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Abstract 
In the previous paper [1], the formula of the contact pressure distribution in 
the steady wear state for drum brake system was derived. The contact pres-
sure distributions on the leading and trailing shoes were found to be different 
and larger on the leading shoe. Using these contact pressure distributions, it 
is easy way to calculate the braking torque. Assuming the varying position of 
the shoe pin, the optimization problem can be formulated by requiring the 
optimal pin position corresponding to maximal braking torque. The steady 
wear states and optimal designs were specified for both shoes. The elastic dis-
placement field of the drum brake at the optimal contact pressure distribu-
tion is calculated by the finite element system ABAQUS. At given rigid body 
rotation of the shoe, the wear in the leading and trailing shoes in the steady 
wear state can be easily found. 
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1. Introduction 

The analytical expressions of contact pressure distribution in drum brakes were 
proposed in some papers, starting from the assumptions of Koessler [2]. He ex-
pressed the distribution of the normal pressure between drum and brake linings 
in terms of cosine functions of angular position. The assumed distribution is va-
lid only when the curvatures of the brake lining and the drum are equal. How-
ever, the radius of the brake lining varies during operation due to wear process. 
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In the paper by Rao and Cao [3], the same assumption was used for the pressure 
distribution. In this paper, the optimization of the drum brake mechanical sys-
tem was based on the interval analysis. 

A two-dimensional model of the brake shoe was developed by Huang and 
Shyr [4] in the analysis divided into two parts related to different materials, the 
metal shoe and the lining plate. The displacement and the traction force at the 
center point of the constant strain element were used to simplify the integration. 
The brake drum was assumed as rigid. The effects of the length of lining plate, 
its initial and final positions, the values of Young moduli were analyzed. The 
distribution of contact pressure was found different from a cosine curve. 

A complete three-dimensional structure of the drum brake has been treated 
by Hohmann et al. [5] with finite element program ADINA-IN. It was found 
that the contact pressure over the leading and trailing shoes is different (larger 
over the leading shoe). Each part of the mechanical system (the break drum, the 
leading shoe and the trailing shoe) was assumed as elastic. Watson and New-
comb [6] argued that it is more expensive to use the finite element program in 
the main frame and that the pressure distribution on the lining plate does not 
vary significantly along the axis of the brake. 

In the paper by Ahmed et al. [7] for the analysis of brake system, the finite 
element program ANSYS was used. The modal analysis and the contact problem 
were solved. The contact state was determined for different piston loads. At their 
big value, the contact zone was largest, and for such state, the wear analysis was 
recommended. However, the wear analysis was not presented in all reviewed 
papers. 

In our analysis, the contact pressure distribution is derived from the varia-
tional principle referred to the steady wear state, by minimizing the wear dissi-
pation power, as has been presented in [1]. The steady state pressure distribution 
is then analytically expressed in terms of sine function of angular position. In 
our former works [8] [9], some examples were presented illustrating application 
of the steady wear state variational principle to the analysis of thermo-mechanical 
wear processes for translating or rotating punches. In [10], the effect of friction 
anisotropy related to asperity morphology was accounted for in the wear analy-
sis, indicating importance of asperity evolution during the wear process. The fi-
nite element analysis presented in this paper illustrates transition from transient 
to steady wear state and confirms the analytical prediction of contact pressure 
distribution. The optimal location of shoe rotation pins is now based on the 
steady state pressure distribution and is aimed at maximizing the brake moment. 
Good review of structural optimization can be found in [11]. 

2. Contact Pressure and Brake Moment at Steady Wear State 

Consider now the drum brake system shown in Figure 1. Two symmetrically 
located brake shoes are loaded by the forces 0F  inducing rotation around the 
axles ( )npµ x  and interaction with the rotating drum in the clockwise or anti-
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clockwise directions. The thickness of the shoes is ttt . Due to symmetry of 
the brake system only one shoe is presented in Figure 1. Between the drum 
and shoe the unilateral contact condition is assumed on the surface ( )

cS α  
( 0 , ,i u ttR tα α α≤ ≤ ). 

The following wear rule is assumed in our analysis 

( ) ( ) ( )b b ba a a b a
n n n n r n rw p p v p vτ τβ τ β µ β µ β= = = =   u u ,        (1) 

where , ,a bβ  are the wear parameters, µ  is the coefficient of friction, 
bβ βµ= , rv uτ=   is the relative velocity between two bodies. 

In the previous paper [1], the minimization of the generalized wear dissipa-
tion power was discussed and the coaxiality rule was derived. It provided the 
contact pressure distribution in a steady wear state. Introducing the wear rate 
vector, it was shown that in the steady wear state the wear rate vector is coaxial 
with the rigid body wear velocity of shoe, which is allowed to execute rigid body 
motion. Introducing the unit vector specifying orientation of the rigid body ve-
locity on the contact surface 

F M
R

F M

+ ×∆
=

+ ×∆

 

 

re
r

λ λ
λ λ

                      (2) 

the optimality rule is expressed as follows 

1 1, 2 2,,R R R Rw w= − =  w e w e ,                   (3) 

where F
λ  and M

λ  are the rigid body relative translation and rotation veloci-
ties induced by wear; ∆r  is the position vector. 

The total wear rate vector can be decomposed components into normal and 
tangential directions, thus are 

1, 2,n n n= +  w w w , 1, 2,τ τ τ= +  w w w .                (4) 

The normal and tangential wear rate components now are 
 

 
(a)                                      (b) 

Figure 1. Drum brake system. (a) Drum brake, (b) geometry and loading of drum brake 
shoes. 

Brake shoes

Rear axle

Brake Drum
Backing Plate
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cosn Rw w χ=  , sin tanR nw w wτ χ χ= =   ,             (5) 

here χ  is the angle between cn  and Re .  
The contact pressure ( )np x  and the friction induced shear stress 

( )n npτ µ= x  must satisfy the global equilibrium conditions for the body 1B . 
The contact traction of the drum brake now is expressed as follows 

( )
( ) ( )

1 2

sin cos cos sin ,

c c
n c n c

n x z x z

p p

p
τµ

α α µ α α

= = − = − = − ±

 = − − + ± + 

t t t n e

e e e e

ρ
        (6) 

where the upper sign (+) corresponds to the anticlockwise drum rotation. The 
geometrical parameters 0,, ,x zl l R α  are shown in Figure 1. The position vector 
∆r  specifying the contact surface with respect to O is  

( ) ( )0 0sin cosx x z zl R l Rα α∆ = − + +r e e ,             (7) 

As the shoe is allowed for free rotation, only the moment equilibrium condi-
tion of the shoe should be satisfied.  

0 0,cm m M= − =                        (8) 

where the moment of external load 0F  is 0 0 0y yF L M= − = −m e e , the wear ro-
tation angular velocity equals M M yλ= − e λ , the moment of contact stress is 

( )
( ) ( )

( )

1 0

0 0

0

d

sin cos cos sin d

d

u

i

u

i

u

i

c
c y tt

n z x z x tt

n tt

m R t

p l l l l R R t

p m R t

α

α

α

α

α

α

α

α α µ α α α

α α

= ∆ × ⋅

 = + − + 

=

∫

∫

∫

r t e



    (9) 

where ( ) ( ) ( )0sin cos cos sinz x z xm l l l l Rα α α µ α α = + − + 


 . 

The rigid body wear velocity is coaxial with the unit vector Re , so we have 

( ) ( ) ( ){ }0 0
1 sin cosy

R x z z x
y

l R l R
A

α α
α

∆ ×
= = − − +
∆ ×

r e
e e e

r e
,     (10) 

where 

( ) ( ) ( )2 2
0 0sin cosx zA l R l Rα α α= − + + .             (11) 

Between the vectors cn  and  Re  there is angle χ , its cosine value is 

( ) ( )
1cos cos sinc R x zl l

A
χ α α

α
= ⋅ = +n e .             (12) 

and the rigid body wear velocity vector equals 

R R Rw=w e  , 
cos

n
R

w
w

χ
=



 .                     (13) 

Introducing the parameter ( )1 1c b q= + −  and the integral 

( ) ( )( )( ) ( )
1

01 tg du

w i

cqq
ttDI m m R t

α

α
α µ χ α α−= ∫

 

 ,          (14) 

where the upper sign (−) corresponds to the anticlockwise drum rotation, the 
lower sign (+) corresponds to clockwise drum rotation. 
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In the previous paper [1] the generalized dissipation power was introduced. 
( ) ( )( )12

1 d
c

qqq c
w ii S iD S

=
⋅= ∑ ∫ t w  with the control parameter 0 q≤ ≤ ∞ . The 

optimal contact pressure and total wear rate for 1q =  (which corresponds to 
the steady wear state) were expressed by the following formulae 

( ) ( )( ) ( ) ( )
1

10 0
1 1

cos cos sin
w w

b
b

n x zq q
D D

F L F L
p A l l

I I
α χ α α

= =
= = +

 

       (15) 

( ) ( ) ( )2 0
01 1

i

w

b

a
R ii q

D

F L
w R A

I
β ω α

= =

 
 =
 
 

∑





               (16) 

or in the other form, which is dependent only on geometrical data and the fric-
tion coefficient 

( ) ( )( )

( ) ( )

1

, 1
0

1
3

1

1 cos

1 cos sin 1 m m

w

w

n b
n G q

D

bx zq
D

p
p A

F L I

l l
I

α χ

α α

=

=

= =

 = +  









             (17) 

here the dimensions of ( )1
w

q
DI =  and np  are [mm3+1/b] and [MPa], of Rw

  is 

[mm/s] because iβ  has the dimension [mm1−a+2b·sa−1·N−b], which for 1a b= =  
is [mm2/N].  

The wear rate Rw  can be expressed directly in terms of the rigid body wear 
angular velocity Mλ  

( )R Mw Aλ α= 



 .                         (18) 

An important result can be stated. The rigid body rotation angular velocity 

Mλ


  depends only on the main characteristic of the system and not on local 
pressure values, thus 

( ) ( )2 0
01 1

i

w

b

a
M i q

D

F L
R

I
λ β ω

= =

 
 =
 
 

∑



  .                  (19) 

The brake moment in the steady wear state is expressed in terms of the con-
tact pressure (for the optimal contact pressure distribution) by the following 
integral 

( ) 0 0 du

i
T brake n n ttM M p p R R t

α

α
µ α− += = +∫  

or 

( ) ( ) ( )1 2
01 1

0

1 1 1 cos sin d
2 2

u

i
w w

bbrake
x z ttq q

D D

M
l l R t

F L I I
α

α
µ α α α

− = + =

 
 = + +
 
 

∫     (20) 

since the drum brake has two shoes. The entire moment from the external load 

is equal to 02F L , so the relation 
02

brake
f

M
F L

β =  provides the brake factor, indi-
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cating the portion of the given load moment used in the braking process. The 
reaction forces in the pin are 

( ) 0 0sin cos du

i
x n ttF p R t F

α

α
α µ α α= −∫ 

 , 

( ) 0cos sin du

i
z n ttF p R t

α

α
α µ α α= ±∫  ,              (21) 

and their resultant is ( ) ( )2 2

r x zF F F= +   . This value is important for the pin 

design. 
In the alternative form, we have 

( ) 0
0 0

1 1sin cos du

i

x
n tt

F
p R t

F L F L L
α

α
α µ α α= −∫





  

( ) 0
0 0

1 cos sin du

i

z
n tt

F p R t
F L F L

α

α
α µ α α= ±∫



 .            (22) 

3. Example 
Let us now discuss the numerical results for the assumed wear parameters 

1a b= = , 8
1 2 2 10β β −= = × , 0.25µ = , angular velocity of drum [ ]2.5 1 secω = , 

geometric parameters [ ]0 10 ,0 mmR =  [ ]mm ,20xl =  [ ]mm ,80zl =  

[ ]10 mmttt =   and loading force [ ]0 10 kNF = , which are typically for small 

break system. Because ( )q
wD  for 1q =  presents the global wear dissipation 

power but for q →∞  presents its local value, the control parameter q in our 
calculation is assumed to vary within the interval (0.0 - 10.0). Instead of q = ∞  
we take 10q = . In Figure 2, we can see that distribution of np  for 2q =  and 

10q =  has small difference. Increasing q is unnecessary.  

3.1. Contact Pressure Distribution 

It is seen that the contact pressure and wear rate are localized for the singular 
value of q = 0.5. The steady wear state regime corresponds to q = 1 with the re-
spective contact pressure and wear rate distributions presented in Figures 2-4. 

3.2. Brake Moment 
The brake moment value depends on the pin coordinates ,x zl l . At fixed geo-

metric values ( [ ]0 100 mmR = , [ ]10 mmttt = , 30iα =  , 150uα =  ), the brake 
factor value defined as the brake moment to given moment of the load 0F : 

( )02f brakeM F Lβ =  is demonstrated in Figure 5(a). The maximum of the brake 

factor is reached at [ ]10 mmxl = , [ ]75 mmzl = . 

The contact zone can be changed by selecting initial and final angles ,i uα α  
and accounting for the constraint of a positive contact pressure, 0np ≥ . Re-
quiring that at the end of contact zone there is cos sin 0x u z ul lα α+ = , (this 
point corresponds to a shorter distance from pin, and the pressure at this point 
can vanish). Using this constraint, we find a larger relative value of the brake 
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factor ( )02f TM F Lβ = . In Figure 5(b), the dependence of the brake factor fβ  
on ,x zl l  is shown. In Figure 5(c), the function ( ),i i x zl lα α=  is presented sa-
tisfying the constraint cos sin 0x u z ul lα α+ = , where 180u iα α= − . If we 
choose the value ( ),i i x zl lα α=  higher than the function in Figure 5(c), then 
the brake factor fβ  will be smaller than that of Figure 5(b). 

 

 
(a) 

 
(b) 

Figure 2. Optimal contact pressure distribution in drum brake for different val-
ues of the control parameter q: (a) anticlockwise drum rotation, (b) clockwise 
drum rotation. 
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3.3. Wear Profile of the Shoe 

In this section the determination of wear profile in the shoes will be discussed. 
Figure 6 presents the finite element model of the brake drum. The cylindrical 
part has the height 2cyl ttt t= +  [mm]. In the numerical analysis, Abaqus finite 
element program with C3D20R type quadratic elements is used. Number of 
nodes: 99932, degrees of freedom: 299796, number of elements: 19608. 

 

 
(a) 

 
(b) 

Figure 3. (a) Normal wear rate distribution ( nw w=  ), (b) rigid body wear rate 
distribution for different values q, anticlockwise drum rotation. 
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(a)                                          (b) 

Figure 4. Contact pressure (a), and wear rate distributions (b), in the steady state: q = 1. 
 

 
(a) 

 
(b)                                   (c) 

Figure 5. Brake factor (a) at the fixed ,i uα α , (b) at the constraint cos sin 0x u z ul lα α+ = , 

(c) the angle function ( ),i i x zl lα α= , 180u iα α= −  satisfying the constraint of case (b). 

 
The surface load on the cylindrical surface of radius 0R  is given from the 

steady wear state contact traction (17) at 160L =  [mm] and at load 0F  that is 

, 0surface n n Gp p p F L= =    [MPa], the shear stress is given by Coulomb law. Using 
the length coordinate s along the circular profile of radius 0R  in the clockwise 
direction the distribution of normal loads [ ]N mmn ttp t  are demonstrated in 
Figure 7. The brake drum is rotated in the anticlockwise direction. 

After solution of the finite element model, the normal displacement is pre-
sented in Figure 8. The displacement is drawn along the different sections y = 1, 
4, 7, 10, 13, 16, 19 [mm] (increasing in the –Y direction). The curve for section 1 
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is upper most at normalized distance 0.25 and the curve for section 7 (y = 19 
[mm]) is down most at the same distance. 

 

 

Figure 6. Finite element model of the brake drum. On the central 
hole perimeter the displacement is assumed to vanish. The load is 
shown up by arrowhead in the cylinder of radius 0R . 

 

 

Figure 7. The normal loads in the left (leading) and right (trailing) shoes. 
 

 

Figure 8. Normal drum displacement field generated by contact tractions. 
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The normalized distance along the drum surface is specified by the formula 

02norms s R= π . The deformed body is demonstrated in Figure 9. It is interesting 
to note that between the contact zones the normal displacement is negative, that 
is the surface moves inward. The normal displacement along the axial direction 
y is not uniform, in the first section y = 1 taking the largest value. If we separate-
ly draw the normal displacement only over the contact zones, we see, that in the 
boundary regions the normal displacement has a negative value (see Figure 10). 
This demonstrates that the wear is present in these domains. 

 

 

Figure 9. Drum in the loading state. The enlargement factor for displacement is 100. 
 

 

Figure 10. Normal displacement over the shoes in the steady wear state. 
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For wear calculation, a simplified model is set up. The shoes are assumed as 
rigid, the elastic deformation is only in the brake drum. We give different rota-
tion values for shoes, lλ  for the left shoe, rλ  for the right shoe. It is assumed 
that ,max, ,max,r l n right n leftu uλ λ= . In the steady wear state along the whole domain 
( i uα α α≤ ≤ , 0R ) there is contact, so the gap between the bodies is absent, and 
we can write geometrical Signorini contact condition 

0n R nd u u w= − + = ,                     (23) 

where nu  is the normal displacement of the brake drum in direction of the ra-
dius of cylindrical system, Ru  is the normal displacement from rigid body rota-
tion of the shoe and nw  denotes the wear value. We have 

( ) ( ) ( )0 0cos sin sin cosR M z xu R l R lλ α α α α− − − − − − = + − − −⇒ +    (24) 

where α φ− = π− , α φ+ = −π+ , 0s Rφ = , next – is used to denote the left 
shoe region, and + denotes the right shoe region. From Equation (23) it is easy 
to determine the shoe wear. The wear profiles are presented in Figure 11 for 
different values of rotations lλ  and rλ . Figure 11 is made by MATLAB sys-
tem [12] without the color bar. 

We take different y sections for demonstration of the wear distribution (see 
Figure 12). Because the ring is elastic and at y = 1 has the largest radial dis-
placement, the wear will be smallest in this section. In these diagrams we take 3 
different rigid body rotation values lλ . It is seen that small value of lλ  does 
not correspond to steady state. In the steady wear state the wear velocities Mλ



  
are proportional to pressure (see Equations (15)-(19)) and the varying wear 
form is also proportional to pressure. Figure 13 demonstrates this fact, where 
the wear distribution curves translate nearly as rigid lines in the vertical direc-
tion for increasing wear rotation values. After reaching 0.028lλ = , the form of 
wear shape does not significantly vary, so the steady wear state has been 
reached. 

 

 
(a) 
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(b) 

 
(c) 

 
(d) 

Figure 11. Wear at different shoes positions. (a) Wear over left shoe, 0.014lλ = , 

(b) Wear over right shoe, 
0.34170.014 0.009
0.5241rλ = = , (c) Wear over left shoe, 

0.028lλ = , (d) Wear over right shoe, 
0.34170.028 0.018
0.5241rλ = = . 
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(a) 

 
(b) 

 
(c) 

Figure 12. Wear of the shoes in different y sections. (a) 
section y = 1, (b) section y = 3, (c) section y = 6. 

https://doi.org/10.4236/oalib.1106432


I. Páczelt et al. 
 

 

DOI: 10.4236/oalib.1106432 15 Open Access Library Journal 
 

 

Figure 13. Wear profile evolution at increasing number of 
revolutions n of the drum in the steady wear state. 

3.4. Estimation of the Steady Wear State Period 

Taking the assumed wear parameters, the values 1ia b= = , 1q = , friction 
coefficient, angular velocity of the brake drum, distance L, load 0F , the cal-
culated integrals (19) are 5 4132 10 mm

wDI −  = ×   , 5 4256 10 mm
wDI +  = ×    and 

the rigid body wear rotation velocities are [ ]71.51 10 rad s ,Mλ
− −= ×  

[ ]87.81 10 rad sMλ
+ −= × . 
We take rotation of the left shoe 0.028lλ = . Supposing that wear rate is 

changing approximately in proportion to quadratic law in time and the initial 
value is equal to 73 4.53 10Mλ

− −= × , (this can be calculated from initial contact 

pressure), then 
( )2

21 2 c
M

c

T
T

τ
λ λ− −

 −
 = +
 
 

  . After time integration we find 

3 30.91 h
5

M
c

M

T λ
λ

−

−= =


. For the right shoe is 0.018r Mλ λ+= = , 87.81 10Mλ
+ −= × , 

then 3 38.41 h
5

M
c

M

T λ
λ

+

+= =


. It is clear that the time period for the right shoe is 

larger than for the left shoe, because the wear rate is smaller. As in the steady 
wear state M constλ− = , the increment of the shoe rotation angle is 

( )( )0.028M c lT Tλ λ λ−∆ = − = . From this fact we find that 

( )0.032 45.77 hlT λ = = , ( )0.036 53.13 hlT λ = = , ( )0.040 60.49 hlT λ = = . 

Knowing angular velocity 2.5ω =  [1/sec], it is easy to calculate the number of 
revolutions of the drum 3600 2n Tω= π , ( )0.032 65500ln λ = = , etc. 

4. Conclusion 

For a braking system in the steady wear state, the contact pressure distribution 
provides a good possibility to find the maximum brake moment in the optimal 
design problem. This distribution can be determined from the minimization 
procedure of the wear dissipation power. The wear of the shoes can be easily 
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calculated using the steady contact pressure distribution. In our analysis, the 
shoe was supposed as rigid body; the drum was assumed as linear elastic; then 
the wear rate is overestimated. The numerical predictions presented in the paper 
require experimental verification. 
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