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Abstract

Option, is a right that gives the purchaser a contract to buy or sell a certain
underlying asset at a certain price at a certain time in the future. Asian op-
tions are one of the representative products, and it is also the most active new
type of option in the financial derivatives market today. However, the path
dependence characteristics make the pricing model of Asian options show a
relatively large difference compared with that of standard options, and the
pricing problem is far more complicated than that of European options. In
order to facilitate the research of more scholars, this paper summarizes the
Asian Options. The first part of this paper introduces the definition and clas-
sifications of Asian options. The second part introduces several feasible me-
thods for Asian option pricing in detail. In the third part, it is found that the
Monte Carlo simulation method is a good approximation to the arithmetic
average Asian option.
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1. Introduction

Asian option, also known as average option, is a derivative of stock option and
one of the most active options in today’s financial market. In the 1980s, the
banking industry in Europe and America was in a period of change. In 1984, the
Bank of England passed the bill on foreign exchange option trading in British
banking industry. Mark Standish, a trader at Bankers Trust in London, has been

engaged in fixed income derivatives and related arbitrage transactions. David
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Spaughton has been engaged in system analysis at trust bank since 1984. In 1987,
Standish and Spaghton successfully cooperated in Tokyo, Japan to develop op-
tion formula for pricing crude oil average price option which can be widely used
in the financial industry. They name this kind of exotic options as Asian options.
Its essence is the innovation of European options. The same point with Euro-
pean options is that they only allow investors to execute the option contract on
the expiration date. The difference is that the income of European options de-
pends on the price of the underlying asset on the expiration date, and the in-
come of Asian options depends on the historical average price of the underlying
asset. Asian options are popular in the option market because they adopt an av-
erage value and reduce volatility, making them cheaper than other standard op-
tions [1]. However, its price has no analytical expression. So far, the Asian op-
tions pricing is still an open problem. It is assumed that the underlying asset
price obeys the lognormal distribution, the geometric mean of a series of log-
normal distribution variables still obeys the lognormal distribution [2] [3], and
the corresponding arithmetic mean has no analytical solution. Therefore, ex-
ploring its reasonable value estimation method has become a topic of important

academic value in option theory.

2. Classifications of Asian Options

To accurately define the average value used in Asian option contracts depends
on some factors: how the data points are combined into the average value and
which data points are used. The former refers to whether to use arithmetic aver-
age, geometric average or other more complex averages. The latter refers to how
many data points to use when calculating the average, whether to use all quota-

tions or just a subset, and for which period.

2.1. Arithmetic or Geometric

The two simplest and most common types of averages are arithmetic average
and geometric average. The arithmetic mean of prices is the sum of all prices
with equal weights, divided by the total number of prices used, and then in-
dexed. Another common calculation is index weighted average, which means
that the new price is given a higher weight than the old price in the way of ex-

ponential decline instead of equal weight before calculating the average price.

2.2. Discrete or Continuous

Depend on how much data used to calculate the average, and whether use the
full transaction price or only a subset, Asian options can be divided into differ-
ent types. If the prices closely arranged in a limited period of time are used, the
sum formula used in the calculation of the average value is the integral of the as-
set price (or function) in that period of time. The result is a continuously sam-
pled average. More often, we only use some reliable data points, such as a small-

er data set like closing price. This is called discrete sampling.
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2.3. Standard or Forward

For discrete cases, according to the initial price and average price of the under-
lying asset, discrete Asian options can be divided into two types. If the initial
price is included in the average price, it is called Standard Asian option. If the
initial price is not included in the average price, it is called Forward-starting
Asian option.

s ﬁzij:osi Standard Asian Options

%Zij:lsj Forward Sarting Asian Options

2.4. Fixed or Floating

According to the return at maturity, Asian options can be divided into following
two types. If the return depends on the difference between the historical average
price of the underlying asset and a fixed price, it is called Fixed Strike Asian Op-
tion. If the return depends on the difference between the historical average price
of the underlying asset and the price on the maturity date, it is called Floating
Strike Asian Option.
Returns on Asian options with fixed strike price
max(J; —K,0)  Call Option
={max(K -J;,0)  PutOption
Returns on Asian options with floating strike price
max(S; —S;,0)  Call Option
B {max (J; —S;,0)  PutOption
where, / represents the historical average price of the underlying asset, K repre-

sents the fixed price (called the execution price) of the underlying asset, and §
represents the price on the maturity date of the underlying asset.

3. Asian Option Pricing Method

3.1. Geometric Average Asian Options Pricing

Let the price S of the underlying asset satisfies the following stochastic differen-
tial equation:

dS = rSdt + oSdw (t) (3.1.1)

where, t>0 represents time, r >0 represents risk-free interest rate, o >0
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represents drift rate, W (t),t >0 represents the Wiener process. Then,
S(t):S(O)exp{(r—%oz)tJroW(t)} (3.1.2)

In risk neutral pricing, the validity period [0, 7] of the option is divided into
[to.t,], [t.t], 5 [tasts]- SiSpe-,S, are the values of the stock price at
different times t,t,,---,t,.

Geometric average value of stock is

A® = (H?lei )i = exp{m} (3.1.3)

n

" InS
let Y:ZL
n

! , then

2
InS, =1In So+[r—%jnt+osx/m (3.1.4)

where, & isarandom variable subject to standard normal distribution.

Therefore,
02
InS, ~ N(In So+£r——2 jit,o—zitj (3.1.5)

According to the properties of the normal distribution, Y also obeys the nor-

mal distribution, and InS; obeys the normal distribution with the mean of

2
(r —%Jt and the variance of &’t. We can get

E[Y]= E{—Z?;In ﬂ

_ E{In81+ln82+-~+lnsn}

n
) (3.1.6)
nins, +(1+2+--~+n)(r—02jt

n

2
:InSo+n—Jrl r-2 |1
2n 2

Var[Y]znizVar[lnSlHnSz+~-+InSn]

1
_n—Var[In(Slsz S ]

2

2 3 n
=i2Var InMSS (3.1.7)
n Sn—lSn—ZSn—3 S(I;

1
= —Z(Gzt +226°+ 3%+ + nzazt)
n

_ (n +1)(§n +1) o1
6n
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Therefore,
2 n+1)(2n+1
Y =InA® ~ N |nso+n_+l % T,( + )(2 + )o—ZT
2n 2 6n
e 23\ (n+1)(2n+1
n A N[y (D)2 618
InS, 2n 2 6n

2 2
1 n+1)(2n+1
let [,ue —O-—G)T =nz;[r—%jT , olT :(()S(—Z)GZT , then
n n

1)(2n+1
O'é ZWE)S(TM—)GZ (3.1.9)

n 1 2 2
Lo =2—;(r—%]+0—5 (3.1.10)

Because A¢ obeys lognormal distribution,
E[A°]=expq|Ins, + % r | Gerlog e
=exp o T| He 5 5 [T

the price of discrete geometric average Asian option call option is
CO(Sy K, T)=eTE[A°-K]
e {E[ A°N(d,)-KN(d,)}

=e" {SoeﬂGT N (d;)-KN(d, )}

(3.1.11)

=5, TN (d,)-Ke "N (d, )

2
In§+ yG+U—G T
K 2 d, =d, —o T
, =d, -0 .
GG\/T—- 2 1 G

where d, =

3.2. Monte Carlo Simulation Option Pricing

Monte Carlo simulation is a numerical method to solve approximate solutions of
mathematical, physical and engineering problems by sampling relevant random
variables [3]. It is also the basis of computer simulation. In recent years, it has
been widely used in the financial field and achieved remarkable results. The ba-
sic idea of Monte Carlo is to construct a random variable so that let a certain
numerical characteristic be the solution of the problem, then sample the random
variable, calculate the parameter value corresponding to each sample which is
the random solution of the problem, and finally make statistical analysis on each
random solution obtained in the sampling process [4]. Therefore, the probability
solution of the problem and the accuracy estimation of the solution are calcu-
lated. It is expected that the accuracy will gradually increase with the increase of

sampling times. On the premise of improving the accuracy, a large number of
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repeated calculations are generally required. The following is a brief introduc-
tion to Monte Carlo simulation of option pricing and controlled variable Monte
Carlo simulation [5] [6] [7] [8] [9].

In the risk neutral market, the price of European call option at time 0 is
v=e"E(S,—K)",let Y =(S,-K)", assuming that Y,,Y,,---,Y, is a set of in-
dependent and identically distributed samples of ¥, V' = e, LV, VY
is a group of independent and identically distributed samples of V. Then

- 1 . L .
V=25 T_IVJ- can be seen as an unbiased estimation of V. According to the
n &

strong law of large numbers, there are

i=1 i

\7:32” V. v (3.2.1)
n

V s the estimation formula of Monte Carlo simulation, and its standard devi-

ation is as follow:

oy = WarV = %\/Varv = %a (3.2.2)

In order to improve the simulation accuracy, a large number of scholars have
proposed variance reduction techniques, such as control variable method, dual
variable method and important variable method. Among them, the control va-
riable method is the most common and widely used method in option pricing
[7].

A variable Y" related to Yis introduced, where V' =€ EY’. Let
V' =e"Y",and V" is the control variable. Assume (Yl,Yl*) , (Y2 ,YZ*) TN
(Yn ,Yn*) are a group of independent and identically distributed samples of
(Y,Y*) , and (Vl,V1*> , (VZ,VZ*) s s (Vn ,Vn*) are a group of independent and
identically distributed samples of (V ,V*).

n

Note that V = lz.
n

=112

V. \7:%2?:1\? Let \7c :\7+C(v* —\7), where, C

is a constant and V, is the unbiased estimation of v. Therefore, V, is the es-

timation formula of option price V'in Monte Carlo simulation of control varia-

ble, and the variance is as follow:

Var(V, ) =Var (V) +c?var (V )—ZCCOV(V,\T) (3.2.3)

If select the value of Cproperly, Var (\7 ) can be minimized, because

d — N —
EVar(VJ:ZcVar(V )—ZCCOV(V,V )

d? —
= Var(V') 20
dc
. Cov (VV_) B
Therefore, ¢ =————= makes Var (VC) minimum, the minimum value
Var (V)

is

DOI: 10.4236/0alib.1108358

6 Open Access Library Journal


https://doi.org/10.4236/oalib.1108358

J.Y. Han, Y. C. Hong

_ _ Cov (V V_)
Var (V, ) =Var(V )_W
Cov(v V_)

=[1- Var (\7) Var (\7) (3.2.5)

Var (V)
= [1— Corr? (V ,T)}Var (\7)

With p=Corr (Y ,Y*) =Corr (V,V*) , we can get
Var(V, ) = (1—,02 )Var (V) (3.2.6)
It can be seen that the variance of control variable Monte Carlo simulation is
less than that of Monte Carlo simulation, and when the correlation coefficient
between control variable and original variable is large, the variance of control va-
riable Monte Carlo simulation is much smaller than that of Monte Carlo simula-

tion. The value of arithmetic mean Asian options at time 0 depends on arith-

metic mean of the underlying asset simulation path S;(i=1,2,-,7), which is

_Z. ,S; - The correlation coefficient between the control variable and the

optlon to be simulated is large. Let the form of sum of multiple variables
Z. 49 as the control variable, so that \7c =V + c(v* —V*) , where
Z Vi the stock price Sfollows geometric Brownian motion, distribution

of z: S, is uncertain. Therefore, the approximate distribution should be con-

sidered when calculating the correlation coefficient between V' and V.

E[(V* ~EV')(v -EV )J

ar(V° )Var (V)

K 2iaSi— j(Z.l )} ( S - ) (Z0s) (3.2.7)
\/Var(izi’_lsi/r—K)var(zl B )

S
Since the distribution of A =3 = can not be determined, so the geometric
“r

p:COrr(V*,V) -

Brownian motion Q_ =S,e** is used. Among them,

__1 er(l_err)
fi="In e (3.2.8)
47 +2In[ E(

A)/s¢]
)
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4. Summary

This paper introduces the Asian Options and option pricing methods. The de-
tails of the related models are sorted out. The Geometric average model can get
the exact analytical solution though, in the real financial market, most Asian op-
tions are usually arithmetic average Asian options. Due to the arithmetic mean
of lognormal random variables is no longer lognormal distribution, it is difficult
to find the exact analytical solution of arithmetic mean Asian option. Therefore,
many scholars and practical financial workers have proposed effective numerical
simulation pricing algorithms for arithmetic average Asian options based on
various models, such as Monte Carlo simulations method. This paper summa-
rizes the research theory of Asian option pricing, and proposes to use Monte
Carlo simulation to price arithmetic average Asian option, which plays a certain

reference role for the academic research on Asian option pricing.
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