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Abstract

Since nonlinear schur theorem was proposed, it broke the limitation of linear
operator matrices. And in this paper we study the summability theory for a
class of matrices of nonlinear mapping, and the characterizations of a class of
infinite matrix transformations are obtained. These results enrich the results
on infinite matrices transformations, and have important meaning for the
study of Banach space.
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1. Introduction

A decisive break in the theory of matrix transformations was in 1950, when Ro-

binson considered the action of infinite matrices of linear operators from a Ba-

nach space on sequences of elements of that space [1]. In the past years, many
remarkable results [2] [3] [4] were yielded in this direction.

Let X and Y be topological vector spaces, and F, (X,Y )= { fey*:f(0)= O} .

€

For sequence families Z(X)g XY and ,u(Y)gYN , the matrix (T- )

]

(A(X),u(Y)) means that iTij(xj) converges when (Xj)ei(X), ieN
=t

and {2%—(&»)} e u(Y) foreach (Xj)eﬁ,(X).
As usual,
{(xj)g(C:xj —>0},

co(X):{(xj)e X" x —>O},
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c(X):{(xj)e X" limx; exists} and
|°°(X):{(Xj)e XM x, s bounded}.

In 2001, Li Ronglu depicted the nonlinear operator matrices transformation
with some restrictive condition on topological vector spaces [5]. In the next
year, Li Ronglu gave some clear-cut characterizations of the matrix families
(CO(X),lw(l,Y» and (Iw(X),I“’(I,Y)) consisted of matrices of linear and
some nonlinear operators between topological vector spaces [6]. In this paper,
we study the summability theory for a class of matrices of nonlinear mapping on

Banach space, and discuss the characterization of the matrix classes:
(1 (0).e(0)s (17 0O (V)5 (6 (). (V) (ea(X)ea(¥)).

All of the researches enrich the results on infinite matrices transformations,

and have important meaning for the study of Banach space.

2. Preliminaries and Lemmas

In 1993, nonlinear Schur Theorem was given by Li Ronglu and C. Swartz, and
broke the limitations of linear operator matrices.

Theorem A. [7] Let G be an Abelian topological group, Q # @,( fi )i’jeN
matrix in G“ such that f;(W,)=0 for some W,€Q and all i,jeN. If

(fij )HEN € (QN,c(G)) Le, Iiimg fi (Wj) exists for each {Wj} c Q, then the

series Zfij (Wj) converges uniformly with respect to both 1€N and
=1

{Wj} cQ, and lim f;(w) exists for every WeQ, jeN. If, in addition, G is

sequentially complete, then the converse implication is true.
As a special case, the following theorem is a nice result for the matrix family

(1" (X).c(Y))-

Theorem B. [8] Let X,Y be topological vector spaces and T;:X =Y a
mapping such that T;(0)=0 for every i, jeN.If (Tij )i o € (I°° (X),C(Y)) ,

ij
then for every bounded B c X, the series ZTij<Xj) converges uniformly
i1

with respect to both {xj}g B and ieN and limT,(x) exists for every

xe X, jeN. If, in addition, Yis sequentially complete, then the converse im-
plication is true.
Note that theorem B exceeded the restriction of linear operators, and a

characterization of (Tij )i o e(lw(X),C(Y )) was given. For Banach spaces

X,Y , it is useful to discuss the characterization of a variety of matrix families,
where the mapping need not be linear.
As preparation of the proves of the main results, we also need following lem-

ma.
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Lemma [9] (x;)el”(X) ifandonlyif (t;x;)ec,(X) forall (t;)ec,.

3. Main Results

Unless otherwise noted X,Y below are Banach spaces, and the mapping we

studied in this section need not be linear.
Theorem 1. Let T, € 7 (X,Y) forall i, jeN, then

(Tij)i,jeN e(lw(X),C(Y)) if and only if
(i) limT;(x) existsforall jeN and xeX;

(ii) For any >0, M >0 there exists M, € N such that <&

gTij (%)

for all natural number m>m,, ieN,and {xj}gx with sup"xjugM.
i

Proof. Necessity of condition (i) and (ii) is easy to prove by the theorem B in
Introduction.
Now suppose that (i) and (ii) are hold, and (xj ) el”(X), then for any

i Ti(x)

j=mo+1

& >0, there exists My € N such that <% for all ieN by the

condition (ii). And because of condition (i) there is iy €N, such that

“Tkj(xj)—Tij(Xj)H<% for all K,i>i,.Hence we have

JzolTkj(Xi)‘jZU;Tij () SZO: T (%) =Tu (% )”<§ 0
forall K,i>i,. Therefore
‘;Tkj(xj)‘;ﬂi(xi)
= szJ(XJ)_ZT'J(Xj)+_Z TkJ(XJ) z Tu(x])
=1 j=1 j=mg+1 j=my+1
< ZOTKJ(Xj)__ZOT'J(XJ) + i Tkj(XJ) + i Tij(xj)
j=1 j=1 j=my+1 j=mg+1
& ¢ ¢
<Z+Z4Z=¢
3 3 3

© ©

is a Cauchy sequence in Y. Therefore {ZT-(Xj )}
i=1

1

o g

converges by the completeness of ¥; and then (Tij )i o e(loo (X),c(Y )) The

j=1

i=1

sufficiency is proved. Q.E.D.
Since ¢,(Y )< c(Y), we can get the next corollary by the theorem.
Corollary 1. Suppose that i, jeN,T, € % (X,Y), then (Tij )i i € (|°O (X),

¢ (Y)) if and only if IiimTij(X):O for all jeN,xe X , and for any

e>0,M >0, there exists M, €N such that <g¢ for all
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m>mg,ieN,and {x;}< X with sup"x <™.

Proof. Necessity is clear by above theorem and the definition of ¢,(Y).
Conversely, let (x ; ) el”(X), then for any &> 0, there exists M, € N such

that | > Tu( )<E for all ieN. Since IImT( )=0 for all jeN and
j=mg+1
Xe X , thereis iy €N, such that ”T “<2— forall i>i, and jeN,.
My

Hence we have

5, (x)-of DRACYE

j=mp+1

225‘ )

I\J|0'>

G

So column {i‘l’ij(xj )} converges to 0, and then (Tu) JENE(|°°(X),
=t i=1

G (Y )) . The sufficiency is proved. Q.E.D.
Theorem 2. Let T, € % (X,Y) with respect to i, j€N, then (Tij )

S
i,jeN
(1" (X),17(Y)) ifand only if

(@) sup|Ty (x)]| <+ forall jeN,xeX;

(ii) For any £¢>0,M >0 and t €C,, there exists M, eN such that

6] 2T (%)
j=m

Proof. =) Suppose that T; € % (X,Y), the condition (i) is clear.

Since {iﬂj(xj)}emv) for every (x,)el”(X), {tijilT”(xj)}eco(Y)

<g¢ forall m>m,,ieN and {Xj}gX with Sup"Xj"SM.
i

for every (t;)eC, by lemma 1, that is Z( T )(xj ) € ¢, (Y). Hence, for every

(t;)ec,, we have (tT ) € (I°° (X),c (Y )) . Therefore, by above corollary,

ilij
for every £>0,M >0 and (t)ec, there is MyeN such that for all
m>m,, ieN, andsup”xj” <M, we have

i

It (3)

gﬂj(x,—) =

itmj(xj) <e
j=m

condition (ii) is proved.
&) For every jeN,xe X, and (t)ec,, we have IImtITU(X) 0 by the

condition (i). Because of the condition (ii), we have ( | ”) € (|°O )

by the Corollary 1, and then for ( )el , we have {t,ZT” }
j=1

€Cy(Y) is hold for every (t)ec,. Therefore {ZTU } by
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lemma 1, and then (T, ) e (1" (X )17 (Y)). QE.D.
Theorem 3. Let T, e % (X,Y) with respect to i,jeN, then (T )i,jeN e
(co(X).Co(Y)) ifand only if
(1) IiimTij(x):O forall jeN and xeX;
(ii) Forany £>0,M >0 and (t;)ec,, there exists My €N such that
jinTij (t:x;)

Proof. For T;eF(X,Y), since 'I'ijotj(x)z'l'ij(tix) , limT; ot (x) =

sup

ieN,m>mO,ijHsM

<& (4)

IiimTij (tjx):O for any jeN,xe X and t; ec,, by condition (i). So condi-

tion (i) and (ii) is equivalent to (Tij ot; ) L€ (|°° (X),c (Y )) by corollary 1.

i,je

©

Suppose that (Tij )i o € (C0 (X)), (Y )) , then {iTij (XJ- )} €C, (Y) for all
1 JE le

(xj)eCO(X).Bylemma 1, {ZTU- (tjxj)} eCO(Y),for all (xj)elm(x) and

(tj)eco . Hence (Tij Otj)i,jeN e(l‘”(X),C(J (Y))
On the other hand, suppose that (Tij Otj)i,jeN e(l“(X),CO (Y )) For every

(xj)eco(x), there exists (tj)eC[J and (zj)eco(X)cl‘”(X), such that

(%)=(t;z) and so {ZT:JU(X;)};:{ Tzl(Ti,-ot,-)(Z,-)};eco (Y). Hence
(Ti), o € (0 (X5 () Q.E.D.
Theorem 4. Let Ty e % (X,Y) with respect to i,jeN, then (Ty) e
(co(X).17(Y)) ifand only if
(i) SLilp||Tij(X)||<+OO forall jeN and xeX;

(ii) For any £>0,M >0 and (SJ- ),(tj ) € C,, there exists M, € N, such that

s ,Z:r:nT” (t;%;)
Proof. By condition (i), for all (tj ) ec, and Xe X,
slilp"Ti,» ot (x)” = smijp“Tij (t, (x))” <+, (5)

<¢ forall m>my,ieN and su_p”xj"sM.
]

By theorem 2, condition (i) and (ii) are equivalent to (Tij ot; )i o € (|°° (X ),

I°°(Y)). Next, we prove that (Tij otj> e(lw(X),I”(Y)) for all (t.)ec0 is

]

i,jeN

equivalent to (Tij )i’jEN € (Co (X), 17 (Y )) .
In fact, If (Tij)ijeNe(co(X),lw(Y)) , and let (xj)elw(X) , then

i('l'ijotj)(xj)=iTij (tjxj).Since (tjxj)eco(x) for all (tj)eco by lemma,
j=1 =1
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we have {;Tij (tjxj)}i elw(Y). So (Tijotj)i‘jeNe(lw(X),Iw(Y)). On the

Y)) Since for any

U]

other hand, suppose that (T-- ot )i . e(lw (X ),
(Zj

" (
(xj)eco(X), there must be (tj)eco, )eco(X)cI‘”(X), such that

(Xj>=(tj2j),wehave

{i-ﬂi(xi)}w :{iTiJ(tizi)} :{%Tii”j(zj)} , (6)
and then (T, € (e (X).1"(¥)). QED.

4. Result

In this paper, we first review the research history of infinite matrix transforma-
tion, and then we mainly study the summability of a class of nonlinear mapping
matrices in Banach space.

And some new results about, matrix transformation theorems are obtained:
we characterize the matrix classes such as (I°° (X).c(Y )) , (I°° (X). 17 (Y )) ,

(co(X).6o(Y))s (co(X).17(Y))-
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