

q'-1

[Proof]
g™ =VSUM, (N,[11--]:q-1[12,---,M])
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H3(9.T)=(a-1)° ] ,a”'G,

-1 _ -M+g [Zl}l -i
1_qxq(q_1)(q_1)_q——>H (0.2 K)=q™>. % ¢

i=0
M L
an — Zgzo(q _1)9 (Hig:lq_lGll )q—M+g q—Gn+g

q.e.d.
SUM (N[ K, +D; :(q-1)D;, K, + D, :(q-1)D, -+ |,[1.2,++-,M ]} —2s

5.13) Z::_;qnnzl(Ki + Diq“)zzg" ,H(9)G,\; > Conclusion of [1]
Xr (X7 .
m 14779 -1)D;; X eT
H (g)ZZX(T)_gHi—l{ ( % )
K,+9"™D;X eK
5.14) q"" = Zgﬂzoq‘gnilqi (q”‘g+i —1)GgM

[Proof]
g™ =VSUM, (N,[11,,-]:q-1[L2,---,M])

H(9.T)=(q-1)° ] d'c]
149~

_11((]—1): q* - qu (gyz K):ZHQXT'l

In 1916 MacMahon [5] observed that G :ZWEQ(M K)qi"v(w) Q(M,K) de-
notes all permutations of the multiset {0*°%, 1%} that is, all words w=w,,

...'Wn

with n — kzeroes and kones, and inw(-) denotes the inversion statistic defined by
inv(wl,~--,wn)=‘{(' j)il<i<js<nw >w; }‘

So X =Gy, Hi(9)= X0 (a-1)° (TT',0'G el ,

q" = VSUM, (N) =X, ,(a-2)" ([T7.9'G} |Gt 44 °6;

q.e.d.
-1 2aa(0-1)° (17,961 )G ,a 6,
q" -1 q¥ -1
B G R
_ o
5. 15)

_Zg 1(1_[, 4 q-( ))GI[\/IA 5Gy — Conclusion of [1]
5.16) Pl <T,R,<T,T,>0T,>0

ps [G_ G | GI KG[ 6l o

ql qz qu—Fi ql—PlG]‘-l'l q1 qz

PT:[112131'“7T1+T2 +2—P1—P2]

S q"VASUM, (n+1,[K, ], [T,]) VSUM, (n+1[K,].[T,])

1 g2 T-A q-RA@h T,-P, AP AT,

S HUH A Sﬂ ql q2 SR Sil SUM (N, PS, PT)

G G GrGerAt GG GG
[Proof]

T,-P, T,+1-P,
.G K:G,
! T,-P, ! 1-PT
q q G
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q”*K -1 qn+K ~1q'-1 qK(qn—1)+qK—1
g“-1  g“-1qg'-1 G q' -1
K GK K
:gTGl” ?ng(GI”+Gqu’K)
V7SUM, (NL[KL[T])
Form,  TA7(NFT+1-P Tt n+T—-P
a Gl( T+1-P j+(K a Gl)( T-P j
_ q—TG]'-I' (qn+T+1—P _1)“'(qn+l_1)
(qT+1—P_1)“.(q_l)

n+T-P _1).”(qn+1 —l)

(qT*P _1)...(q_1)

q”+l 1 ) ) n+T +1— 1
((q ke
G

+(K—qTGlT)(q

(n+TP

-

(a7 1)
@y
-1)-

1)

")

N+

)
™ -1) ) ) 1 raen ot
q 1) [K q TG]T +q TGlT GT+17P (qT 1 Pel +G]:r 1 P)]

)

1

) PG (KGTP )
GT+1 P ql—:ll:’GT +G1
1

(a7 =2)-(
( nT-P _ (qn

(q-1

(o™

5.17) lim_, H%(g)=H(g).lim,_, SUM (N)=SUM(N)

[1] has a conclusion:

LR HUNEI S SCRE v

(@)= m o)

Hy(q) =3 (~1)" Hl(X)m ::]

Generally, H%g) has no such attribute; things get complicated.
When PT =[1,2,---,M], the situation is relatively simple.

5.18) PT:[1,2,~~-,M],H1“(g):zz"_gHZ“(X)G;qZ[g;]
[Proof]

_(gﬂj y (gﬂ]
This is to prove: H/ (g ) 2 =(ZX:QH§(X)GJ)Q 2

- R (@)(TT,a™ ™) = (X, He (e )(TTa )

PSlz[PS, Ky DM+1], PT1=[PT,M +l]

Suppose it is true at A4, H/(g)= (ZM )

x=g'"*

M
5]
H? (PSL,PTLg)
qXT l+1GTM+l Xk_1,choice T DM+1H q (g _1)+(KM+1 +G1X-|—,1,ch0ice K DM+1) qu (g)

=q Glg DM+1H1q (g _1)+(KM+1+Glg DM+1)H1q (g)

DOI: 10.4236/10.4236/0alib.1109483

18 Open Access Library Journal


https://doi.org/10.4236/10.4236/oalib.1109483

J. Peng

1
o 9% ]—Zg

9
=9°G{Dy .. Y, Hi (X){Gy =G —ngg}qz(ZJ ¥
g+1
+(KM+1+Glg DM+1)Z:XM:0H;q (X)ngqz[ 2 ]
TR I
=0°G Dy, 2., H7 (x)Gy"q +Kya 2o H2 (X)Gga
g+l
qz[ 2 ]ZT;HZQ (PSL,PTL )G,
g+l
:qz( 2 J{ZM+1H s (x-1)q7*G,Dy, ,G,

+ ZXM:() H (KM +1 7)( 1Glx+1DM +1)Gg}

2(9;1] M —x-1 x+1 x+1
=q {Zx:ng (X)q G, "DyuGy

+ Ziﬂzo H; (X)(KM 1—07 G D, +1)Gg}
) g+1

HI(PSLPT1g)-q g ]ZM” 3 (PSL,PTLX)G}

g+1
_ qz[ 2 jDM+lZT:o H, (X){(quGlg _qfx—lGlxﬂ)G;Hl +qfxf1Glx+1G;}
0
q-e.d.

6. Multiparameter Forms

(1.1) and (5.7) Use the Form: (Tl + Kl)(T2 + Kz)"'(TM +K,, )

The form has 7’and K'parameters, and more parameters will be used in this sec-
tion. This section moves the D;to PT.

PS =[K,,K,, "+, Ky ], PSA=[PS, Ky,.4]

PT,=[T1 Dy, Ty i Dy, Tyg i Dy s | = [T iDy T, i Dy, Ty i Dy |
PT,=[T, D0 T, :D,00 . Ty 1Dy, | =[ T i D T, i Dy, Ty i Dy |
PTA =[PT,, Tyy,y =Ty +2=p: Dy y; |, PTA =[PT,.T;,,; : Dy, |

Define

SUM( K,][T,=1:Dy, ].[T,, =1: D12]) [Kl+nDM+(2jDLZj

SUM (N)=SUM (N,PS,PTA,PTA,)
:Z?_:[KMA"""XDM+1,1+(2JXDM+1,1JXVPSUM (n+1)

(K1+T1,1+T1,2)(K2 +T2,1+T2,2)"'(KM +TM,1+TM,2) ZH. a N
X (PT,), X (PT,) = count of X e PT,,PT,; X (PT)= X (PT,)+2X (PT,)
Xpr s Xpr, =count of {X;, X,,-+, X;} € PT,, PTy; Xop = Xpp +2Xpp

ORI o Y
sum ()= 3% ) e M

Ty —M+1+q

6.1)
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X X
PTAK +| T IDL,+| T DL X =K,
0 1 ’ 2
Form, B = T+ Xpp iD,1+ T+ Xpr =) Xpr -1 DX, =PT,
1 1 1 '
T+ X i
I 2PT jDi,z; X. = PT.z
[Proof]
. N n+K —(M 41 N+K+M—K N + K
()Z”‘O(M ( )M+2 ( )M+1

nafn)(n+K M+2)N+K N + K
= +(M=k)(M +1
S U I v
M-K)N+K
+
2 M+1
Still use induction, Let Y =1+T,, -M =P =T,,,, —(M +1)

2 N+T, —M
SUM (N)%ZquHl(q)(TM _MM+1+(J

)

SUM (N, PSA, PTA,,PTA,)

_ n n+Y
:Zr’:lOlzzMo{KMﬂ—i_nDMﬂ,l—i—{zj DM+1,2\JH1(q){ j

Y +q

q q N +Y
= ZzMg(KMJrl +[1j DM+1,1+(2J DM+1,2j Hl(q){Y +q+lJ

N+Y
+Z§fo((Y +q+1)Dy 1, +q(Y +q+1) Dy ) Hl(q){Y +q+2j

m(Y+Qq+2 N+Y
+thﬂo( 2 jHl(q)(Y"'q"'Sj DM+1,2

Y +0+1=Tyy 13 ~(M +1)+(q+1),Y +q+2=Tpy ;1 (M +1)+(q+2)

e OO N B B e
£ (T + (A +1) (M +1))DM*“H1(Q)(T N +Ty.s —(M +1) ]

wa—(M+1)+1+(q+1)

N+Ty,—(M +1)
Ty —(M+1)+1+(q+1)

+ZjTO(TM +(q+1)-(M +1))(q+1-12) DMZHl(q)(

+Z§E’|O(TM+1 -(M +1)+(Q+2)) Hl(Q)[T

N+Ty. —(M+1)
v —(M+1)+1+(q+2)) M2

q.e.d.

2

Ti can be greater than 1,
SUM (N,[K,].[T,].[T,]) = SUM (N,[1K,],[1:0,T,].[1:0,T,])
In the same way, we can get the other two forms and extend them to more
parameters.
We can also get the three forms of the Gaussian coefficient with a multiparameter.
(1.1) and (5.7) can be rewritten by Xrinstead of X7, and Xx-1.
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