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Abstract 
In this paper, we investigate the question of existence of nonnegative solution 
for some fractional boundary value problem involving p-Laplacian operator, 
The results presented in this thesis are based on fixed point theorem, more 
precisely, Krasnosilski fixed point theorem, on the cones to prove the exis-
tence of a fixed point for a mathematics operator and that fixed point is a so-
lution to the given fractional equation by combining some properties of the 
associated Green function. We will study the problem of boundary value and 
find the unique solution. We will present definition and properties of Rie-
mann-Liouville derivatives, the Guo-Krasnoselskii fixed point theorem, the 
Green Function to find the positive solution of problem involving p-Laplacian. 
The main idea is to transfer the given problem to some integral equation; 
from this integral equation we define an operator with Green function. We 
prove that this operator is completely continuous and uniformly bounded 
which yields by Arzela Ascoli Theorem that this operator is compact. So by 
Krasnosilski fixed point theorem can find the result. This type of problem is 
very interesting in different areas such as biophysics, astronomy and others. 
Note that this problem can be extended to the fractional Hadamard derivative 
and to the Leggett Williams fixed point theorem; moreover, it can be the 
content of a rigorous thesis topic. 
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1. Introduction 

Fractional order differential and integral operators extensively appear in the 
mathematical modeling of various scientific and engineering phenomena. The 
main advantage for using these operators is their nonlocal nature, which can de-
scribe the past history of processes and materials involved in the phenomena. 
Mathematical theory of fractional derivative has in the past few decades rapidly 
developed into an important and separate field of applied mathematics. Impor-
tant area of applications of this theory lies in viscoelastic materials, as well as in 
many fields of science and engineering including fluid flow, rheology, diffusive 
transport, electromagnetic theory and probability. This type of derivatives ap-
pears in the study of differential equations which is a wide field in pure and ap-
plied mathematics, physics, meteorology, and engineering. All of these discip-
lines are concerned with the properties of differential equations of various types. 
Fractional differential equations equipped with classical, nonlocal and integral 
boundary conditions have recently been investigated by many researchers. One 
can witness overwhelming interest in the study of nonlocal nonlinear fraction-
al-order boundary value problems (FBVPs) in the related literature. Boundary 
value problems of fractional differential equations involving Riemann-Liouville, 
Caputo, Hadamard type derivatives and different kinds of boundary conditions 
have been extensively studied by many researchers. The area of study for such 
problems includes existence and uniqueness of solutions, stability and oscillatory 
properties, analytic and numerical methods. The main idea in our study, is to 
transfer the given differential equation to an integral equation, to investigate the 
question of existence of nonnegative solution for some fractional boundary value 
problems involving p-Laplacian operator. Our approach is based on fixed point 
theorem; more precisely, we use the well known Krasnosilski fixed point theo-
rem to prove our main result. The tools of our study include some standard 
fixed point theorems such as Banach’s contraction mapping principle, Le-
ray-Schauder nonlinear alternative, Krasnoselskii’s fixed point theorem. 

Let ( ], 1, 2α β ∈ , ( ), 0,1a b∈  and 1p > , the purpose of this chapter is to 
study the following fractional boundary value problem 

( )( )( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( ) ( )

, 0 1,

0 0 0, 1 , 1 ,

pD D u t h t f u t t

u D u u u a D u D u b

β α

α α α

ϕ

λ µ

= < <

= = = =
       (1) 

where 0µ ≥ , 0 , 1a b< < , ( ) p
p x x xϕ = , Dα  (resp. Dβ ) is the standard 

Riemann-Liouville fractional differential operator of order α (resp. of order β). h 
is a measurable function on [0, 1], and the nonlinear term f is a continuous 
function. 

The theory of fractional calculus may be used in the description of memory 
and hereditary properties of various materials and processes. The mathematical 
modelling of systems and processes in the fields of physics, chemistry, aerody-
namics, electrodynamics of complex medium, polymer rheology, Consequently, 
the subject of fractional differential equations is gaining more importance and 
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attention. There has been significant development in ordinary and partial diffe-
rential equations involving Riemann Liouville fractional derivatives. For details 
and examples, one can see the monographs [1] [2] and references therein. Bai [3] 
considered the following three-point boundary value problem of the fractional 
order differential equation 

( ) ( )( )
( ) ( ) ( )

, 0, 0 1,

0 0, 1 ,

D u t f t u t t

u u u

α

β µ

+ = < <

= =
                 (2) 

where 1 2α< ≤ , 0 1µ< <  is such that 10 1αβµ −< < . By using the contrac-
tion map principle and fixed-point index theory, the author investigated the ex-
istence and uniqueness of positive solutions for problem (2). Xu, Jiang et al. [4] 
deduced some new properties of Green’s function of (2). By using some fixed 
point theorems, they obtained the existence, uniqueness and multiplicity of posi-
tive solutions to singular problems. Recently, boundary value problems of non-
linear fractional differential equations have aroused considerable attention. 
Many authors pay attention to the existence results for boundary value problems 
of nonlinear fractional differential equations by means of some fixed point theo-
rems, such as the Krasnoselskii fixed-point theorem (see [1] [5]), the Leg-
gett-Williams fixed-point theorem (see [6]), and the Schauder fixed-point theo-
rem (see [7]). To the best of our knowledge, there are few papers devoted to in-
vestigating nonlinear fractional differential equations involving p-Laplacian op-
erator (see [8]). In the rest of this paper, we write problem (1) as an equivalent 
integral equation and then, by using some properties of the associated Green 
function and the Guo-Krasnoselskii fixed point theorem, we obtain our main 
result asserting existence of nontrivial nonnegative solutions to problem (1). Fi-
nally, an example is given to demonstrate the effectiveness of the obtained result. 

2. Preliminaries and Basic Definitions. 

We present in this section some necessary definitions and lemmas that we will 
use in the rest of this paper.     

Definition 2.1. Let n be a positive integer and 1n nσ− < ≤ . 
1) The Riemann-Liouville’s derivatives of order α for a function f is denoted 

by ( )xD f xα , and is defined by: 

( ) ( )
( )

( )0 1

1 d d , 0,
Γ d

n
x

x n

f
D f x x

n x x
α

α

ξ
ξ

α ξ − +

 = > −   −
∫  

2) The Riemann-Liouville integral of order σ for a function f is defined by:  

( ) ( )
( )

( )10

1 d , 0,
Γ

x
x

f
I f x x

x
α

α

ξ
ξ

α ξ −= >
−

∫  

provided that the right-hand side is pointwise defined on (0, ∞).   
Lemma 2.2. Let n be a positive integer and 1n nα− < ≤ , then 

( ) ( ) 2 1
0 1 2 10 0

n
nI D u t u t c c t c t c tα α

+ +
−

−= + + + + +  
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for some , 0,1, 2,3, , 1ic R i n∈ = − . 
Lemma 2.3. (see [3]). Let [ ]0,1h C∈ , and assume that 11 0αλ −− > , then the 

following problem 

( ) ( )
( ) ( ) ( )

0, 0 1,

0 0, 1 ,

D u t h t t

u u u a

α

λ

 + = < <


= =
 

has a unique solution which is given by 

( ) ( ) ( )1

0
, d ,u t K t s h s s= ∫  

where 

( )

( ) ( )
( )( )

( )
( ) ( )

( ) ( )( )
( )( )

( ) ( )
( )( )

( )
( )( ) ( )

1 1 11 1

1

1 11 1

1

1 11 1

1

11

1

1
, if 0 min , 1,

ΓΓ 1

1 1
, if 0 1,

Γ 1
,

1
, if 0 1,

Γ 1

1
, if 0 max , 1.

Γ 1

t s t a s t s
s t a

a

t s a t s
a s t

a
K t s

t s t a s
t s a

a

t s
t a s

a

α α αα α

α

α αα α

α

α αα α

α

αα

α

λ
αα λ

λ

α λ

λ

α λ

α λ

− − −− −

−

− −− −

−

− −− −

−

−−

−

 − − − −
− ≤ ≤ ≤

−

 − − − −
 ≤ ≤ ≤ ≤

−= 
 − − −

≤ ≤ ≤ ≤
−


−

≤ ≤ ≤
−





(3) 

Lemma 2.4. Let [ ]0,1h C∈ , and assume that 1 11 0p bβµ − −− > , then the fol-
lowing problem  

( )( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) , 0 1,

0 0 0, 1 , 1 ,

pD D u t h t t

u D u u u a D u D u b

β α

α α α

ϕ

λ µ

 = < <


= = = =
        (4) 

 has a unique solution which is given by: 

( ) ( ) ( ) ( )( )1 1

0 0
, , d d ,qu t K t s G s h sϕ ν ν ν= ∫ ∫  

where  

( )

( ) ( )
( )( )

( )
( ) ( )

( ) ( )( )
( )( )

( ) ( )
( )( )

( )
( )( )

1 1 11 1 1

1 1

1 11 1 1

1 1

1 11 1 1

1 1

11

1 1

1
, if 0 min , 1,

1

1 1
, if 0 1,

1
,

1
, if 0 1,

1

1
, if 0 max

1

p

p

p

p

p

p

p

t s t b s t s
s t b

b

t s b t s
b s t

b
G t s

t s t b s
t s b

b

t s
t

b

β β ββ β

β

β ββ β

β

β ββ β

β

ββ

β

µ
ββ µ

µ

β µ

µ

β µ

β µ

− − −− − −

− −

− −− − −

− −

− −− − −

− −

−−

− −

− − − −
− ≤ ≤ ≤

ΓΓ −

− − − −
≤ ≤ ≤ ≤

Γ −
=

− − −
≤ ≤ ≤ ≤

Γ −

−
≤

Γ −
( ), 1.b s















≤ ≤


(5) 

Proof. Let ( )0,1t∈ , and assume that ( )( )( ) ( )pD D u t h tβ αϕ = . Then from 
Lemma 2.2 we have 

( )( ) ( ) 1 2
1 2 1 2, , .p D u t I h t c t c t c cα β β βϕ − −= + + ∈        (6) 
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( )0 0D uα = , implies that 2 0c = . 
From the boundary condition ( ) ( )1D u D u bα αµ= , we obtain 

( )
( )( ) ( )

( )( ) ( )
1 1 1

1 1

1

0 01 1 1

1 ( )d d
Γ 1 Γ 1

p

p

b

p

s b sc h s s h s s
b b

β β

β β

µ
β µ β µ

− − −

− − − −

− −
= − +

− −∫ ∫  

Put 1c  and 2c  in Equation (6) we find 

( )( ) ( )
( ) ( ) ( )

( )( ) ( )

( )
( )( ) ( )

( ) ( )

1
1 11

0 0

0

1

1 1

11 1

1

0

1

1
d d

1

d
1

, d ,

p p

t

b
p

p

t s t s
D u t h s s h s s

b

t b s
h s s

b

G t s h s s

β ββ
α

β

ββ

β

ϕ
β β µ

µ

β µ

− −−

− −

−− −

− −

− −
= −

Γ Γ −

−
+

Γ −

= −

∫ ∫

∫

∫

 

where ( ),G t s  is given by Equation (5). So, boundary value problem (4) is 
equivalent to  

( ) ( ) ( )( )
( ) ( ) ( )

1

0
, d 0, 0 1,

0 0, 1 .

qD u t G t s h s s t

u u u a

α ϕ

λ

+ = < <

= =

∫  

Consequently, From Lemma 2.3, the unique solution of problem (4) is given 
by 

( ) ( ) ( ) ( )( )1 1

0 0
, , d d .qu t K t s G t s h s s sϕ= ∫ ∫  

The proof is completed. 
In the next lemmas, we present important properties of the Green functions G 

and K. 
Lemma 2.5. (See [6]) The functions G and K defined respectively by equa-

tions (3) and (5) are nonnegative continuous on [ ] [ ]0,1 0,1× , moreover, for all 
[ ], 0,1t s∈ , we have  

( ) ( ), , ,G t s G s s≤                         (7) 

and 

( ) ( ), , .K t s K s s≤                        (8) 

Lemma 2.6. There exist positive continuous functions 1σ  and 2σ  such that 
for all [ ]0,1s∈ , we have 

( ) ( ) ( )1 1min , , ,a t K t s s K s sσ≤ ≤ ≥                   (9) 

and  

( ) ( ) ( )1 2min , , .b t G t s s G s sσ≤ ≤ ≥                 (10) 

Proof. To simplify, we denote 

( )

( ) ( )
( )
( )
( ) ( )

1

2

3

4

, , if 0 min , 1,

, , if 0 1,
,

, , if 0 1,

, , if 0 max , 1.

k t s s t a

k t s a s t
K t s

k t s t s a

k t s t a s

≤ ≤ ≤


≤ ≤ ≤ ≤= 
≤ ≤ ≤ ≤

 ≤ ≤ ≤
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So, if 1a t≤ ≤ , then 

( )
( )
( )
( )

1

2

4

, , if 0 1,

, , , if 0 1,

, , if 0 1.

k t s s a t

K t s k t s a s t

k t s a t s

≤ ≤ ≤ ≤


= ≤ ≤ ≤ ≤
 ≤ ≤ ≤ ≤

 

( )
( )( )
( ) ( )( )

1 1

1
1 2 4

min , , if 0 ,
min ,

min , , , , if 1,
a t

a t
a t

k t s s a
K t s

k t s k t s a s
≤ ≤

≤ ≤
≤ ≤

 ≤ ≤= 
≤ ≤

 

( )
( ) ( )( )

1

1 2 4

1, , if 0 ,

min 1, , , , if 1.a t

k s s a

k s k a s a s≤ ≤

 ≤ ≤


≤ ≤
 

Put 

( )

( )
( )

( ) ( )( )
( )

1

1
2 41

1,
, if 0 ,

,

min 1, , ,
, if 1,

,
a t

k s
s a

K s s
s

k s k a s
a s

K s s

σ
≤ ≤


≤ ≤


= 


≤ ≤


 

Then, it is easy to see that for all [ ]0,1s∈ , we have 

( ) ( ) ( )1 1min , , .a t K t s s K s sσ≤ ≤ ≥                   (11) 

Inequality (11) can be proved similarly. 
The following lemma is fundamental in the proofs of our main results.   
Lemma 2.7. (Guo-Krasnoselskii) Let ( ), .E  be a Banach space, and P E⊂  

be a cone. Assume 1 2,Ω Ω  are bounded open subsets of E with 1 1 20 ,∈Ω Ω ⊂ Ω , 
and let 

( )2 1: \ ,T P PΩ Ω →
 

be a completely continuous operator such that either 

1) Tu u≤  for 1u P∈ ∂Ω  and Tu u≥  for 2u P∈ ∂Ω ; or 

2) Tu u≥  for 1u P∈ ∂Ω  and Tu u≤  for 2u P∈ ∂Ω . 

Then T has a fixed point in ( )2 1\P Ω Ω . 

3. Main Result and Proof 

Throughout this section, we put ( )max ,a bρ = , and assume the following hy-
pothesis: 

(H1) The function [ ] [ ): 0,1 0,h → ∞ , is a nontrivial Lebesgue integrable func-
tion. 

(H2) The function f is nonnegative continuous such that there exist 2 1 0r r> > , 
satisfying 

1) ( ) ( )1 1pf x rθ ϕ≥ , for all [ ]10,x r∈ . 

2) ( ) ( )2 2pf x rθ ϕ≤ , for all [ ]20,x r∈ , 

where 
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( ) ( )( ) ( ) ( ) ( )( )1 11 1

1 1 2, d , d ,
p

s K s s s G h
ρ ρ

θ σ σ τ τ τ τ τ
− −

= ∫ ∫  

and 

( )( ) ( ) ( )( )0

1

2
1

0

11
, d , d

p
K s s s G hθ τ τ τ τ

− −

= ∫ ∫ . 

Our main result in this paper is the following theorem. 
Theorem 3.1. Assume that hypotheses (H1)-(H2) are satisfied. If 

11 0aαλ −− > , and 1 11 0p bβµ − −− > , 

then the fractional boundary value problem (1) has a nontrivial nonnegative so-
lution u such that 1 2r u r≤ ≤ . 

Proof. Let [ ]( )0,1 ,E C=   be the Banach space of all continuous real func-
tions on [ ]0,1 , which is equipped with the maximum norm  

( )
0 1
max .

t
u u t

≤ ≤
=  

Then ( ),E u  is a real Banach space. Let ( ) [ ]{ }, 0, 0,1P u E u t t= ∈ ≥ ∀ ∈ , 
then P is a cone in E. In the sequel, for 0σ > , let { }: :B x E xρ σ∈ <= , and 
define the operator :T P E→ , by 

( ) ( ) ( ) ( ) ( )( )( )1 11

0

1

0
, , d d .pTu t K t s G t h f u sτ τ τ τ −= ∫ ∫  

From Lemma 2.4, u is a nonnegative solution for problem (1), if and only if it 
is a fixed point of the operator T. Moreover the functions f, h, K and G are non-
negative, we see that the operator T maps P into itself. On the other hand, by 
using the Arzela-Ascoli theorem, we can prove that :T P P→  is completely 
continuous. 

Now, let ( )max ,a bρ = , and let 
1r

u P B∈ ∂ , then from Lemma 2.6 and hy-
pothesis (H2), we have 

( ) ( ) ( ) ( ) ( )( )( )
( ) ( ) ( ) ( ) ( ) ( )( )( )

( ) ( ) ( ) ( ) ( )( )

1
1 1 1

0 0

1
1 1 1

1 2

11
1 1 11

1 1 1 2

, , d d

, , d d

, d , d

p

p

pp

Tu t K t s G t h f u s

s K s s G h f u s

r s K s s s G h

u

ρ ρ

ρ ρ

τ τ τ τ

σ σ τ τ τ τ τ τ

θ σ σ τ τ τ τ τ

−

−

−−

=

≥

≥

=

∫ ∫

∫ ∫

∫ ∫

    (12) 

On the other hand, if 
2r

u B∈ , then from Lemma 2.6 and hypothesis (H1), we 
obtain 

( ) ( ) ( ) ( ) ( )( )( )
( ) ( ) ( ) ( )( )( )
( ) ( ) ( ) ( )( )( )

1 1

0 0

1 1

0 0

1 1

1
1

1
1

1

0 0

1

, , d d

, , d d

, , d d

p

p

p

Tu t K t s G t h f u s

K s s G h f u s

K s s G h f u s

u

τ τ τ τ

τ τ τ τ τ

τ τ τ τ τ

−

−

−

=

≤

≤

=

∫ ∫

∫ ∫

∫ ∫

          (13) 
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Therefore, Lemma 2.7 implies that the operator T has a fixed point u in 

( )2 1
\r rP B B

, that satisfies 1 2r u r≤ ≤ . This completes the proof of Theorem 
3.1. 

In the following, we give an example to illustrate the validity of the main re-
sult. 

Example 3.2. In this example, problem (1) is considered in the special case, 
precisely, we consider the following fractional boundary value problem 

( ) ( )( )

( ) ( ) ( ) ( )

43
32

9
5

4 4 4
3 3 3

ln 15 , 0 1,

1 10 0 0, 1 , 1 .
8 8

D D u t t u t t

u D u u u D u D u

ϕ
   

= + < <        
    = = = =    

   

       (14) 

Firstly, we have 
1
31 1 11 1 0

8 2
aαλ −  − = − = > 

 
, and 

1
21 1 11 1 0

8
p bβµ − −  − = − > 

 
. 

On the other hand, ( )h t t= , which is nontrivial nonnegative Lebesgue in-
tegrable function on [ ]0,1 . So, hypothesis (H1) is satisfied. 

It is not difficult to show that  

( )

( )

( )

1 1
3 3

1
1 11 3
3 331

1
3

1 1
12 8 , if 0 ,
811

8
1 1, if 1,

8
2

s
s

s

s s s s s

s
s

σ

 −   − −    ≤ ≤
  =  − − −   

 ≤ ≤



 

and 

( )2

1 1
182 2 , if 0 ,
811

8
1 1, if 1.

82 2

s s
s

s s s s s

s
s

σ

 −
− −

 < ≤


= − − −



≤ ≤


 

By a simple computation, we obtain 

1 5.8961θ ≈  and 2 0.1411θ ≈ . 

By choosing 1
1
3

r = , and 2 80r =  we get 

3) ( ) ( )1 1pf x rθ ϕ≥ , for all [ ]10,x r∈ , 

and 

4) ( ) ( )2 2pf x rθ ϕ≤ , for all [ ]20,x r∈ . 
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Hence, hypothesis (H2) is satisfied. 
Finally, Theorem 3.1 implies that problem (14) admits a nontrivial nonnega-

tive solution. 
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