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Abstract

In this work, we show the existence of multiple solutions for nonho-
mogeneous Kirchoff-type problem with Hardy-Sobolev critical ex-
ponent, by using Ekeland’s variational principle and mountain pass
theorem without Palais-Smale conditions.

Subject Areas

Mathematical Analysis

Keywords

Kirchoff-Type Problem, Hardy-Sobolev Critical Exponent,
Ekeland’s Variational Principle, Mountain Pass Theorem

1. Introduction

This paper deals with the existence and multiplicity of solutions to
the following problem

(Px) {

where Q € R3, a,b,A >0, —co <a < 1/2,a<b<a+1/4,¢gisa
continuous function on R3 and A is a bounded positive function on R3.
By H = H} (), we denote the closure of C§° (Q) with respect to

the norms
1/2
2
Jull = ([ 1var)
Q

The original one-dimensional Kirchhoff equation was introduced by
Kirchhoff [1] in 1883. His model takes into account the changes in
length of the strings produced by transverse vibrations.

|ul®

||

- (a— b [, |Vul? dx) Au= h(z)
u =0,

+Ag(x) , 2€Q
x € 00
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In recent years, the existence and multiplicity of solutions to the
nonlocal problem

_ (a+be|Vu|2dx) Au =g (x;u) in , (12)

u =0 on 0f)
has been studied by various researchers and many interesting and im-
portant results can be found. For instance, positive solutions could
be obtained in [2-4]. Especially, Chen et al. [5] discussed a Kirch-
hoff type problem when g (z;u) = f (z) u?~2u+ Ag (z) |u|?”? u, where
1<qg<2<p<2*=2N/(N-2)if N >3 2"=00if N=1,2, f(z)
and g(x) with some proper conditions are sign-changing weight func-
tions. And they have obtained the existence of two positive solutions
if p>4,0<A<A(a).

Researchers, such as Mao and Zhang [6], Mao and Luan [7], found
sign-changing solutions. As for in nitely many solutions, we refer
readers to [8,9]. He and Zou [10] considered the class of Kirchhoff type
problem when g(z;u) = Af(x;u) with some conditions and proved a
sequence of a.e. positive weak solutions tending to zero in L™ ().

In the case of a bounded domain of RY with N > 3, Tarantello 8
proved, under a suitable condition on f, the existence of at least two
solutions to (1.2) for a = 0,b =1 and g (z;u) = |u|ﬁ u+ f.

Since our approach is variational, we define the functional I on H
by

I (u) = (a/2) Jull* = (a/4) |Jul|* - (1/4)/Qh(fﬂ) |~ Jul* da

- )\/Qg(x)uda:.

We say that u € H is a weak solution of the problem (P,) if it is a
nontrivial nonnegative function and satisfies

(a—b||u||2>/Q(Vqu)d:E—/Qh(x) 2|~ u)® woda

—)\/g(x)vdmzo, for v € D.
Q

Throughout this work, we consider the following assumptions

(@) g € H (dual of H),
(H) lim h(x) = lim h(z)=ho>0, h(z) > ho, x€ Q.
|z|—0 |z] — 00

In our work, we prove the existence of at least two distinct critical
points of I}.
Our main result is given as follows

Theorem 1. Sppose that a,b > 0, (H) holds, 0 # g € H N C(Q).
Then there exists A\ > 0 such that (Px) has at least two nontrivial
solutions for any A € (0, \,).

This paper is organized as follows. In Section 2, we give some pre-
liminaries. Section 3 is devoted to the proof of Theorem 1.
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2. Preliminaries

Definition 1. An entire solution v to (P, ) is a ground state solution
if it achieves the best constant

2
A= inf el

(2.1)
ueH(2)\{0} - 12
(Jo 2l ™" ful* o)

)

for k=1,

N 111 —1/3
eH(2)\{0} (fg ‘u|6 dx)

Lemma 1. Let (u,) C H be a Palais-Smale sequence [(PS), in short]
Of IA, 1. €.,

Iy (up) — ¢ and I:\ (un) — ¢ in H (dual of H) as n —» oo,
(2.2)
for some ¢ € R. Then, u, — u in H and I, (u) = 0.

Proof. From (2.2) we have
2 4 —1, |4
(@/2) [lun[” = (b/4) lunl” = (1/4) /Q h(@) ] [un|” dz
—)\/ g () updx = c+ o, (1)
Q
and
4 - 4
allun]l® = b un| —/Qh(fﬂ) o™ Jun|* da
- )\/ g () updx = o, (1), for n large,
Q
where o, (1) denotes o, (1) — 0 as n — co. Then,

¢+ 0n (1) = In (un) = (1/4) (13 (1) un )
> (a/4) Junll — (3/9) Mlgllyy lunll,

(uy,) is bounded in H. Up to a subsequence if necessary, we obtain
that

u, — u in H
U, — uw in L,(Q),1<p<6
e T e e (T AN ()

U, — u a.ein .

Consequently, we get for all v € C§° (),
(a b)) / (Vuvo) dz — / h(@) 2] Jul wodz
Q Q
—/\/g(x)vdx:O, for v € D.
Q
which means that

I, (u) =0.
O
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Lemma 2. Let (u,) C H be a Palais-Smale sequence [(PS), in short]
of I for some c € R. Then, u, — u in ‘H and either

U — u or I (u) < c.

Proof. We know that (u,) is bounded in H. Up to a subsequence if
necessary, we have that

U, — w in H

U, — u a.ein .
Denote v, = uy, — u, then v, — 0. As in Brézis and Lieb [5], we have
2 2 2
[on]|” = flunll™ = flull
and

lim [ h(z) (|gg|—1 lun|® — |2 Jun — u|2> dz

n—oo Q
= / h(z)|z| " |ul? da.
Q
On the other hand, by using the assumption (H), we obtain

lim [ h(z)|z|"" |on]?dz = ho lim /|xr1 o | da.
n—oo Jq n—:moo Jo

Then, we get
I (un) = In (w) + (1/2) [loa|* — (ho)/ [ [vn]* dz + 05, (1)
Q
and
’ 2 -1 2
(I an) ) = ol = o [ fal™ fou? d 40 1),
Q
Then we can assume that
lim |vn|]* = ho lim /|:c|_1 |on|* dz = 1> 0.
n—oo n——oo Q
Assume [ > 0, we have by definition of S

1> 5 (lhgt),

Thus we get
c=1Iy(u).

3. Proof of Theorem 1

The proof of Theorem 1 is given in two parts.

3.1. Existence of a Local Minimizer

We prove that there exists A, > 0 such that for any A € (0, A.), Iy
can achieve a local minimizer.
First, we establish the following result.
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Proposition 1. Sppose that a,b> 0, (H) holds, 0 # g € H N C ().
Then there exists Ay, 0,0 > 0 such that for all A € (0, \): Iy (u) >
0 >0 for |Jul| = o.

Proof. By the Holder inequality and the definition of .S, we get for all
u € H\{0} and e >0

I (w) = (a/2) Jull* = (0/4) |[u]® — (1/4)/Qh(w) o~ Jul* de

—)\/Qg(x)udx,
> (a/2 =) Jull* = (0/4) [ull” = (|l /4) S [ull* = Ce [ Aglly, -

Taking € < a/2 and ¢ = |Jul|, then there exist gy > 0 small enough
and a positive constant A, such that

Iy (u) > 6 >0 for ||ul| =00 and X € (0, \,). (3.1)

Since g is a continuous function on €2, not identically zero, we can
choose ¢ € Cg° (Q\ {0}) such that [, g () ¢dx > 0. It follows that for
t > 0 small,

I (tg) = (at?/2) ||gl” — (bt*/4) [|g]|”
- (t4/4)/ﬂh(:r) 2|~ |¢|* dat (3.2)

- )\t/Qg (z) ¢pdx < 0. (3.3)

We also assume that ¢ is so small enough such that ||t¢|| < go. Thus,
we have

cp =inf{I (u):u € By} <0, where B,y ={u € H, |ul| <oo}-
(3.4)
Using the Ekeland’s variational principle, for the complete metric s-
pace Epo with respect to the norm of H, we can prove that there exists
a (PC),, sequence (up) C B, such that u, — u; for some u; with

[Jusl < po-
Now, we claim that u,, — wuy. If not, by Lemma 2, we have

c1 > Ix(w) > e
Then we obtain a critical point u; of I for all A € (0, \.) satisfying
c =1, (ul) < 0.

Thus w; is a nontrivial solution of our problem with negative energy.
O
3.2. Existence of Mountain Pass Type Solution

We use the mountain pass theorem without Palais-Smale conditions
to prove the existence of a nontrivial solution with positive energy.
For this, we need the following Lemma.

Lemma 3. Let A\* > 0 such that C§ > 0 for all X € (0,\*). Then
there exist A € (0, \*) and p. € H, € > 0 such that sup I (tp.) < C}

>0
for all X € (0, 7).
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Proof. Let
we () if g(z) > 0 for all z € Q2
Ye () = ¢ we(x—mo) if g(zg) >0 for zg € Q (3.5)
—we () if g(x) <0 for all z €

where w, verifies 2.1.
Then, we claim that there is an €y such that

/Q (@) . () > 0, for any e € (0, 0). (3.6)

In fact, g (x) > 0 or g(x) <0 for all x € Q, and (3.6) holds obviously.
If there exists an zg € € such that g (x¢) > 0, by the continuity of
g (x) there is an n > 0 such that g () > 0 for all z € B,, (x¢). Then,
by the definition of w. (z — zp), it is easy to see that there exists an
€ small enough such that

/Qg () we ( — 20) > 0, for any £ € (0, 20). (3.7)

Now, we consider the following functions
H () = D (tpc) and ()= H (1)) [ g(a) e (o).
Q

By the continuity of H (t), there exists ¢; a sufficiently small positive
quantity such that

I?Zaé(H(t) = H (t1) > 0,

for all A € (0,\*). On the other hand, we have
0=H(0) < )\tl/ g (z) pe (x) =C5,
Q

then, we obtain

sup I (tg.) < H (t;) — C} > 0.

t>0

By (3.6), we get

0 <A< H(n) [tl/ﬂgm% (xﬂ A
Set
A = min {\*, A,.}.

We deduce that
sup I (tp.) < C5%,

>0
for all A € (0,A).
Since tEn I, (tp:) = —o0, we can choose T > 0 large enough such

that Iy (T'p.) < 0. From Proposition 1, we have Iop,, =6 >0
for all A € (0,\s). By mountain pass theorem without the Palais-
Smale condition, there exists a (PC),, sequence (u,) in H which is
characterized by

c2 = inf Jnax In(v (1)),
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with
I'={yeC([0,1],H),7(0) =0,7(1) = T}

Then, (u,) has a subsequence, still denoted by (u,,) such that w, — usg
in H. By Lemma 2, if u,, doesn’t converge to us, we get

I (u2) + H (t1)

ca >
> C5,

what contradicts the fact that, by Lemma 3, we have

sup I (tg.) < C%.
>0

for all A € (0,A). Then
Up — Uy In H.

Thus, we obtain a critical point ug of Iy for all A € (0, A.) with
A, = min { A, A}

satisfying
I (’U,g) > 0.

4. Conclusion

In our work, we prove the existence of at least two distinct critical
points of Iy ,,. One by the Ekeland variational principle with negative
energy, and the other by mountain pass theorem without Palais-Smale
conditions with positive energy.
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